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The transition effect of stars and single heavily ionizing particles was studied by means of 
nuclear emulsions exposed at the altitudes of 20 and 9 km under various absorbers. The re- 
sults indicate that the multiplicity and mean disintegration energy of the stars are propor- 


tional to Al/ 5 


Data on the flux and spectrum of heavily ionizing particles in air and under 


lead absorbers make it possible to analyze earlier results! on the production of 7’ mesons 


in lead and air. It is shown that the mean energy carried away by 7 


9 mesons produced in 


interactions of ~10'°ev cosmic ray primaries with nuclei is proportional to the radius of 


the target nucleus. 
INTRODUCTION 


W: have determined the average characteristics 
of the interaction between primary cosmic ray par- 
ticles of ~10'°ev energy and light nuclei through 
the study of the various secondary components of 
cosmic radiation observed in the atmosphere.’ 

We have studied the dependence of star energy 
and multiplicity on the atomic number of the dis- 
integrating nucleus, in order to find out to which 
extent these characteristics depend on the size of 
the target nucleus. Moreover, having investigated 
the variaion of the flux of heavily-ionizing particles 
and the ionization due to these in air and under lead 
absorbers of various thickness, we found it possible 
to determine the energy carried away by 7 me- 
sons produced in lead, and, comparing its value 
with the energy of 7’ mesons produced in air, to 
draw conclusions regarding meson production in 
light and heavy nuclei; this could be done by a more 
correct method than that used earlier.! 

Our method of determining the energy of a nu- 
clear disintegration is based on the following con- 
siderations: As the result of disintegration, the 
nucleus emits heavy charged particles that carry 
away an average energy Ec. The major portion 


of these particles have a range considerably smal- 
ler than the absorption mean free path of the star- 
producing component. Under a sufficiently thick 
layer x of matter (x<R, where R is the range 
of secondary particles produced in nuclear disin- 
tegrations ), an equilibrium is reached between 
the secondary and primary particles. Then the 
charged products of nuciear disintegrations lose 
in one gram of matter, an amount of energy equal 
to that gained, in one gram, from all nuclear dis- 
integrations. To determine Eg, it is therefore 
necessary to measure the total ionization produced 
per unit volume by all heavily-ionizing particles. 
Let N(I, 6)dIdQ represent the number of par- 
ticles with specific ionization I to I+dl, travel- 
ing at zenith angle @ inasolid angle dQ. The 
ionization energy loss in one gram of matter, 
suffered by all particles, is then 


i 


7— NC, 8) d7, (1) 


ae = Pail dQ \ 


Q 


Ti rel 

where Gre] is the relativistic ionization loss per 
gram of the given substance for relativistic par- 
ticles with ionization Iye]. For the equilibrium 
conditions 
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B= (AB/AxiL iS, 


where S is the flux of the star-producing compo- 
nent and Lj is the interaction mean free path for 
the given substance. 

If the energy Ec transferred to charged prod- 
ucts of nuclear disintegration is known, the total 
energy of disintegration Et can be found under 
the assumption that the neutrons carry away an 
amount of energy (A — Z)/Z times larger than 
that carried away by the protons. Since, accord- 
ing to reference 3, the main fraction of energy is 
carried away by protons, we have 


E, =AE, /Z. (2) 


1. EXPERIMENTAL RESULTS 


Emulsions were chosen for the measurement 
of the ionization due to heavily-ionizing particles, 
in view of good identification of particles through 
their specific ionization. 

As stated in the Introduction, to determine 
Et we had to measure the particle spectrum 
N(I, 8)dIdQ under absorbers of sufficient thick- 
ness, made of materials with different atomic 
number. The experiments were carried out at 
the geomagnetic latitude 51°, using graphite and 
lead absorbers of various thickness at an altitude 
of 20 km, and using lead and paraffin absorbers 
at 9 km altitude. 

Electron-sensitive emulsions 400 y thick were 
used in the stratospheric experiments. One part 
of the plates, 4x4 cm, was placed under flat lead 
absorbers I, II and III (cf. Fig. la), 5, 15, and 33 
mm in thickness respectively. Another part of 
the plates, also 4x4 cm in size, was placed be- 
tween flat graphite absorbers IV, V, and XI, 18, 
39, and 86 mm in thickness. Lead and graphite 
absorbers were placed together with the plates 
in hermetic copper cassettes with walls 0.5 mm 
thick (cf. Fig. la). A pair of plates wrapped in 
a single layer of paper was placed back to back 
under each filter. The plates were placed ina 
vertical plane. Two hermetic brass cassettes 
VII and VIII, with walls 0.3 mm thick and contain- 
ing a pair of 6X9 cm plates without absorbers, 
were used in addition. One of these cassettes was 
placed in the array, at a distance of ~40 cm from 
the cassettes containing the lead and graphite ab- 
sorbers. The other was hung 4 m above the array. 
All cassettes were filled with pure argon at atmo- 
spheric pressure. 

A diagram of the flight and position of the cas- 
settes in the array are shown in Fig. 1, b and c. 


Altitude, km 


7.8 8 0 112 YUE U6 18 20 Zi 
Time, hrs 


FIG. 1. a — position of nuclear emulsion plates in the 
cassettes under graphite and lead absorbers in the stratospheric 
experiment, b — position of the cassettes in the array, c — flight 
diagram. 


The altitude was monitored by radio during the 
flight. The radio communication stopped 11 hrs 
after the start. This happened at the altitude of 

20 km. The apparatus landed after 21 hours. As- 
suming that the apparatus descended with the same 
velocity as it ascended (which is true in most 
cases), then the array spent about 11 hours at 
altitude = 20 km (cf. flight diagram, Fig. 1c; the 
inferred part of the flight is indicated by the dotted 
line). In the following, the time of flight at 20 km 
is taken as ~11 hours. 

Electron-sensitive emulsions 600 in thickness 
were used inthe experiments at 9km altitude. Eight 
5x10 cm plates (4 in each cassette) were placed 
in two hermetic brass cassettes with walls 0.3 mm 
thick, filled with argon at atmospheric pressure. 
One cassette was placed in a lead cylinder, with 
side walls 3.5 cm thick. The other cassette was 
placed in a paraffin vessel of the same form with 
walls 17 cm thick. The plates in both cassettes 
were exposed in a vertical position. 

The emulsions were exposed in an airplane 
during a month. The total time spent at 9 km al- 
titude amounted to 25 hours. 

In scanning, we measured (a) the total number 
of stars with Np = 3 under various absorbers, 
(b) the number of single heavily-ionizing particles 
stopping in the emulsion, and (c) the number of 
Single heavily-ionizing particles traversing the 
emulsion, and their angular as well as specific 
ionization distribution. 
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2. STARS UNDER VARIOUS ABSORBERS 


The data on the number of stars under various 
absorbers, given in Table I, represent the mean 
of two scannings of each plate by several observ- 
ers. The standard deviation of the measurements 
of the number of stars by different observers was 
found to be 5 to 6% (two times larger than the sta- 
tistical error). 


TABLE I 


Altitude, 


Material and thickness |Number of stars 


km of the absorber, mm cm™ day"! 
Air 2350 
Graphite 13 1910 
20 % 39 2520 
” 86 2190 
Lead 5 2130 
” 15 2360 
2 2430 
9 Paraffin 170 402 
Lead 35 417 


It can be seen from Table I that, within the lim- 
its of experimental errors, amounting to 6%, the 
number of stars found in the plates exposed at 9 
and 20 km altitude is independent of the material 
of the absorber surrounding the emulsion. 


3. HEAVILY IONIZING PARTICLES UNDER 
VARIOUS ABSORBERS 


The plates were scanned for stopping heavily- 
ionizing particles at 450 x magnification. Each 
field of view was scanned in the whole depth of the 
emulsion. We measured the angle @ between the 
projection of the track on the plane of the plate and 
the vertical, the dip of the track, and its length 
(from the point of entrance into the emulsion to 
the point where the particle stopped). 

The plates were scanned for particles travers- 
ing the emulsion at 2020 magnification. The 
scanning was carried out along the surface (at 
the depth of a few microns ). All tracks with grain 
density g 2 28min and a length of projection on 
the emulsion plane / = 800 were noted in the 
scanning. For tracks traversing the emulsion and 
satisfying these above conditions, we measured 
the length 7 of projection on the emulsion-plane, 
the grain density g, and the angle 6 between 
the projection and the vertical. 

It was not possible to determine the direction 
of motion of the particle along the track when the 
particle did not stop in the emulsion. The angular 
distribution of these particles about the vertical 


was therefore measured in the range from 0 to 90°. 
The number of inspected fields of view and the 
number of particles found in them were noted in 
the scanning for stopping and traversing particles. 
The angular distribution of the traversing par- 
ticles at 20 and 9 km altitude is shown in Fig. 2. 


Number of particles 
(relative units). 
Ss 


. 20 


Number of particles 
(relative units) 


100 9° 


FIG. 2. Angular distribution of heavily ionizing particles, 
non-stopping in the emulsion, under various absorbers: a—at 
20 km altitude, b — at 9 km altitude. The x axis represents 
the angle between the projection of the track on the plane of 
emulsion and the vertical, and the y axis the number of parti- 
cles between 0 and 20°. Absorbers: x — graphite, 0 — air, 

e — lead, a — paraffin. 


The angular distribution of particles, recorded in 
emulsions exposed at 20 km altitude in air, has 
peen plotted from 549 tracks, that under 86 mm 

of graphite from 549 tracks, and that under 33 mm 
of lead from 670 tracks. These distributions are 
normalized in Fig. 2 to the same number of de- 
tected particles. The angular distribution of trav- 
ersing particles in plates exposed at 9 km altitude 
under 170 mm of paraffin has been plotted from 
1240 tracks, and that under 35 mm of lead from 
1212 trakcs. 

It can be seen from Fig. 2 that the angular dis- 
tributions of traversing particles are practically 
identical under absorbers of small or large atomic 
number (air, graphite, and lead at 20 km altitude, 
paraffin and lead at 9km). At 20 km, the angular 
distribution of tracks traversing the emulsion is 
practically isotropic. At 9 km, the angular distri- 
bution of the particles is slightly anisotropic, evi- 
dently owing to the greater anisotropy of the star- 
producing component. 
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TABLE II 
ot tee Ne J es 


Alti- Range of angles 
tude, Absorber - ie Es a 
HER o—20° | 20—40° | 4o—eo | 60—sor }so—100°) 100 | 420 | tO | Aer 
20 ir 79-45 | 59-+4| 6345 | 61-45 | 64+5 | 5344 | 4544 | 4844] 4444 
20 Graphite 76-5 | 69-6 | 69-6 |.63-6 | 69+-6 | 51+5 | 36-+-4 | 3044 37-44 
20 Lead 65-46 | 57-5 | 57-5 | 61-46 | 61-16 | 52-£5 | 46-5 | 45--5 50-E5 
9 Paraffin 78-£11|70-+11170-£11/70-+11] 47-+8 | 50-9 | 4448 | 45+-9 | 27+6 
§) Lead 103+9] 74-48 | 66-47 | 66+7 | 47-46 | 41-16 | 44-46 | 354-5 | 33--0 
TABLE III 
ee eee 
Altitude 20 km (400 » emulsion) 9 km (600 » emulsion) 
; Graphite, Lead, Paraffin, Lead, 
juscroct aE 86 mm 33 mm 170 mm 35 mm 
Number of stars, | 2350+120*| 2190-+120* | 2430+120* 402-48 4AT4A2 
cm? day * 
Number of 
particles 
stopping |. 1104.0.005/0.141-++0.007/0. 162--0.009] 0.075+-0.004| 0.0.5+0.004 
Canmineluem = 
"0 | per min- 
= ute 
ray 
= Flux of 
& | particles 6 
£& |Mev<E = |o.069-+0.006]0.058-L0,005/0 085-0 .006|0 ,023-+0.0015/0.024-40.0015 
¥ < 20 Mev, 
cm™ sterad"? 
Flux of traversing | 2.5+0.1 2.0+0.1 2,8+0.3 0.34+0,01 0.38-+0.01 
particles 20 Mev 
< E< 180 Mev, 
cm? min™ sterad * 


*The error represents the standard deviation, amounting to 6% of the measured 


value. 


Results of the measurements of the angular 
distribution of stopping particles are given in 
Table II. The distribution is normalized to the 
same total number of particles detected under 
various absorbers. 

In certain cases, the mass of heavily ionizing 
particles traversing the emulsion was determined 
by multiple scattering and grain-density measure- 
ments. These non-systematic measurements have 
shown that, both in the atmosphere and under lead, 
the majority of traversing particles are protons. 
It was possible, therefore, to obtain the energy 
distribution of these particles from the measured 
grain density, assuming they were all protons. 

It is evident that the energy spectrum of the 
detected particles traversing the emulsion will 
differ from the true spectrum since, for particles 
with different grain density g, the solid angle 
within which they are classified as having trav- 


ersed the emulsion will be different. 

In addition, the true value of grain density is 
different from that observed in its dependence on 
the angle of dip of the track with respect to the 
plane of emulsion. Corresponding corrections 
were applied to the energy spectrum of traversing 
particles. The spectra represented by the histo- 
grams in Fig. 3 (for 20 km altitude) and Fig. 4 
(for 9 km) were obtained as the result. Experi- 
mental points are shown in the figures. 

It can be seen from Fig. 3 and 4 that the en- 
ergy spectrum of traversing particles is practi- 
cally independent of the atomic number of the ab- 
sorber, at both altitudes, 20 km and 9 km. The 
values of the flux of traversing particles, account- 
ing for the corrections, are given in Table III (4th 
column ). 

The energy spectrum of stopping particles was 
determined from the measured range spectrum, 
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proc tt eer 
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bade d len | 


Number of tracks: 10? cm? min“ sterad™! Mev™ 


10 JO 50 10 50 110 130 150 170 190 
F, Mev 
FIG. 3. Energy spectrum of heavily-ionizing particles trav- 
ersing the emulsion (all particles are assumed to be protons) 
at 20 km altitude. The x axis represents the particle energy, 
and the y axis the flux of particles with a given energy under 
various absorbers: x — graphite, O — air, @ — lead. 


under the assumption that all particles were pro- 
tons. In constructing the spectrum, we took it into 
account that the finite thickness of the emulsion 
distorts considerably the true range distribution. 
After introducing a corresponding correction, the 
energy spectrum of stopping particles was found 
to be identical under all absorbers, within the 
limits of statistical errors of the measurements. 
In the energy range 6 Mev < E < 20 Mev, the 
spectrum is 


N (E)dE =const dE. 


The absolute intensity of the flux of stopping 
particles is given in Table III (3rd column). It 
can be seen that when the plates were surrounded 
by a layer of lead 3.3 to 3.5 cm thick (effective 
thickness 5 to 6 cm), the number of stars and of 
single particles remained practically constant at 
both elevations. 


4. PRODUCTION OF 7’ MESONS IN SUBSTANCES 
WITH DIFFERENT ATOMIC NUMBER 


Information can be gained on the production of 
mn” mesons by cosmic ray particles in light (air) 
and heavy (lead) substances, comparing the en- 
ergy €7,0 carried away by n° mesons per second 
in one gram of air and lead at the same observa- 


7 


> 


GS 


~~ 


INS 


Number of tracks: 10? cm™? min™ sterad7! Mev! 
Go 


FIG. 4. Energy spectrum of heavily ionizing particles trav- 
ersing the emulsion, at 9 km altitude, under various absorbers: 
x — paraffin, e — lead. 


tion level, for equal intensity and properties of the 
producing component. If we denote the mean value 
of energy carried away by 7’ mesons in one inter- 
action of the generating particle with air and lead 
nuclei by pair and ca respectively, then we 
have the following relation between e€ and E;: 


cat iE Pil ag, ete = Ets P/Lop 


where Lajy and Lpp are the interactions mean 
free paths of the generating particles in air and 
lead, respectively, and P is the total flux of these 


particles. Eliminating P, we obtain 
ER/ER' = eheLppfem' Lair - (3) 
Air 


The value of €70 can be determined in the follow- 
ing way: The energy €s¢c(x) transferred to the 
soft component per second and per gram at atmo- 
spheric depth x g/ cm”, is related to the energy 
flux gH (x) carried by the soft component through 
1 cm? of horizontal surface and to the total flux of 
soft component Nge(x) by the expression! 


oe an BN sc (x) = Esc (x). (4) 


where 6 = C—dE(dx)jon is the ionization loss 
for relativistic electrons. 

We determined €g¢(x) using data of refer- 
ences 1, 2, and 4. The dependence of €gc(x) on 
the atmospheric depth x is shown in Fig. 5. 
Curve 1 refers to measurements at 31° geomag- 
netic latitude, where the energy of primary cos- 
mic ray particles is Ey = 7 Bev: Curve 2 rep- 
resents the difference of measurements at 51° and 
31° geomagnetic latitude (1.5 Bev < E) < 7 Bev). 
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w2 


In gc, Mev/g cm 


FIG. 5. Dependence of the energy transferred into the soft 
component in lg of air, e,, on the atmospheric depth x: e—for 
primaries with E, <7 Bev, x — for primaries with 1.5 < E, < 7 
Bev. 


Correcting €g¢(x) for the contribution of elec- 
trons originating in the -meson decay, we obtain 
the energy carried away by n mesons in one 
gram of atmosphere, i.e., ein: Corresponding 
values of efit are given in the fifth column of 
Tables IV and V. 

The energy ep carried away by 7 mesons 
in one gram of lead per second can be determined 
from the following considerations. If n(t) rep- 
resents the number of electrons under a thickness 
of lead t, originating in the decay of 7’ mesons 
produced in it, then the energy transferred to 1° 
mesons in one gram of lead can be found from the 


equation 
n(t) = speexp {— t/Lpp} y (t)/Bpw, (5) 


where Lpp = 160 g/cm? is the interaction mean 
free path of nuclear active particles in lead, Bpp 
= 1.2 Mev-g-!cm? is the ionization loss suffered 
by relativistic electrons in lead, and 

t foo) 

y(t) = |W @exp (@/Lov) di/\n @ a, 

0 0 
where N(é) is the mean number of particles at 
the depth é in showers produced by 7° -decay 
photons. 

From Eq. (5) we have 


ene = n(t) Bpp/y (t) exp {— t/Lpp}. (6) 


It can be seen from Eq. (6) that in order to find 
ep, it is necessary to measure the total flux of 
particles n(t) of the soft component under the 
lead absorber in which it is produced. The par- 
ticles measured should not include any particles 
due to the electron-photon component incident 
upon the lead absorber. 

The number of particles under a lead absorber 
8 cm thick (effective thickness ~9 cm) was meas- 


ured in a series of experiments at 51° N geomag- 
netic latitude.’ It is evident that in that experiment 
the soft component incident from the atmosphere 
was practically all absorbed. Consequently, the 
difference between N,, the measured number of 
particles under 8 cm of lead, and Nhg, the total 
flux of the hard component, gives the flux of sec- 
ondary particles produced in the lead by the nu- 
clear-active component. This relation can be 
approximated by Ng— Nhe = Ae-x/ ’, where A= 
80 + 17 g/cm?. 

The number of particles and the ionization in 
air under lead absorbers 1, 2, and 4 cm thick were 
measured in another series of experiments car- 
ried out at 31° and 51° N geomagnetic latitude.” 
The results show that, at any altitude, the maxi- 
mum of the air-lead transition curve lies between 
1 and 2 cm of lead. The value of the transition- 
curve maximum (related to one particle of the 
soft component incident upon the lead absorber ) 
varies by merely 20% only as x changes from 
310 to 40 g/cm?. It follows that the mean energy 
of the particles of the soft component in the at- 
mosphere is practically independent of the depth 
of observation, and that the transition curves 
should be similar at all altitudes. 

The value of the mean energy is such that the 
air-lead transition curve for 4 cm of lead (~4.7 
cm effective thickness), has an ordinate equal to 
the flux of charged particles of the soft component 
(cf. the transition curve for x = 310 g/cm? in 
Fig. 6 of reference 2). At high altitudes, however, 
the air-lead transition curve becomes distorted: 
particles not present under the absorber at low 
altitudes begin to appear (cf. Fig. 6 of reference 
2). These particles are due to the production of 
7° mesons in the absorber. The flux of the “addi- 
tional” particles, equal to Ny— Ny (where Ny is 
the flux of particles under an absorber in the at- 
mosphere ) determines the required value n(t). 
Certain corrections, which will be discussed be- 
low, have to be applied to the calculation. 

The y axis in Fig. 6 represents the difference 
N,— No measured at various depths x in the at- 
mosphere at two geomagnetic latitudes. It can be 
seen from Fig. 6 that the number of the “additional” 
particles under 4 cm of lead is, at all altitudes, 
the same as under 8 cm of lead (Ng— Nhc). (The 
calculation shows that, in cascades initiated by 
3 x 10° to 10° ev photons originating in the decay 
of mt’ mesons produced in lead, the number of 
particles under 8 cm Pb is only 20% higher than 
that under 4 cm Pb.) At high altitudes, the flux 
of the “additional” particles under 4 cm Pb equals 


~1.5 em "sec™!. If we assume that the interac- | 
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Number of particles, cm~? min! 
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Atmospheric depth x, g cm™ 


FIG. 6. Dependence of the number of electrons (left-hand 
scale) originating in the 7° mesons produced, and the ioniza- 
tion due to them (right-hand scale), on the atmospheric depth 
x. Results of measurements at 51°N geomagnetic latitude: 

V: N,—Nne, 0: N,—N,, @: I,—],; results of measurements at 
31°N latitude: +: N,-N,, x: L-L.- 


tion mean free path of the generating particles in 
lead equals 160 g/cm? and that the total flux of 
these particles decreases with the atmospheric 
depth as the mean free path A= 80+ 17 g/cm?, 
we find that, in the mean, 60 secondary particles 
are emitted from the 4 cm layer of lead in each 
interaction between a primary with energy =7 
Bev (Ej) © 20 Bev) anda lead nucleus. It is 
clear that the majority of these particles are 
electrons, produced in lead as the result of cas- 
cade multiplication. 

If the air-lead transition effect is measured by 
means of an ionization chamber, then the differ- 
ence between ionization I, measured under a lead 
absorber 4 cm thick, and that measured in the at- 
mosphere, Io, represents the ionization due to 
photons from the decay of nm’ mesons produced in 
the absorber. The dependence of I,— I) on x is 
shown in Fig. 6 (the scale for I,— ly) is given on 
the right-hand-side ). ay 

The ratio (I,-— 1))/(N,— No) =K represents 
the mean specific ionization of the “additional” 
particles. It follows from Fig. 6, that, at all alti- 
tudes, K = 120 ion pairs/cm, which is 1.7 times 
the specific ionization of fast electrons (70 ion 
pairs/cm).° This increase of the specific ioniza- 
tion is due to two causes: (a) errors in the number 
of particles measured under the lead absorber 


(owing to finite dimensions of the counter), and 
(b) the presence there of slow electrons, which 
undergo large scattering within the volume of the 
chamber and which suffer, therefore, a larger en- 
ergy loss: (dE/dx )joq- 

Our measurements of the transition effect of 
heavily-ionizing particles indicate that the flux and 
spectrum of these particles are identical in air 
and under 4 cm of lead. The total ionization due 
to heavily-ionizing particles is, therefore, also 
identical for both conditions. In consequence, the 
increase in the specific ionization under 4 cm Pb 
cannot be ascribed to the heavily-ionizing particles. 

In Eq. (6), n(t) is the true number of electrons 
under a lead absorber of thickness t, and £6 is 
the average ionization loss in lead. If we determine 
FP by using the number of particles observed and 
putting Bpp = 1.2 Mev/g-cm™ for relativistic par- 
ticles, then, in order to obtain the correct value of 
n(t)obsfPp, it is necessary to multiply it by the 
factor 1.7, which accounts automatically both for 
the error in the measurement of the number of 
particles in our arrangement and for the increased 
ionization loss for a certain fraction of the elec- 
trons. 

Since the measurement of the number of par- 
ticles has been carried out under sufficiently thick 
lead absorbers (4.7 and 9.0 cm mean thickness ) 
then the electron flux observed under the absorb- 
ers (in the differences N,— No and Ng-— Nhe) 
contains a contribution from secondary penetrating 
particles produced in the first interaction between 
the “primary” particle and a lead nucleus. Accord- 
ing to our estimates, secondary interactions in- 
crease the number of electrons under the absorber 
by 10% for t=4.7 cm and by 25% for t =9.0 cm. 
In addition, about 10% of detected particles repre- 
sent penetrating particles produced in lead. 

The corrected values of cP are listed in 
Tables IV and V. 

In Table IV (measurements at 51° geomagnetic 
latitude ) and in Table V (at 31° geomagnetic lati- 
tude ), the atmospheric depth in g/ cm? of the ob- 
servation level is given in column 1, the mean 
thickness t of the lead absorber (under which 
the electron flux was measured) in column 2, the 
corrected electron flux in column 3, the energy 
transferred to 7’ mesons per second in one gram 
of lead in column 4, the energy transferred to 1° 
mesons per second in one gram of air in column 5, 
the ratio EE P/ Eye (the energy transferred to 7 
mesons in one act of interaction with a lead nu- 
cleus to that with an air nucleus) in column 6, 
and the mean weighted value of Bee Eafe in 
column 7. All errors given are statistical. 
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TABLE IV 
Sa eae Paces sree ter Se 


t, ra- _Pb 


Mean weighted 


x, dia- n (t) So? oat) ppb pAir value of 
g/cm?| tion 2 ot Sl end “1 1 Tac Pb) > Air 
anife cm "sec Mev g™* sec Mev g~* sec Lee pe es 
30 | 10 1,76+0.17 3.2+0.3 4,7-£0,6 | 1,8+0.3 | 4.85+0,2 
30 20 1,85-+0,30 3.4--0.6 4,7+0.6 1,9+0.4 


es eee tee ew ee ee 
A ys Ai Mean weighted 
x, dia- n (t) an oe pPb)pAir value of 
g/cm? tion cm™*sec™ |ey e-4sec"!| Mev g7? sec" Reo pep pAir 
units no) ene 
O* 10 2,5+0.3 4,.6+0.6 5.0+0.3 2,2+0.3 
20 10 1,9-+40,2 3.6+0.3 3.8+0,2 2.9+0.3 2.4+0,2 
30 10 1.8-+0.2 3.20.3 3,.2+0.4 2.7-+0.4 


*The values for x =0 are obtained by means of extrapolation of the curves 


in Figs. 5 and 6. 


It can be seen that EEP/Eait = 2 A ei) s2 haat 
31° geomagnetic latitude, where the primary par- 
ticles have an energy E,) = 7 Bev. At 51° geo- 
magnetic latitude, where particles of lower ener- 
gies down to 1.5 Bev are also present, the value 
of the ratio is 1.85 + 0.2. 


5. DISCUSSION OF RESULTS 


1. Production of Heavily-Ionizing Particles in Air 


and in Light Substances 


The range of most particles originating in stars 
is much smaller than the range of the star-produc- 
ing component. It follows, therefore, that the num- 
ber of particles stopping in one gram of the ab- 
sorber should be equal to the number of particles 
produced in one gram of the absorber. 

Let us denote by vj the mean number of heav- 
ily-ionizing particles produced in the disintegra- 
tion of one nucleus with mass number Aj. We 
shall denote further by Ngtop(Aj) the number of 
particles stopping in one gram of the matter of an 
absorber of mass number Aj, and by Nstop (Ai) 
— the number of particles stopping in one gram of 
emulsion surrounded by the absorber. It follows 
from the equilibrium condition that 


Netop( Az) = ViN star (Az); 


where Ngtar(Aj) is the number of stars produced 
in one gram of the matter of the absorber. 
Heavily-ionizing particles are produced in the 
absorber, and stop in the emulsion. The power of 
the latter is Bem /fji times larger than that of the 
absorber (Bem and fj is the ionization loss in 
emulsion and in the absorber respectively ) and 
we have, therefore 


Nstop(Az) =< Neto Ai) Pew [Bis Nstop (Az) — 7 PomlVepad( Ae) Or. 


The number of stars produced in one gram of 
the matter of the absorber can be expressed in 
terms of the number of stars produced in one gram 
of the emulsion surrounded by it: 4 


Netar (Ai) = NGS (A;) ¢;Aem/SemA; = Naereed 20) (Adm [Ag =f 


star 


since the effective cross-section for star produc- 
tion is o ~ A? (reference 6). We have, therefore, 


em sie a: My 
Ve = N stop (Ac) Be/ NV star (Az) Peml Zen) G? 


Taking the ratios of such expressions for lead 
and air and for graphite and air, and making use 
of the experimental data (Table III), we obtain 


Vpp/Vaip = 2.04 0.24; 
Yc/Yair = 0.82+0.10, at 20 km altitude 
It can be seen that, within the limits of experi- 
mental errors v ~ A’/?. 
2. Disintegration Energy of Light and Heavy Nuclei 
According to Eqs. (1) and (2), we have 


co 


A A Li I 
Ep = Ee = 7-5-8 \a0 \ ry NU Dar (8) 
Q min 
A lis. 
=> PIN ni » 


where I is the mean specific ionization of the flux 
of heavily ionizing particles, and Ny; is their total 
flux. 

In our experiments, Imin = 2lrel (where Ire] 
is the specific ionization of a relativistic particle ). 
For traversing particles, I = 12Ipe]. The remain- 
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ing particles stopped in the emulsion: 
IN ni =e Lee Ntr =i Peron N stop , 


where ie and Istop are the mean specific ioni- 
zation of traversing and stopping particles, and 


Ntr and Nstop are their total fluxes, respectively. 


We calculated the values of Itr and Istop, 
using the observed spectrum, corrected for geom- 
etry of the apparatus. The results, expressed in 
units of Ire], are given in Table VI. 


TABLE VI 
; F Ter T to 

Alti- Absorber and its ees: 
tude, : (traver- |(stopping 

ieee thickness, mm sing par- pare 
| ticles) | ticles) , 
Air 0.8+0.3 }18,2+1.7 
20 Lead, 33 4,740.3 }21,.3+2.3 
Graphite, 86 £,9-+-0,2 |19,2+-1.9 
9 Paraffin, 170 6.3+0,4 |20.8+1.7 
Lead, 35 6,1-+0,4 |20.8-+1.6 


Using the data on the fluxes of the traversing 
and stopping particles (Table II) and the data of 
Table VI, we obtain the values of INpj for 20 km 
altitude. 

In order to exclude the unknown flux of the gen- 
erating component S, we form the ratios of Eq. 
(8) for the results of measurements under various 
absorbers. For the altitude of 20 km we find then 
fateh? Eeatt = 2.14 0.3, and. Eo/Eai=.0.82 
+ 0.08. Evidently, the disintegration energy Eg 
is proportional to A'/3_ We can conclude from 
the results on star production in substances with 
different atomic numbers that the mean number 
of particles ina star v and the mean disintegra- 
tion energy of the nucleus Eq are proportional to 
Alf i.e., to the size of the nucleus. 


8. Dependence of the Energy Carried Away by 7 
Mesons on the Mass Number of the Nucleus 


A comparison of the energy carried away by “ii 
mesons in interactions involving lead and air nuclei 
shows (cf. Tables IV and V) that, in collisions with 
lead nuclei, primary particles with energy Ey) = 7 
Bev transfer to 7’ mesons twice the amount of 
energy transferred in collisions with air nuclei. 
This result can be explained by the assumption 
that a collision of the “primary” particle with a 
heavy nucleus represents a series of collisions 
with lighter nuclei. The mean number of such col- 
lisions in the lead nucleus is n= (App/Aair)'* 
= 2.4. 

We showed earlier’ that a nucleon with Ey) = 7 
Bev colliding with air loses 28 + 3% of its primary 
energy on m-meson production. The remaining 


72% of the energy is carried away by a Single nu- 
cleon. Assuming the above collision model, a nu- 
cleon with E) = 7 Bev should, in the mean, carry 
away an energy equal to (0.72 + 0.03)?*4 Ey = 

(0.45 + 0.06) Ey) in an interaction with a lead nu- 
cleus. Consequently, EPD/E, = 55+ 6% of the 
primary energy will be spent on 7 -meson produc- 
tion in lead, and EAIL/E, = 28 + 3% in air. 

It is natural to assume that the energy carried 
away by 7° mesons is half the energy carried away 
by mt mesons, in collisions with both light and 
heavy nuclei. We should have then 


BPPjpair _ (56) _ 
x /E (BL = 2040.3. 
It can be concluded, therefore, that the energy 
carried away by 7’ mesons varies roughly in pro- 
portion to the size of the nucleus, i.e., Eo ~ Ade 


CONCLUSIONS 


1. In interactions between ~10 Bev nucleons 
and atomic nuclei, the disintegration energy Eg 
and ‘the energy carried away by the 7’ mesons 
are proportional to the size of the nucleus, i.e., 


Be Be Ae 


2. The observed dependence of Eq and E70 
on A is consistent with the assumption that an 
interaction between a primary particle and a heavy 
nucleus represents a succession of independent in- 
teractions of a similar type to that with a lighter 
nucleus, e.g., an air nucleus. The mean number 
of these independent interactions is proportional 
to ~ Ay _ 


1N. L. Grigorov and V. S. Murzin, Izv. Akad. 
Nauk, SSSR, Ser. Fiz. 17, 21 (1953). 

2N. L. Grigorov, Usp. Fiz. Nauk, 58, 599 (1956). 

3U. Camerini and C. F. Powell, Usp. Fiz. Nauk 
40, 76 (1950). 

4S. I. Brikker and N. L. Grigorov, Dokl. Akad. 
Nauk SSSR 86, 1089 (1952). 

2 Grigorov, Rapoport, and Shipulo, Dokl. Akad. 
Nauk SSSR 91, 491 (1953). 

61. Barbour, Phys. Rev. 82, 280 (1951). 


Translated by H. Kasha 
1 


SOVIET «PoYsS ECs ie ae 


VOLUME 35 (8), NUMBER 1 


JANUARY, 1959 


SELFCONSTRICTING DISCHARGES IN DEUTERIUM AT HIGH RATES OF CURRENT 


GROWTH 


V.S. KOMEL’ KOV 
Submitted to JETP editor February 6, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 16-26 (July, 1958) 


Results of investigation of selfconstricting discharges are described for rates of current 
rise in the range 7 X 10: ato uletx 10'* amp/sec, and for current amplitudes up to 2 X 108 
amp. The initial deuterium pressure in the chambers varied between 0.1 and 10 mm of Hg. 
The highest gas temperature that was possibly attained was about 200 ev. 


1. INTRODUCTION 


ly earlier papers!~? a description was given of 
the development of a powerful electric discharge 
in deuterium at pressures between 1073 and 1 mm 
of Hg. Basic quantitative relations which agreed 
in a satisfactory manner with the experimental 
data, were also given. All the investigations re- 
ferred to above were carried out with the aid of 
apparatus which made it possible to attain an ini- 
tial rate of current rise of 5 x 10! to 1.5 x 101! 
amp/sec. Since an increase in the initial rate of 
current rise was accompanied by an increase in 
the velocities and the temperature of the gas at 
the instant of complete contraction, it appeared 
to be of interest to investigate these processes 

at the highest attainable rates and amplitudes of 
the current. 

With reference to the capacitor installation 
which was at our disposal, an increase in these 
parameters was possible only by decreasing the 
inductance of all the elements of the circuit 
(capacitors, current leads, discharge gap), and 
also by decreasing the inductance of the discharge 
column itself. The methods which were used to 
decrease the inductances of the circuit have been 
described by Komel’kov and Aretov.* In order to 
reduce the inductance of the discharge column it 
was necessary to reduce the height of the chamber 
to a few centimeters, and to limit the range of the 
initial gas pressure in the chamber from 0.1 to 
10 mm of Hg. If the gas pressure is reduced fur- 
ther, the vapor of the metal of the electrodes fills 
the working volume of the chamber too rapidly 
and cools the gas. 

To obtain photographic records, use was made 
of transparent glass chambers with flat metallic 
electrodes. The energy liberated by the circuit 
during the discharge was so great that the cham- 


10 


ber was repeatedly completely destroyed. Under 
such conditions, probe measurements, which re- 
quire averaging over many experiments, would 
have made the experiment very complicated. They 
had to be discarded, and we had to limit ourselves 
only to optical recording of the constriction, and 
to recording the current and the voltage across 
the chamber electrodes. The experiments de- 
scribed below have been carried out with the par- 
ticipation of D. S. Parfenov, G. N. Aretov, and 

B. P. Surnin. 


2. THE TECHNIQUE AND THE EXPERIMENTAL 
METHOD 


1. The discharge under investigation took place 
in glass chambers of 190 mm internal diameter. 
The height of the chamber, the form of the elec- 
trodes, the discharge gap, and the current lead 
connections are shown in the figures given below. 
In order to prevent the breakdown of the short 
chambers along the surface of the wall (in air) 
the rubber insulation of the circuit was introduced 
inside the chamber, and served at the same time 
as a vacuum seal. The mechanical strength of 
the conductors in the immediate vicinity of the 
chamber was increased by means of steel braces. 
Because of this, the conductors lasted through the 
whole series of experiments without undergoing 
any appreciable deformation. The air was pumped 
out of the chamber by an oil diffusion pump down 
to a pressure of 107° mm of Hg. The chamber 
was filled with 98.9% pure deuterium through an 
opening in the lower electrode. 

2. The electric circuit diagram of the apparatus 
is given in Fig. 1. The capacitance C, of the 
main capacitor bank was 130 uf. An auxiliary 
capacitor C,=3yuf was connected in parallel 
with it. Both capacitors were charged through a 
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High voltage, 
40 kv 


To high-speed 
photorecorder 


To oscillograph No. 2 


Triggering pulse 
from the photo- 


IN DEUTERIUM ai 


FIG. 1. Electrical circuit diagram of the 
apparatus. 1 — glass chamber; 2 — Rogovskii 
belt; 3 — control unit for the Kerr cells; I, II, 
Ill, IV — Kerr cells. 


recorder 


resistance R, = 300kQ_ untii they reached equal 
potential. Variations in the diameter of the dis- 
charge channel were recorded by means of a fast 
mirror photorecorder SFR-2M. When the mir- 
ror was in the working position, the photo-recorder 
sent a triggering pulse to the discharging air gap 
G. The capacitor C, was discharged into a grid 
of thin wires W which exploded as a result of 
this, and broke the thin (1to2 mm thickness) in- 
sulation made of organic glass. The discharge of 
the main capacitor C, into the chamber occurred 
from 2 to 10usec after the triggering pulse. The 
resistance R,=10°Q is introduced into the cir- 
cuit in order to limit the discharge current to 
ground after the breakdown of the discharge gap 
G. The ohmic potential divider was made of a 
bifilar wound resistor (Rg; = 8102) connected 

te the chamber electrodes. The potential divider 
was situated outside the current conductors, where 
there were no magnetic fields. The connecting 
conductor leading to the upper electrode passed 
through the main conductors; the inductance of 
the loop formed by it was not larger than 2 cm. 
The voltage at the output of the potential divider 
amounted to 0.01 of the circuit voltage. The dis- 
charge current (measured by means of a Rogov- 
skii belt ) and the voltage on the potential divider 
were recorded by a double beam oscillograph 
OK-17M. 

Simultaneously with the photo-scanning, the 
discharge was photographed by means of four 
Kerr cells which were fed with 15-kv pulses from 
a special unit which was switched on at the start 
of the discharge of capacitor C,. This unit gen- 
erated five pulses; four reached the Kerr cells, 
and one reached the spark gap of the photore- 
corder, producing a light marker on the film. 
This marker (cf. the “Synchr” marker in Figs. 


3 to 5 and 10) enabled us to establish the corre- 
spondence between the current oscillograms and 
the photographic records. To reduce the back- 
ground on the records given by the Kerr cells, 
explosive shutters were installed near the obser- 
vation window of the chamber container. 


3. EXPERIMENTAL RESULTS 


(a) Small Chamber. The construction of the 
chamber is shown in Fig. 2. The chamber was 
situated inside a depression of the lower current 
conductor, covered by a reinforced top. The pe- 
riod of current oscillations during the discharge 
of the capacitor bank into the chamber was 12.2 
usec. The inductance of the whole circuit, calcu- 
lated from the second and the third periods of the 
current, did not exceed 27.5 cm.* On the basis of 
measurements and calculations the inductances of 
the individual circuit elements have the following 
values: (1) The inductance of the capacitor bank 
is 6.5 cm; (2) the inductance of the current lead 
is 6.0 cm; (3) the inductance of the discharge gap 
(over one period) is 8.5 cm; (4) the inductance 
of the chamber together with the flanges is 6.5 cm. 
The maximum rate of current growth in the circuit 
with a working voltage of Uy) = 40kv reached a 
value of 1.4 x 10% amp/sec. The measured am- 
plitude of the current in the circuit amounted to 
1.8 x 10°amp. The current graph in the case of 
discharge through short chambers has rather in- 
significant variations during the contraction and 
the expansion of the discharge channel. This may 
be explained by the fact that the inductance of the 
constricted discharge channel amounts to not more 
than '/; of the inductance of the whole circuit. 


*1 cm = 10° henry — Transl. Ed. 


12 Vee 


KOMEL’KOV 


FIG. 2. Construction of the small 
chamber. 1 — grounded conductor; 
2 — window for photographing the 


discharge by means of Kerr cells; 
3 — rubber seal; 4 — glass chamber, 


At a pressure of 10 mm of Hg the discharge 
and the luminescence of the gas at first take place 
over the whole volume, and then the luminescence 
becomes weaker. After a pause of 0.6 sec, it 
again becomes more intense near the chamber 
walls. As many as 30 narrow channels are formed 
which are relatively more luminous and which 
gradually expand. Their approach towards one 
another forms, in fact, the constriction of the dis- 
cnoarge which proceeds at an ever increasing rate. 
During the initial period of constriction, the speed 
is not greater than 1.5 x 10°cm/sec, but at the in- 
stant of maximum constriction it amounts to 5.4 x 
10° cm/sec. Figure 3 shows the photorecorder 
display, the Kerr-cell records, and the oscillo- 
grams of the current and of the voltage for this 
discharge. We see that a constriction has formed 
in the middle of the channel, just at the point where 
the photorecorder slit is situated. At this spot the 
maximum speed of the gas referred to earlier ex- 
ceeds the average speed of contraction of the chan- 
nel by a factor of 2.7. Complete contraction occurs 
near the maximum of the current which is equal to 
1.38 x 10°amp. At this instant a characteristic 
break occurs in the current curve, called a “sin- 
gularity” in the papers referred to earlier. The 
minimum radius of the constricted channel is 
equal to 1.7 cm. The expansion of the gas after, 
the constriction occurs with an initial speed of 
3.6 x 10°cem/sec. The speed of expansion gradu- 
ally decreases. During the sixth microsecond a 
second constriction begins, but does not have time 
to be completed, since a part of the gas reaches 
the wall causing its evaporation and the formation 
of a new wave containing a large admixture of the 
material of the wall. Therefore repeated waves 
coming from the wall (not shown in the photograph) 
approach the center considerably more slowly. The 
boundaries of the channel are quite sharply pro- 
nounced during the first contraction, and the lu- 
minescence of the walls is not very noticeable at 
that time. As soon as the converging layers of 
the gas meet one another, the walls of the cham- 
ber begin to emit light, apparently owing to the 


5 — window for photographing the 
discharge by means of the photo- 
recorder; 6 — rubber insulation; 

7 — high voltage conductor; 8 — ex- 
plosive discharger,; 9 — organic 
glass; 10 - to vacuum pump. 


FIG. 3 a — photorecorder display, b, c, d — Kerr-cell rec- 
ords, e — current and voltage oscillograms for discharges in 
small chambers at a pressure of 10 mm of Hg. 


short-wave radiation from the discharge channel. 
The luminescence of the walls is not accompanied 
by any breakdown or redistribution of current, 
since otherwise this would have been made evident 
by the photorecorder display. 

During the initial contraction period, the cur- 
rent in the discharge is equal to 620 kiloamp. If 
this is evaluated for the individual channels that 
can be seen on the photorecorder display, then the 
average current in each channel is approximately 
20 kiloamp. After a microsecond it reaches 440 to 
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550 kiloamp. Simultaneously with their movement 
towards the center, the channels expand with a 
speed of (0.8 to 1.0) x10®em/sec. The channels 
merge into a continuous annular layer during the 
third microsecond. The thickness of this layer 
obtained as a result of measurements made on the 
photorecorder display is 3 cm. 

The intensity of the field in the discharge was 
calculated from the oscillograms, using the rela- 
tions: 

dL 


U : dl 
Erp=—; Ur=U,—-Lz—I—, 


l 
where Uj) is the voltage recorded on the oscillo- 
gram, L the inductance of the loop formed by the 
measuring wire (leading to the upper electrode ) 
and the discharge channel, / the distance between 


the electrodes, and I the current in the discharge. 


At the beginning of the contraction (dL/dt = 0). 
ER = 850v/cm. Subsequent measurements of ER 
become unreliable, owing to oscillations which 
make it difficult to determine the derivative of the 
current. 

At a pressure of 1 mm of Hg, the discharge 
emits considerably less light. The constriction 
process has much in common with the one de- 
scribed earlier. Just as in the earlier case, the 
expansion of the gas differs appreciably from a 
simple motion of shock waves (cf. Fig. 4). The 
luminous layer of gas begins to move towards the 

center of the chamber after the discharge current 
has reached 550 kiloamp. This layer consists of 
30 small channels whose brightness considerably 
exceeds the brightness of luminescence of the 
surrounding gas. As the channels move towards 
the center of the chamber, they practically do not 
expand. The internal boundaries of the layer un- 
dergoing contraction touch one another 1.5ysec 
after the beginning of the discharge. The thickness 
of the layer at that instant amounts to 2.2 cm. The 
speed of contraction is initially equal to 4.5 x 108 
cm/sec. By the time of complete contraction, it 
reaches a value of 8 x 10°cm/sec. The minimum 
radius of the column is 1.5 cm. The current at 
the “singularity” is 1.6 x 10°amp at the instant 
of constriction. The external regions of the gas 
_ being compressed approach the center 0.3 usec 
later, and restrain the expansion of the gas whose 
speed at that time does not exceed 1.5 x 10° cm/ 
sec. After the outer layers have approached, the 
speed of expansion increases to 9 x 10° cm/sec. 
Cylindrical symmetry of the column of the con- 
tracting gas is retained both before and after ex- 
pansion. Soon after the beginning of the expansion 
the gas separates into layers. One part goes back 


5 psec 


FIG. 4 a — photorecorder display, b, c, d — Kerr-cell rec- 
ords, e — current and voltage oscillograms for discharges in 
small chambers at a pressure of 1 mm of Hg. 


towards the center of the chamber where the lu- 
minous channel remains, and another part of the 
gas goes towards the chamber walls. 

The stratification occurs three times separated 
by intervais of 0.2 to lwsec and, apparently, is of 
a symmetric nature, as may be seen from the third 
Kerr-cell record. The internal column is more 
brightly luminous, and may be picked out in the 
photograph right up to the fourth microsecond. 
Small oscillations in the oscillograms of the cur- 
rent and the voltage, which last right up to the fifth 
microsecond, correspond to the fluctuations in the 
gas column. 

At a pressure of 0.1 mm, the relative luminos- 
ity of the chamber walls increases, and this makes 
it more difficult to interpret the photograph. Never- 
theless the principal features can still be seen 
(Fig. 5). A characteristic feature of the process 
is the occurrence not of one, but of three compres- 
sion waves moving towards the center with constant 
velocity at times equal to 0.44, 0.85, and 1.46u sec 
after the beginning of the compression. The veloc- 
ities of the fronts amount respectively to 8.6 x 108, 
1.1 x 10", and 1.4 x 10'cm/sec. The second and 
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FIG. 5 a — photorecorder display, b, c, d — Ker-cell rec- 
ords, e — current and voltage oscillograms for discharges in 
small chambers at a pressure of 0.1 mm of Hg. 


the third fronts begin to move even before the pre- 


ceding front has reached the center of the chamber. 


The individual channels in these fronts appear not 
at the beginning, but almost at the time of complete 
contraction. The channels approach one another, 
forming constrictions of a certain kind, which 


shows that the currents flowing in them are parallel. 


Both in the photorecorder displays and also in 
the Kerr-cell records (the two are in good agree- 
ment) it can be noted that the channels are sur- 
rounded by an atmosphere of luminous gas within 
which they approach one another. The separation 
begins after the first compression and slows down 
as each successive front approaches the center of 
the chamber. The minimum diameter of the chan- 
nel is 1.5 cm during the first contraction, 3.7 cm 
during the second, and 5.6 cm during the third. 
The total current in the circuit, at the instant 
when the first wave starts, amounts to 350 kilo- 
amp; for the second and third waves this current 
is respectively 900 and 1200 kiloamp. To each 
compression there correspond small oscillations 
in the oscillogram of the current whose maximum 
values for each of the waves are 1.1 x hae IU Bx 


10° and 1.3 x i0°amp. In view of the fact that the 
compression waves are superimposed in time, the 
measured current can be related to the discharge 
column only for the third wave. 

The voltage across the electrodes, as recorded 
by the oscillograph, at first falls and then rises; 
during the first microsecond it amounts to 4300 v, 
it then increases to 14.4 kv and remains at this 
level until the fourth microsecond. The gradient 
in the chamber when the current through it passes 
through its maximum (when there is no inductive 
component) is 3kv/cm. At pressures of 10 and 1 
mm of Hg, a falling off of the voltage was observed 
during the first and second microseconds. 

(b) Large Chamber. Just as in the preceding 
case, in the case of experiments with the large 
chamber an explosive discharger was used, placed 
between the upper flat flange of the chamber and 
the high-voltage lead. The lower flange had a 
small convex portion which was made in order to 
introduce the head of a scintillation counter into 
the depression that is formed below. The height 
of the glass chamber was 155 mm. The distance 
between the projection in the lower electrode and 
the upper electrode was 123 mm, the inner radius 
of the chamber was 92 mm. The small convex 
projection of the lower electrode did not affect 
the process of constriction which proceeded in 
exactly the same manner as in the case of a flat 
lower electrode. The copper conductor surround- 
ing the chamber had a flare in its lower part. On 
top, a steel ring was placed around the copper co- 
axial cable to increase its mechanical strength. 
The total inductance of the circuit together with 
the chamber and the discharger, as evaluated 
from the period of oscillations of the current, did 
not exceed 55 cm. The inductance of the measur- 
ing loop at the beginning of the process (when the 
current flows near the chamber walls) attained a 
value of 7 cm. The initial rate of rise of the cur- 
rent in the discharge was 0.73 x 10 amp/sec. 

At a pressure of 10 mm of Hg the contraction 
process begins already at a current of 500 to 600 
kiloamp after a number of narrow channels (ap- 
proximately 40) have been formed in the discharge. 
The contraction takes place with an average speed 
of 3 x 10°cm/sec (cf. Fig. 6). The converging 
layer of gas had a thickness of 2.5 to 3 cm. The 
inner boundaries of the layer met 3.2usec after 
the start, the outer ones met 0.6usec later. At 
the instant of complete contraction when the di- 
ameter of the channel was reduced to 3.6 cm the 
current in the discharge attained a value of 1.1 x 
10° amp, and owing to the relative increase in the 
inductance of the discharge channel the current 
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FIG. 6. Photorecorder display of a discharge at p = 10 mm. 
of Hg with the current and voltage oscillograms superimposed 
on it. 


lost its sinusoidal form. The peak of the sinu- 
soidal curve was flattened and showed dips char- 
acteristic of the so-called “singularities.” The 
expansion of the gas occurs with speeds in the 
range (1.2 to 2.1) x 10°cm/sec. A second com- 
pression was observed 1.5 microsec after 

the first one; the diameter of the channel in this 
case was reduced to 7 cm. The current at the 
second “singularity” was larger than at the first 
by 100 kiloamp. Between the instant of breakdown 
and the beginning of the compression, the voltage 
across the electrodes fell from 40 to 5.5 kv, and 
then increased to 12 kv. The maximum of the volt- 
age coincides with the beginning of the “singular- 
ity” on the current curve, and is delayed with re- 
spect to the moment of complete contraction which 
may be seen on the photorecorder display. 

At a pressure of 1 mm of Hg, the contraction 
begins 1.16:sec after breakdown. The speed of 
contraction varies between 4.8 x 10° and 6.1 x 10° 
cm/sec. In the photorecorder display (Fig. 7) one 
may see, just as in the preceding cases, a network 


of channels forming the contracting layer; the thick- 
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ness of the latter is 2.2 cm. On the Kerr-cell rec- 
ords horizontal bands can be seen which are par- 
ticularly noticeable at times immediately preceding 
a complete contraction. Their appearance indi- 
cates that the instability characteristic of the 
plasma manifests itself in the contracting layer 
even before complete contraction has taken place. 
Complete contraction occurs 2.7sec after break- 
down and lasts 0.3usec. The minimum diameter 
of the constricted channel is 1.7 cm. The expan- 
sion of the gas occurs in an asymmetrical manner: 
the channel remains constricted at the electrodes 
for some time, while at other points the expansion 
occurs more rapidly. The speed of expansion at- 
tains values up to 3.7 xX 10°cm/sec. A second com- 
pression begins 0.25 ysec later, and takes place 
with a speed of 4.5 x 10°cm/see; then a small ex- 
pansion occurs, and after that the diameter of the 
channel practically does not change until the sixth 
microsecond. Thus the channel remains con- 
stricted during 3 to 4 microsec. 

The current in the discharge varied in the fol- 
lowing way: at the moment when the gas separated 
from the walls its value was I) = 576 kiloamp. 
During the first compression it was 1.16 x 108 amp, 
and during the second compression it was 1.3 x 10° 
amp. 

(c) Chamber with conical electrodes. The con- 
struction of the chamber is shown in Fig. 8. The 
upper convex electrode has the form of a truncated 
cone with its vertex directed into the chamber. The 
lower electrode is the same as in the preceding 
chamber. With this construction of the electrodes, 
in spite of the small gap at the center of the cham- 
ber, the discharge is formed at the chamber walls. 
To make it easier for the breakdown to occur at 
the center, in some of the experiments sharp points 
were placed on the flat summit of the upper elec- 


FIG. 7. a — photorecorder display with current 
oscillogram superimposed on it; b, c, d — Kerr-cell 
records of the discharge at a pressure of 1 mm of Hg. 
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trode in such a way that the minimum gap between 
the electrodes was reduced to 17 mm. 

At a pressure of 10 mm of Hg, the upper elec- 
trode was provided with a sharp point, but this did 
not prevent the formation of a skin-layer near the 
walls of the chamber. Although breakdowns were 
sometimes observed in the center of the chamber, 
nevertheless the main part of the current appar- 
ently flowed near the walls. The phenomenological 
aspects of the phenomena remained the same as in 
the preceding cases (Fig. 9). The start occurred 
0.5 to 0.7usec after breakdown. The speed of 
contraction at the beginning amounted to 1.3 x 10° 
cm/sec, and then increased to 5.2 x 108 cm/sec. 
The diameter of the channel was reduced from 
18.5 to 2.8 cm. The expansion of the channel oc- 
curs in a fairly symmetric manner with a speed 
of 5 x 10°cem/sec. Repeated contractions in these 
experiments are more sharply defined, they occur 
lpsec and 2.5y sec after the first contraction. 


L-1o°amp 


FIG. 8. Construction of chamber with conical 
electrodes. 1 — high voltage conductor, 2— glass 
chamber, 3 — window for photographing the dis- 
charge by means of Kerr-cells, 4 — grounded con- 
ductor, 5 — window for photographing the discharge 
by means of photorecorders, 6 — rubber, 7 — organic 
glass, 8 — explosive discharger, 9 — to vacuum 


pump. 


At a pressure of 1 mm of Hg, the sharp point 
was removed from the upper electrode. The skin 
layer is formed at the wall and begins to contract 
0.6 usec after breakdown with the total current in 
the discharge having a value of 370 kiloamp (Fig. 
10). The initial speed of contraction is 2.8 x 108 
cm/sec, and the final speed is 7.8 x 10°cm/sec. 
Just as in the two preceding cases contraction 
proceeds at this pressure quite symmetrically. 
The photographs by means of the Kerr cells al- 
low us to observe in the gas layer various forms 
of instability which manifests itself practically 
from the very beginning. At the moment of com- 
plete contraction they are transformed into the 
“constrictions” described above. The contraction 
of the skin layer lasts not longer than 0.3 usec, 
after which expansion begins, followed by a sec- 
ond, third, and a not very pronounced fourth con- 
traction. In this case no appreciable broadening 
of the channel is observed. The smallest diam- 


FIG. 9. a — photorecorder display with 
current oscillogram superimposed on it, b, 
c, d, — Kerr-cell records of the discharge. 
Pressure is 10 mm of Hg. 
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eter of the “pinch” during the second and the third 
contraction is 2.0 cm, and the total length of time 
during which it lasts is 2.4usec. Just as in the 
case of the short chambers, the expansion of the 
gas is accompanied by the separation of the gas 
into layers. The first two contractions occur at 
the same value of the current equal to 1.04 x 10° 
amp, while the third and the fourth contractions 
correspond to currents of 1.1 x 10° and 1.3 x 10° 
amp. 

(d) Neutron measurements. Neutron measure- 
ments were made by means of a counter and an 
apparatus of type B, and also by means of a scin- 
tillation counter. The thresholds of sensitivity of 
the apparatus were 10° and 104 neutrons respec- 
tively. The apparatus did not record any neutron 
emission. 


4, DISCUSSION OF RESULTS 


(a) Initial processes. The discharge in the 
chamber during the time when its conductivity is 
small (Townsend build-up) occupies the whole vol- 
ume, or its greater part. When short voltage 
pulses of 0.1usec duration are applied to the 
chamber, diffuse streamers are observed which 
spread over the whole volume of the chamber. 
When the conductivity increases and the current 
in the discharge attains values of tens of kiloam- 
peres, the skin effect becomes distinctly evident. 
The start occurs after the formation of the con- 
ducting layer situated along the periphery of the 
chamber. As we have seen, its thickness does not 
vary appreciably at pressures of 10 and 1 mm of 
Hg (Fig. 11), and only at a pressure of 0.1 mm of 
Hg does it become appreciably less. The varia- 


FIG. 10. a — photorecorder display with 
current oscillogram superimposed on it, b, 
c, d — Kerr-cell records of the discharge. 
Pressure is 1 mm of Hg. 
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FIG. 11. Variation of the thickness of the conducting layer 
with pressure: O — large chamber, x — small chamber, e— 
chamber with conical electrodes. 


tion in the current at which the break-away occurs 
is shown in Fig. 12 as a function of the pressure. 


Ip kiloamp f 
600 FIG. 12. Break- 
| away currents at 
different pressures. 
Measured values: 0 — 
for small chambers, 
A — for large cham- 


bers. 
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The average conductivity o in the luminous layer 
at the moment of the start can be roughly estimated 
from the thickness 6 of the layer (it may exceed 
the thickness of the skin-layer by a factor of 2 to 
3). From the well known expression: 


o =c*t/2n0? = (0.5 + 1.4)-104* CGS esu. 
The order of magnitude of this quantity may also 
be found from the longitudinal field strength ER 
in the discharge at the instant of the start, on the 
assumption that the current in the layer is dis- 
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tributed uniformly: 
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where R is the radius of the chamber, and |) is 
the current at the time it breaks away from the 
wall. By utilizing the measured values of I) and 
Ep we obtain a conductivity of 0.3 x 10", which 
remains practically constant as the pressure is 
varied by two orders of magnitude. A gas which 
has such a conductivity has an electron tempera- 
ture of 3 to 6 ev. The unavoidable evaporation of 
the walls leads to impurities in the deuterium 
which manifest themselves by the high.luminosity 
of the gas after contraction, when the deuterium 
should be highly ionized and less luminous. As 
may be seen from photographs, there is no con- 
tinuous conducting layer at pressures of 1 to 10 
mm of Hg. Instead there is a network of channels 
which have a relatively higher luminosity and con- 
sequently a higher current density. Since the 
magnetic pressure is given by Py ~ iH (H is the 
magnetic field, i is the current density), the 
pressure experienced by these channels is greater, 
and they start first. A layer of ionized gas is left 
behind them. The current in it will grow as the 
gas moves in towards the center. 

Efficient capture of neutral gas by means of the 
charge-exchange mechanism becomes possible 
from the moment when the converging channels 
coalesce into one continuous front. At a pressure 
of 10 mm of Hg, the formation of a continuous an- 
nular layer occurs at a radius of 45 mm. At 
smaller. pressures the radius of capture is larger. 
However, complete capture does not occur even in 
the case of a continuous annular layer. This is 
particularly noticeable at a pressure of 0.1 mm 
of Hg, when there is observed a series of contrac- 
tion waves, which are possible only in the presence 
of residual gas. Thus the number of particles 
which the conducting layer will “sweep” towards 
the center can in actual fact differ appreciably 
from the number of particles present in the cham- 
ber cross section. 

(b) Contraction and scattering. The speed of 
contraction of plasma in the discharge varies from 
zero up to a certain maximum value. Its increase 
depends on the pressure, on the circuit param- 
eters, on the shape of the electrodes, and on the 
instability of the contracting layer. It was noted 
earlier that at p= 10 mm of Hg the speed of the 
gas at the point where constrictions are formed 
may exceed the average speed (temperature) of 
the gas during contraction by a factor of 3 (and 
the temperature by an order of magnitude). At 
the instant of complete contraction, a longitudinal 


redistribution of the particle density may occur, 
owing to the existence of constrictions. 

The maximum speeds in the three variants of 
chamber design described earlier differ from 
each other only very little. However, if one com- 
pares the maximum speeds of contraction obtained 
for chambers of equal diameter with flat electrodes 
used in various installations?” the influence of such 
a parameter as Up/Liyit becomes noticeable. 
Figure 13 shows the curves of vmax = f(P) for 


u esate 

6 N mati FIG. 13. Dependence 
of the maximum speed of 
contraction on the pres- 
sure for shock circuits 
with the parameter U,/ 
Linit having the values: 
1—1.4 x 10**; 2—0.7 
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apparatus with different values of Up/Linit. The 
influence of the parameter U)/Linit, on the speed 
of contraction may be seen best of all in the case 
of p=1mm of Hg. At this pressure the constric- 
tions are least pronounced, and the errors in meas- 
uring the speeds of contraction are least. Even in 
the case of a relatively very rapid rate of rise of 
current, the converging layer of gas remains com- 
pact at a pressure of p=1mm of Hg. At smaller 
pressures this compact nature is not preserved. 
As may be seen from Fig. 14, vmax grows mono- 


FIG. 14. Depend- 
ence of the maximum 
speed of contraction 
on the initial rate of 
current growth in the 
discharge; p = 1mm 
of Hg. 
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tonically, increasing by factor of 2.5 as Uy/Linit 
increases by a factor 10 [Vmax ® (Up/Linit)*/2"°]. 
At the instant of contraction, the current in the 
discharge depends significantly on the initial pres- 
sure. Figure 15 shows the measured and the cal- 
culated (cf. Leontovich and Osovets*) values of 
the current during the first contraction. The best 
agreement is observed at a pressure of 1 mm of 
Hg. At lower and, particularly, at higher pres- 
sures the discrepancies become appreciable. If 
one calculates the time of the first contraction by 
means of a formula given by Leontovich and Oso- 
vets’ then the observed value always turns out to 
be higher then the calculated one. There are at 
least four reasons for such a discrepancy: (1) the 
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FIG. 15. Current 
in the discharge at 
the first contraction. 


1, 1'— small cham- 
ber, 2,2' — large 
chamber, O — calcu- 
lated values, x — 
experiment. 
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deviation of the current from a linear form at 
times close to Tsing (which is important for 
large Tsing and large p); (2) the smearing out 
of the current front and of the converging layer 
of gas; (3) the imperfect nature of the mechanism 
of “sweeping up” of the gas, owing to which only a 
portion and not the whole gas contained in the 
chamber is collected (this is more important at 
low pressures); (4) the capture of heavy particles 
from the chamber walls. A relatively satisfactory 
agreement between calculated and actual values is 
apparently explained by the fact that the various 
deviations compensate one another at least par- 
tially. 

As we have seen, the contracting layer of gas, 
prior to colliding with the layers which it encoun- 
ters, has a comparatively low ion and electron tem- 
perature, and therefore the degree of ionization in 
this layer must be relatively low (cf. also Lukianov 
and Sinitsyn®). The layer contains a large number 
of neutral particles. The principal part of the 
heating occurs during the short shock compression, 
when a part of the kinetic energy of directed mo- 
tion of particles is transformed into heat. An eval- 
uation of the temperature with the aid of formulas 
for the equilibrium state’ T = I*/4Nk is hardly 
justified in this case. It is therefore best to esti- 
mate the maximum temperature by utilizing 
Vmax (Vmax =\3KT/Mp). Figure 16 shows the 
temperature determined in this manner for small 
chambers at various pressures. The limiting 
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temperature attained at a pressure of 0.1 mm of 
Hg amounts to 180 ev. One might think that under 
our conditions, neutrons of thermonuclear origin 
might be produced by the higher speed of contrac- 
tion. However, a simple calculation shows that 
this is not the case. The neutron yield A may 
be estimated from the well-known relationship 


A =UonN <avd al, 


where n is the particle density in the column at 
the instant of compression, N is the initial num- 
ber of particles in the cross section of the cham- 
ber, <oV> is the cross section for the reaction, 
L is the length of the column in cm, 7 is the time 
of contraction in sec. Calculations made on the 
basis of the following assumptions: (1) all the gas 
is captured during contraction, (2) the measured 
speed is the average speed for a Maxwellian dis- 
tribution of particle velocities, (3) T= 10° sec, 
give a neutron yield of approximately 10° at p= 
0.1 mm of Hg. This value is below the threshold 
of sensitivity of the recording devices. At higher 
pressures the neutron yield is even less. 

Thus in the case of small chambers, in spite 
of the higher speed of contraction compared with 
the large chambers described earlier by Artsimo- 
vich et al.,” the neutron yield is either entirely ab- 
sent or is very small. This result confirms the 
point of view expressed at that time with respect 
to the non-thermonuclear origin of the neutron 
radiation then observed. 

The figures quoted above for the limiting com- 
pression of the gas, calculated from the ratio of 
the cross sections of the chamber and of the pinch, 
are somewhat overestimated. At a pressure of 10 
mm of Hg the radius of capture is in actual fact 
smaller than the diameter of the chamber. If the 
gas is collected in a column starting with the 
radius of capture, then the limiting compression 
amounts approximately to 10. If p=0.1 mm of 
Hg, it is impossible to introduce corrections be- 
cause we have not one, but three compression 
waves. The most accurate result, apparently, is 
obtained at a pressure of 1 mm when the symme- 
try of contraction is well preserved, when a satis- 
factory agreement with results of calculation is 
observed, and when, probably, there is no appre- 
ciable smearing of the current front, as is indi- 
cated by the sharp boundaries of the pinch. The 
limiting compression in this case attains a value 
of 140. This number may be regarded only as a 
rough approximation, since we have no reliable 
estimate of the amount of captured gas. 

During a shock compression of short duration 
one can observe inside the pinch simultaneous 
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movement of waves of compression and decom- 
pression moving towards each other. However, 
this is the only point of similarity with elemen- 
tary wave processes. 

The expanding front of the gas has a structure 
that differs sharply from a simple shock wave. 
The front oscillates several times, and for quite 
different reasons than those given by Leontovich 
and Osovets.? Some of the gas is directed towards 
the center and some continues its movement to- 
wards the boundaries of the chamber at a reduced 
speed. A relatively more luminous narrow chan- 
nel is preserved at the center. It may be observed 
on photographs during several microseconds, until 
the current passes its maximum value. In the case 
of a simple shock compression, the gas would have 
remained at the center not longer than 0.3pusec. 

It is natural to assume that at the center of the 
pinch the current continues to flow even after con- 
traction, as was observed by means of probe meas- 
urements and at lower pressures and speeds of 
contraction.”»? The luminosity in the front of the 
expanding gas is due to neutral particles which 
are not held by the field of the current. As the 
current builds up in the boundary portions of the 
gas column, which have a certain amount of con- 
ductivity, the column breaks up into layers. The 
hottest particles are carried towards the center 
and give rise to repeated compressions, while 

the cold particles are directed towards the walls. 
After the walls have been bombarded, a conduct- 
ing layer of heavy particles is formed there. The 
contraction of this layer proceeds at considerably 
lower speeds. At this time the current at the 
center falls, while the current at the walls rises. 

The influence of electrodes on the development 
of the discharge should naturally be more pro- 
nounced in short chambers, owing to the shorter 


time required for the metal vapor to penetrate 
deeply into the gap, and owing to the removal of 
heat by the electrodes. Both processes begin at 
the instant of onset of the discharge, but are most 
strongly pronounced after contraction. Before 
contraction, the temperature of the gas in the skin 
layer is not greater than 6 ev. The corresponding 
speed of neutral atoms of copper is equal to voy 
=vpVMp/Mcy = 2.3 x 10° cm/sec. Thus, the 
copper vapor will advance not more than 5 mm 
during contraction. An appreciable removal of 
heat at such speeds would be observed only after 
12sec. After contraction (if p = 0.1 mm of Hg) 
the time for the removal of heat would amount to 
3,5usec, while vCy would increase to 2.8 X 10° 
cm/sec. It follows from these figures that it is 
not advantageous to conduct experiments with 
short chambers at lower pressures. 

The author expresses his deep gratitude to 
Academician M. A. Leontovich and S. M. Osovets 
for valuable remarks. 
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This investigation was performed with the Lebedev Physics Institute’s 265-Mev synchrotron 
using photographic emulsions containing D,O. Detailed information concerning the reaction 
y+d-+>p+p+m7 was obtained for photon energies up to 200 Mev. Various experimental 
characteristics of the reaction are compared with the predictions of the impulse approxima- 
tion theory. The experimental results are consistent with the theory which takes into account 
the interaction between nucleons in the final state. It is shown that the square of the matrix 
element for photoproduction of pions from neutrons near the meson threshold is constant and 


equals (0.785 + 0.072) x 1072? cm?. 
1. INTRODUCTION 


ia number of investigators'~* have measured the 
ratio between the cross sections for the reactions 
yt+d—-pt+p+m and y+d—-n+tnta'. This 
ratio is used to represent the ratio for the photo- 
production of negative and positive pions from free 
nucleons. Watson‘ has indicated the following con- 
ditions under which the observed ratio o/o’ for 
deuterium will be the same as for free nucleons: 
(1) correctness of the impulse approximation, 
(2) production of photomesons inthe S state, and 
(3) negligibly small Coulomb interactions between 
mesons and nucleons. Fulfillment of the first two 
conditions has not been verified experimentally, 
although o/ o* has been measured many times. 
Fulfillment of the third condition has been secured 
experimentally by the recording of high-energy 
mesons. The following fact must be taken into 
account in connection with the first condition. For 
photons up to 200 Mey (to insure fulfillment of the 
second condition) the relative kinetic energy of 
the two protons is small and, as we have shown 
experimentally ,°»* an essential part is played by 
interaction of the nucleons in the final state. The 
nucleon interaction rules out the application of 
single-nucleon kinematics to the photoproduction 
of pions from deuterium. 

In the experiments reported in references 1 
and 2, the single-nucleon kinematics was used to 


determine o /o'. The energy dependence obtained 


in this way and the value of o7/ ot at the meson 
threshold are in disagreement with theoretical 
predictions. This discrepancy may possibly be 
accounted for by the difference between the 
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This value corresponds to o/o* = 1.34. 


T —p—p and nm —n—n systems and the con- 
tribution of photons from the entire bremsstrahl- 
ung spectrum above threshold to the yield of pions 
with a definite energy. A certain arbitrariness in 
extrapolating o/ o to the pion photoproduction 
threshold is also involved.? 

It was the purpose of the present work to obtain 
information concerning the reaction y+d—~>pt 
p+m near the threshold of pion photoproduction, 
with principal attention being devoted to verifica- 
tion of the correctness of the impulse approxima- 
tion. Furthermore, by using the impulse approxi- 
mation and taking into account the Coulomb and 
nuclear interactions of the particles in the final 
state, conclusions are reached regarding pion 
photoproduction from free neutrons. 


Z. EXPERIMENTAL METHOD 


We studied the photoproduction of negative 
mesons from deuterium by means of emulsions 
containing deuterium,which were exposed directly 
to the photon beam. Emulsions loaded with deu- 
terium served as targets and detectors at the 
same time. This method provides a detailed pic- 
ture of the interaction which leads to the produc- 
tion of negative pions from deuterium. 

We used type -P 400u NIKFI emulsions, which 
are sensitive to relativistic particles. An amidol 
developer was used as recommended by the NIKFI 
(Motion Picture and Photography Scientific Re- 
search Institute). The uniformity of development 
as to depth was entirely satisfactory. 

Before irradiation a batch of plates was im- 
pregnated with heavy water at 18 to 19°C. A plate 
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measuring 3.0 x 6.0 em* absorbs an average of 
0.770 g of heavy water in one hour. Such a loaded 
emulsion is 800p thick during irradiation, and 

1 cm? of the loaded emulsion contains 3.2 x 10” 
deuterium nuclei. 

The plates were bombarded by photon beams, 
with a maximum energy of 250 and 200 Mev ata 
distance of 5 m from the target, produced by the 
Lebedev Physics Institute synchrotron. The photon 
beam traversed the shielding and primary lead col- 
limators, passed through the gap of the electromag- 
net, and reached a plate whose emulsion faced the 
beam. The 7000 -oersted field of the electromag- 
net swept electrons from the photon beam. Carbon 
blocks shielded the plates from scattered radia- 
tion. Irradiation occurred at a glancing angle of 
30°. A graphite ionization chamber was placed 
directly behind the plate to determine the photon 
beam through the emulsion. 

The plates were scanned by MBI-2 microscopes 
with 20 x 10 xX 1.5 magnification. As a check of 
efficiency, some batches of plates were scanned 
twice by different persons. Stars were recorded 
with an efficiency not lower than 96% under the 
worst conditions. 60 x 15 x 1.5 magnification was 
used in the measurements. 

The energies of particles stopping in the emul- 
sion were determined from the residual ranges. 
The dependence of the residual range on particle 
energy was calculated for different degrees of 
impregnation occurring experimentally. The en- 
ergies of particles whose tracks did not terminate 
in the emulsion but were inclined at a small angle 
were determined from grain density by compari- 
son with calibration curves of grain density versus 
residual range. The calibration was performed 
for each set of plates, using a few long-range me- 
sons and protons stopping in the emulsion. The 
sensitivity of the plates was considerably reduced 
by impregnation; this made it possible to use grain 
counts to determine particle energies in a broad 
interval. However the reduced sensitivity of the 
plates permitted registration of pions only with 
energies not above 40 Mev. 

The identification of particle tracks stopping 
in the emulsions presented no difficulty. Tracks 
which left the emulsion at a small dip angle were 
identified from grain density and multiple scatter- 
ing. Multiple scattering was measured with a 
MBI-8 microscope using the coordinate method. 
Figure 1 shows the distribution of proton and pion 
tracks according to grain density and multiple 
scattering. The axes of the figure are the loga- 
rithms of the grain density in 500-micron cells 
and the coordinate second difference. Identifica- 
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FIG. 1. Grain density vs multiple scattering for protons and 
mesons of one of the processed sets of plates. The dots rep- 
resent protons; the crosses represent pions; the circles rep- 
resent pions from the reactiony+d>p+t+tpta-. 


tion by means of grain density and multiple scat- 
tering can be used only within certain limits and 
is laborious; we therefore used it relatively in- 
frequently. 

Three-prong stars found in the plates were 
analyzed in order to distinguish those associated 
with the reaction y+d—~>p+p+q7. For this 
purpose we determined the energies and angles 
of emission of all particles in a star with respect 
to the photon beam direction, which was ascer- 
tained in each plate from the tracks of secondary 
electrons, the majority of which were parallel to 
the photon beam. Analysis of each star was based 
on conservation of photon energy and momentum 
in y+d—~>p+pt+d7. For brevity the following 
notation was used. The vector sum of the momen- 
ta of all three particles is called the star momen- 
tum P. The sum of the particle energies, the me- 
son rest mass, and the difference between the rest 
masses of the deuteron and the two protons is 
called the photon energy Ey. The photon energy 
expressed in momentum units and directed along 
the photon beam is called the photon momentum 
Py. When P agreed with P., the star was as- 
signed to the reaction y+d—~>p+p+t+7. Anatu- 
ral measure of the deviation of the star momentum 
from the photon momentum is AP =|P — P,|. 
This parameter includes the errors in measure- 
ments of both angles and energies. If the spread 
of AP results only from errors of measurement, 
its distribution must obey the Maxwellian law 
®(AP)~ (AP)* exp{—h?(AP)*}, where h isa 
measure of accuracy equal to 2/7(AP )ay. Figure 
2 shows the distribution of stars with respect to 
AP. In the momentum measurements the proton 
rest mass is taken as unity. The same figure 
shows the Maxwellian distribution with the param- 
eter h obtained experimentally. The distribution 
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has a maximum at AP = 0.45 and drops sharply 
in the interval from 0.5 to 1.0. The experimental 
distribution also shows a “tail” for large values 
of AP. All stars with AP smaller than 1.1 are 
assigned to the reaction y+d—~>p+t+ptm7. 

It is necessary to determine the validity of AP 
as acriterion. The investigated reaction y+d— 
p+p+m7 could contain an admixture of photore- 
actions in emulsion nuclei such as the following 
photoreactions for oxygen: 


WOe ep tt Ons On Nb Bs 
y+OP spt p+e + Ni; 
y+ Of =p t+ p+n+e +N7’, NP>CP+ Br. 


Similar reactions can be written for carbon, nitro- 
gen and other nuclei. A control experiment was 
performed for the purpose of estimating the con- 
tribution of these secondary reactions to the num- 
ber of recorded instances of the reaction under in- 
vestigation. The control emulsions were loaded 
with light water and irradiated by a photon beam. 
Three-prong stars were analyzed by the previous 
method. The scanned area on plates loaded with 
light water was 64 cm’. This same area on plates 
loaded with heavy water contains on the average 
20 instances of the reaction y+d—~>p+t+ptT7, 


represented by stars with the parameter AP < 1.1. 


In the plates containing light water not a single 
three-prong star was found with AP smaller than 
1.1. It might be assumed that all stars with AP < 


1.1 represent reactions with emulsion nuclei rather 


than with deuterium. Then the probability that an 
area of 64 cm? would contain not a single star with 
AP between 0 and 1.1 is of the order of 107°. 
The assumption is thus shown to be unfounded. We 
can thus consider that, within the limits of accu- 
racy of the control experiment, no secondary re- 
actions appear among assigned instances of y +d 
=2.40) 1? oa pe The “tail” of the star distribution 
with respect to the parameter is, however, caused 
by secondary reactions with emulsion nuclei. Thus 
the analysis using the AP criterion unambigu- 
ously selects instances of negative-pion photopro- 
duction from deuterium. 


The following different cases were encountered 
during the analysis: (1) All three particles stopped 
in the emulsion. (2) One or two particles emerged 
from the emulsion but could be identified either 
visually or by grain density and multiple scatter- 
ing. These were the two simplest cases where the 
AP criterion of y+d—~>p+p+2° could be ap- 
plied. (8) A particle left the emulsion and could 
not be identified by multiple scattering. In this 
case we were able to arrive at an unambiguous 
conclusion regarding the nature of the particle. 
We had two unknown quantities (the energy of the 
particle and the energy of the photon) and four 
equations which described the conservation laws. 
Two equations were used to determine the energy 
of the particle and the total momentum of the star. 
The satisfying of the other two equations showed 
the correctness of the hypothesis that the star 
represented y+d—~>p+p+d7.. (4) Two particles 
left the emulsion, neither of which could be iden- 
tified by the usual methods. As in the preceding 
cases, we knew the directions of all three particles 
and thus had three unknown quantities (the ener- 
gies of the particles and of the photon) and four 
conservation equations. Three equations served 
to determine the unknowns, while the fourth equa- 
tion verified fulfillment of the conservation laws. 
Different masses were successively assumed for 
the two particles, after which the AP criterion 
for conservation was checked. If the criterion 
was Satisfied, then, as in the preceding case, the 
hypothesis concerning the nature of the particles 
was correct and the star represented y+d—p 
tpn. If AP > ie soithat thes AP criterion 
was not satisfied, nothing could be said regarding 
the nature of the particles. It could only be af- 
firmed that the star did not result from the reac- 
tion under investigation. The number of y+d— 
p+p+a7 stars that were identified only by means 
of the conservation laws, comprised 8% of the in- 
stances of this reaction. 

As an additional check of the correctness of 
pion identification in the y+d—~>p+pt+q7_ re- 
action by the third and fourth methods described 
above, stars which included pion tracks with small 
dip angles were subjected to identification by these 
same methods. The same mescns were then iden- 
tified by grain density and multiple scattering. Fig- 
ure 1 shows to what extent these different methods 
were identical. Here the crosses denote the cali- 
bration pions and the circles denote pions in the 
reaction y+d—~>p+p+q7_ that were identified 
through the conservation laws. 

For the investigated photon energy range, there 
were no cases in which all three particles left the 
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emulsion. This fact, as well as the small percent- 
age of stars with two escaping and unidentified 
tracks, was favored by the following factors: the 
irradiation of the plates at a small glancing angle 
(30°) and the discarding of the lowest 100 and 
uppermost 20 of the impregnated emulsion. 


3. EXPERIMENTAL RESULTS 


Emulsions loaded with heavy water enabled us 
to register pions with energies up to 40 Mev. How- 
ever, in view of the density fluctuations of the grain 
background, 30 Mev must be regarded as the ef- 
fective limit. We were thus able to measure the 
total cross sections in all plates for photons up 
to 174 Mev. In an area of 2050 cm? of scanned 
emulsion containing deuterium nuclei, we found, 
in the entire photon spectrum, 720 stars belonging 
to the photoproduction of negative pions from deu- 
terium. The method described in the preceding 
section enables us to determine for each instance 
of y+d—~>p+pt7_ the photon energy, the par- 
ticle energy, the energy of relative motion of the 
two protons, the direction of emission of the par- 
ticles with respect to the photon beam, and other 
characteristics. 

The complete results for photons from the 
threshold to 174 Mev are represented in Fig. 3. 
Each y+d—~>p+t+pt+q7_ event is characterized 
in this diagram by the momentum of relative mo- 
tion of the two protons p = '4|p,—p,| on the ver- 
tical axis and the half-sum of the momenta q = 
%, |p, + p.| on the horizontal axis. The proton 
momenta p,; and p, are expressed in units of 
uc, where p is the pion rest mass. The curve 
represents the limiting values of p and q de- 
termined by the conservation laws for 174-Mev 
photons. From similar diagrams for each photon 
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FIG. 3. Distribution of y+ d> p +p +77 events with re- 
spect to p and q. 


energy interval we obtain all the characteristics 
of the y+d—~p+t+p+z7 reaction, which are 
discussed below. A few sets of more sensitive 
plates made it possible to obtain total cross sec- 
tions for photon energies from 174 to 202 Mev. 
All of these plates were used to determine the 
cross sections for the production of pions of less 
than 30 Mev for the photon range from 174 to 202 
Mev. In order to obtain total cross sections for 
photons from the threshold to 202 Mev, we used 
320 instances of pion photoproduction from deu- 
terium. 

Figure 4 shows the dependence of the total 
cross section for pion photoproduction on the 
photon energy. Schiff’s spectrum!’ was used as 


FIG. 4. Dependence 
of the total cross sec- 
tion fory+d>pt+p 
+ m~ on the photon en- 
ergy %. 


the bremsstrahlung spectrum. The vertical lines 
represent statistical errors. The photon energy 
x is expressed in units of we. Errors in the 
determination of photon energies result from 
errors in measurement of the energies of par- 
ticles that leave the emulsion. The error in the 
photon energy varies from event to event but is 
always smaller than the selected photon energy 
interval. 

Figure 5 gives the experimental ratio of the 
cross section o,,, for y+d—~p+t+p+7 with 
q/p = 2.5 to the total cross section o as a func- 


FIG. 5. Dependence 
of the ratio ay s/o on 
the photon energy x. 


tion of photon energy. Instances of the reaction 
with q/p = 2.5 are in the lower part of the p—q 
diagram (Fig. 3). 

The relative motion of two protons is charac- 
terized by the kinetic energy T = p*/M, where 
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FIG. 6. Energy spectrum of the relative motion of the two 
protons. 


M is the proton mass. Figure 6 shows the energy 
spectrum of this relative motion. T is plotted on 
the horizontal axis while the vertical axis gives 
the integral of do/dT over the photon spectrum 


from the threshold to 174 Mev, i.e., {(do/dT) dEy. 


The error AT in the kinetic energy of relative 
proton motion is determined by the errors in 
measuring the energy of each proton and the angle 
between their directions of motion. The errors 
are smallest for low values of T. The intervals 
of T were selected to make AT smaller than 
the intervals themselves. 
Figure 7 shows the experimental distribution 

_ of y+d—~-p+p+a_ with respect to the param- 

eter € =p —q for photons up to 174 Mev. e€ in- 
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FIG. 7. Spectrum of cs. 


directly describes the angle between the two pro- 
ton directions The parameter ¢€ is zero when 


the angle between the proton tracks is close to 
90°; it becomes negative for angles smaller than 
90° and positive for angles larger than 90°. The 
peak of the experimental distribution is on the 
side of negative values of ¢€, which is evidence 
that angles smaller than 90° predominate. 

The table gives experimental cross sections 
for y+d—-p+p+q7_ with the pion energy lying 
in the range 5 < E, < 30 Mev and the relative 
proton momentum p< 0.7. The cross sections, 
which were determined for all of the plates, are 
given for the photon energies x = 1.125, 1.175, 
1.225, and 1.30 in units of pc?. The statistical 
errors are also indicated. 


4. DISCUSSION OF RESULTS AND COMPARISON 
WITH THEORY 


The p—q diagram of Fig. 3 shows that, for 
photon energies from the threshold to 174 Mev, 
reactions with a relative proton momentum below 
0.3 comprise 21% of the total. This relative mo- 
mentum corresponds to 2.0 Mev energy of relative 
proton motion. From this experimental fact we 
can derive qualitative information concerning a 
change of the spin of the nucleon system during 
the photoproduction of negative pions from deu- 
terium. If the deuteron radius 4.3 x 107%cm 
represents the size of the nucleon system, then, 
roughly speaking, when the energy of relative pro- 
ton motion is below 2.5 Mev, a triplet proton spin 
state is forbidden by the Pauli principle. Our 
large count of reactions with small relative ki- 
netic energy of the two protons indicates that the 
spin of the nucleon system is changed during the 
photoproduction of negative pions. This means 
that an El transition occurs and leads to the 
production of S-state pions and of protons in 
the singlet spin state ‘Sa A detailed investiga- 
tion of the final states of the y+d—~>p+pt7 
reaction has been performed by one of the pres- 
ent authors and is presented in reference 8. 

Let us now consider the influence of the initial 
nucleon state on the photoproduction of pions. The 
average distance between the nucleons in the deu- 
teron is large. We can therefore assume that the 


Dependence of cross section for meson production (5<E7< 30 Mev, 
p < 0.7) on photon energy k 
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photon interacts with one nucleon while the other 
nucleon remains in the state of motion which it 
possessed in the deuteron. This picture of the 
photon-deuteron interaction in pion production 
corresponds to the impulse approximation, which 
employs an initial-state wave function that takes 
into account the motion of the nucleons in the deu- 
teron. This is usuallly the Hulthen wave function 


(1) = Viele — em Y/r, 


where @=vVMe,/h and €, is the deuteron bind- 
ing energy. The nucleon states following the re- 
action appear in the final-state wave function. 

A quantitative comparison of theory and experi- 
ment requires consideration of the particle inter- 
action in the final state of the y+d—~>p+pt+q7 
reaction. An exact calculation of the Coulomb and 
nuclear interactions of the nucleons in the impulse 
approximation has been performed by A. M. Baldin,* 
whose final expression for the photoproduction 
cross section of pions from deuterium is 


ds = {A(p, q)|Kn|? + B(p, q)|Lnl?} dpdq, 


where A(p,q) and B(p,q) are complicated 
functions of the absolute values of the relative 
proton momentum p and the half-sum q and 
depend only slightly on the photon energy; | Kn 
and |.Ln |? are squared matrix elements of the 
operators in the interaction Hamiltonian H = 

Kno + Lyn usually used in the impulse approxima- 
tion. Here o is the Pauli spin matrix. Baldin 
kindly placed at our disposal his tables of values 
of A(p,q) and B(p,q). Integration of do over 
p and q gives the total cross section for nega- 
tive pion photoproduction from deuterium. The 
integration region for each photon energy is de- 
termined by energy and momentum conservation. 
For example, the integration region for 174-Mev 
photons is the portion of the plane bounded by the 
curve and the axis p=0 inthe p—q diagram 

of Fig. 3. To perform the integration it is neces- 
sary to know the dependence of the operators Ky 
and Ly on q andon the pion momentum. In de- 
riving his expression for do, Baldin neglected 
the dependence of Kn and Ly on the nucleon 
momentum. For q<1 this is an accurate ap- 
proximation, but for q ~ 1 it can cause an error 
on the order of 10%.° From experimental findings 
we can reach some conclusion regarding the mag- 
nitudes of |Kn|? and | Ly|? and their dependence 
on pion momentum. The analysis in reference 8 
of the pion angular distributions and the energy 


i 


*Presented at the 1957 Conference on Elementary Particle 
Physics in Venice and Padua. 
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dependence of the total cross section for y+d— 
p+p+7 showed that, close to threshold, the 
pions are produced in the S state as a result of 
electric dipole absorption of photons. This indi- 
cates that the matrix element of pion photoproduc- 
tion is independent of pion momentum. It is known 
that, from spin and parity conservation and from 
the hypothesis that S-state pions are produced 
near threshold, the transition matrix has the form 
Aoe, which is of the type Ko. It thus follows 
from experiment that, first, |Kn|? > |Ln|? (if, 
of course, the impulse approximation is valid) 

and second, the matrix element can be regarded 
as independent of pion momentum within the lim- 
its of statistical accuracy. 

We shall now make a direct comparison of the 
impulse approximation and experiment. Let us 
consider the reaction y+d—~>p+p+m when 
q/p > 2.5. In this region B(p, q) K A(p, q), 
which is associated with the fact that B(p, q) 
does not take into account the interaction of the 
nucleons in the final state. We shall assume Ly 
= 0 and Ky =0. This leads to the following value 
for the ratio of the integral cross section over the 
photon spectrum with q/p = 2.5 to the total pion 
photoproduction cross section: 


4 


\ cupse.s dx/ \ odx 


= \\\ B (p,q) dp dq dx/ \\\ B(p, q) dpdqdx = 0.003. 
q|p>2.5 

As could be expected, this value disagrees strongly 
with the experimental result fr.5 dk/ [odk = 
0.146 + 0.036. Thus the assumptions that the nu- 
cleons do not interact in the final state and that 
Kn =0 are invalid. If | Ly|?/|Ky|? is small, the 
ratio of the integral cross sections is 0.145, which 
is in very good agreement with the experimental 
result 0.146 + 0.036. Figure 5 shows the depend- 
ence of o,,;/o on the photon energy xk. The solid 
curve represents the theoretical dependence of 
this ratio on photon energy. The dashed curve 
represents the theoretical ratio o,5;/o, neglect- 
ing the Coulomb interaction of protons in the final 
state. Both curves were calculated for Ly =0. 
The figure shows that the experimental points are 
close to the solid curve but all lie below the dashed 
curve. It follows that the Coulomb interaction of 
the protons plays an important part in addition to 
the nuclear interaction. 

For a more detailed comparison of theory and 
experiment we must know the magnitude of the 
squared matrix element |K,|*. In our calcula- 
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tions we used |K,|? = 0.76 x 10727 em?, which 
corresponds to a theoretical value of 1.30? for 
o-/o* near the pion photoproduction thresh- 

old. Figure 6 compares the theoretical distribu- 


‘ d 
tion f(T) = [ap dEy with the experimental dis- 


tribution with respect to the kinetic energy T of 
relative proton motion. Good agreement is shown 
both in absolute magnitude and in shape up to val- 
ues of T of the order of 8 to 10 Mev. For higher 
energies the experimental points are above the 
theoretical curve; this will be accounted for here- 
inafter. Figure 7 compares the experimental dis- 
tribution of y+d—->p+p+a7 with respect to ¢ 
and the theoretical distribution gy («) = f “ dk, 
where € =p-q. The figure shows that the ex- 
perimental values are in satisfactory agreement 
with theory regarding the absolute value and loca- 
tion of the maximum as well as the shape of the 
distribution, although for positive values of ¢€ 
(large values of p) the experimental points lie 
somewhat above the theoretical curve. Distribu- 
tions with respect to T and e€ were chosen for 
the comparison with theory because the cross sec- 
tions show sharpest dependence on these param- 
eters. The lack of a large amount of data makes 
this very important. The differential cross sec- 
tions do/dT and do/de were obtained by numer- 
ical integration. 

The agreement between experiment and the 
theoretical curves in Figs. 5 to 7 is evidence of 
the correctness of the impulse approximation, 
which takes account of nucleon interaction in the 
final state. We note that for p and q~1 much 
significance must not be attached to the theoretical 
results because in this range of values the behav- 
ior of the wave function within the range of the 
nuclear forces is important and corrections that 
have been neglected in the theory are highly sig- 
nificant. Examples of such corrections are the 
dependence of Ky on nucleon momentum and the 
correction for the Coulomb interaction between 
the pion and protons. This may explain the dis- 
crepancy between experiment and theory for large 
T and positive €, corresponding to p>0.7. For 
other values of p the experimental distributions 
are in good agreement with theory. It must be es- 
pecially emphasized that the impulse approximation 
furnishes a good description of the experimental 
results by using the theoretical value o”/ of = 1.3 
for the negative-to-positive ratio of pion photo- 
production. 


5. PHOTOPRODUCTION OF NEGATIVE PIONS 
FROM NEUTRONS 


The analysis of experimental results which was 
given in the preceding section shows that the S 
matrix of negative pion photoproduction from neu- 
trons is of the form Ko. The differential cross 
section for pion photoproduction from free neutrons 
in the center-of-mass system can, like that for 
protons,” be written as 


Ooo. 1 2 uke) 
dx = Gm! Kn? Gaye’ 


where 7 and w are the momentum and total en- 
ergy of the pion in the center-of-mass system, v 
is the photon energy in the same system, and p= 
h=c=1. The magnitude of |Ky,|? could be de- 
termined from the differential cross section do = 
A(p, q)|Ky |?dpdq of negative pion photoproduc- 
tion in deuterium. Unfortunately, we have insuffi- 
cient data for the purpose. The squared matrix 
element |K,|? must therefore be determined 
from the integral cross sections. 

The weighted average |Ky|4y obtained from 
five values of |Ky|? for different photon energies 
K in the interval from 1.04 to 1.35 is (0.84 + 0.04) 
x 107""em?. However the integration of the differ - 
ential cross section {do =|Kn|? JfA(p, q) dpdq 
over the entire range of variation of p and q 
that is determined by the conservation laws arti- 
ficially introduces some uncertainties into the 
value of | Ky,|?, which are ignored in the impulse 
approximation. 

To obtain the most accurate value of | Ky 
the experimental and calculated cross sections 
must be compared in the region where the theory 
has greatest validity, i.e., for values of p and q 
which permit us to neglect effects that are not 
taken into account in the theory. The best region 
of applicability of the impulse approximation, when 
the Coulomb interaction between the pion and pro- 
tons is neglected, is given by the conditions p, q 
<1. The condition q <1 is satisfied by photon 
energies from threshold (ky =1.04) to xk =1.30. 
On the other hand, as we have seen from compari- 
son of the experimental and theoretical distribu- 
tions with respect to T, experiment and theory 
are in good agreement for p< 0.7. For the photon 
energies k= 1.07 and 1.125, p and q are always 
smaller than 0.7, while for x =1.175 they are 
always smaller than 0.8. Therefore the total cross 
sections for y+d—~>p+ptq7_ at these energies 
does not depend essentially on the behavior of the 
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wave function within the range of nuclear forces. 
Multiple scattering is also unimportant, since the 
pion energy does not exceed 30 Mev. But in the 
photon energy range k = 1.04 to 1.35 the total 
cross section can be affected by a Coulomb inter- 
action between the pion and one of the protons. The 
Coulomb force between a pion and a proton can be 
neglected when the pion has energy of at least a 
few Mev.* We have chosen 5 Mev as a reasonable 
criterion. Then the cross sections for pion photo- 
production with E, > 5 Mev by photons with x = 
1.125 and 1.175, together with the cross sections 
for p< 0.7 and 5< E,< 30 Mev at xk =1.225 and 
1.30, will provide a correct value for negative 
pion photoproduction from free neutrons near 
threshold. The table contains experimental val- 
ues of y+d—~p+p+7 cross sections for 

5 < Ez < 30 Mev and relative proton momentum 
DESORT: 
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FIG. 8. The squared matrix element of pion photoproduction 
from neutrons as a function of photon energy. 


The second line of the table gives the theoreti- 
cal values of the same cross sections. Figure 8 
represents the squared matrix element |Ky|? as 
a function of photon energy x, the values being 
taken from the table. The vertical lines denote 
statistical errors. We see from the figure that 
within the limits of statistical error the squared 
matrix element of S-state pion photoproduction 
from neutrons is constant in the photon energy 
range from 1.125 to 1.30. The horizontal line 
represents the average value | Kn|4y = (0.785 + 
0.072) x 107?"cm?. The integral cross section 
with respect to photon energy x for p< 0.5 
gives | Ky|? = (0.755 + 0.081) x 107@"cm?. The 
insensitivity of |Kn|? to p proves that |Kn |? 
has been determined accurately. 

Thus a detailed investigation of the reaction 
y+d—~>p+pt+q7_ shows that the squared matrix 
element of pion photoproduction from neutrons 
near threshold has the constant value | Ky|? = 
(0.785 + 0.072) x 10°*"cm?. The data given in 


reference 2, unlike ours, indicate that this squared 
matrix increases as the threshold is approached. 
In our experiments y+d—~>p+ptq7_ was inves- 
tigated by registering all three particles, whereas 
the authors of reference 2 registered only a single 
photon of definite energy out of the entire photon 
spectrum with a 300-Mev maximum. Since the 
single-nucleon kinematics, which serves as a 
basis for interpretation of the data in reference 2, 
is invalid for the y+d—~>p+p+7_ reaction, we 
question the conclusion reached in that paper that 
|Kny|? increases as the threshold is approached. 

Our value | Ky|%y = (0.785 + 0.072) x 107% em? 
corresponds to the following value for the cross 
section ratio for photoproduction of S-state nega- 
tive and positive pions from free nucleons near 
threshold: 


a-/o* = |Kn|?/|Kp|? = 1.84-+0.14. 


The indicated errors include only the statistical 
errors of o~ and o*; the value of o-/ot de- 
pends strongly, of course, on the calibration of 
the photon beam. We have used the data of refer- 
ence 2 on positive photomesons from hydrogen, 
which were obtained with the University of Illinois 
betatron. A number of effects (photodisintegra- 
tion of deuterons, proton Compton effect etc), 
which were measured at both the Illinois betatron 
and the Lebedev Physics Institute synchrotron, 
given identical cross sections with 10% statistical 
accuracy. We can thus assume that the ratio 
o-/ot = 1.34 + 0.14 does not contradict field 
theory.’ We arrived at this conclusion in the 
preceding section in comparing the experimental 
and the theoretical distributions calculated by us- 
ing the theoretical value o~/o* = 1.3. 

We are now engaged in measuring the cross 
section for positive pion photoproduction from 
hydrogen in order to obtain a more certain value 
Ofuos/ one 

In conclusion we wish to thank Professor V. I. 
Veksler for valuable suggestions and his continued 
interest, and A. M. Baldin for the use of his tables 
of functions and for a discussion of the results. 
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AN INVESTIGATION OF THE FINAL STATES IN THE PHOTOPRODUCTION OF 
NEGATIVE m MESONS ON DEUTERIUM 


M. I. ADAMOVICH 
P.N. Lebedev Physics Institute, Academy of Sciences, U.S.S.R. 
Submitted to JETP editor February 10, 1958 
J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 39-44 (July, 1958) 
Photographic emulsions were used to study the y+d—~>p+p+qm reaction, giving the angu- 
lar distributions and energy spectra of the mesons and the relative motion of the two protons 
close to the meson photoproduction threshold. Analysis shows that there is an electric dipole 
transition taking place, causing the spin of the nucleon system to change and the meson to be 


produced in the S state. The shape of the spectra and the energy dependence of the cross 
section are explained by the interaction of the nucleons in the final state. 


1. INTRODUCTION 4 


Ss 


A detailed investigation of the photoproduction 
of negative m mesons on deuterium can be used 
to obtain information both on the elementary proc- 
ess of meson photoproduction on neutrons, and on 
the process of meson production on the simplest 
nucleon system. In this two-nucleon system it is 
easy to study the effects of nuclear binding, the 
Pauli exclusion principle, and the Coulomb and 
nuclear interactions of the particles in the final 
state on the photoproduction of mesons. Such an UP HP TE a 120° 150° 180° 
_ investigation should be performed at photon en- 

ergies up to 200 Mev, since at these energies the 


FIG. 1. Angular distri- 
bution of 7 mesons in the 
c.m. system for photon 
energies (a) 153 to 167 
Mev, and (b) 167 to 174 
Mev. 
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influence of multiple scattering of the meson is 
negligible. In this way we can investigate how 
the final state of the particles influences the 
properties of the meson production process and 
establish some of the properties of negative 7 - 
meson production on deuterium. A detailed in- 
vestigation of this process gives information on 
the role of the spin interaction in photoproduction 
close to threshold. 

The y+d—~p+p+a7 reaction was studied 
in nuclear emulsions containing deuterium. The 
emulsions were placed in the photon beam (maxi- 


mum energy 250 Mev) of the synchrotron of the 
Academy of Sciences Physics Institute. The ex- 
perimental procedure is described elsewhere.! 
The data were obtained for the photon energy 
range between threshold and 174 Mev. Figure 1 
shows the angular distributions of the 7 mesons 
in the center-of-mass (c.m.) coordinate system 
for photons with energies of 153 to 167 and 167 
to 174 Mev. The vertical line segments indicate 
the statistical uncertainties. Within the limits of 
statistical uncertainty, the angular distributions 
are isotropic. 
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FIG. 2. The energy spec- 
trum of relative motion of 
the two protons. 
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Figure 2 shows a histogram of the kinetic en- 
ergy of relative motion of the two protons in the 
153 to 174 Mev interval. The abscissa is meas- 
ured in units of T/T), where Ty is the maximum 
possible energy of relative motion and is equal to 
the sum of the energies of all three particles in 
the c.m. system. 

Figure 3 shows a histogram of the m-meson 
energy spectrum in the same photon-energy in- 
terval, in the c.m. system. The abscissa is meas- 
ured in units of Ez/Em, where Em is the maxi- 
mum possible kinetic energy of the meson, 
which, in the nonrelativistic approximation, is Em 
= 2MT,)/(2M+ uu), where pw and M are the me- 
son and proton masses, respectively. 


2. ANALYSIS OF THE MESON ANGULAR 
DISTRIBUTIONS 


For photon energies up to 174 Mev, the energy 
of relative motion of the two protons in the final 
state is always less than 25 Mev and tends to be 
small because the mesons carry away most of the 
momentum. Since the nucleons in deuterium are 
located far from each other, the protons emitted 
as a result of t-meson photoproduction can have 
large orbital angular momenta in spite of their 
relatively low energy. The protons may therefore 
be in final S, P, D, F, or higher angular-momen- 
tum states. In the photon energy range studied, 
the m-meson momentum in the c.m. system is 
always less than 0.62 (we express the momentum 
7 in units of pc). If we assume the meson-nu- 
cleon interaction radius to be finite and of order 
of magnitude f/uc, then in the c.m. system the 
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FIG. 3. The energy spec- 
trum of the 7 mesons in the 
c.m. system. 
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m mesons will be in S and P states. 

The table gives all the dipole transitions as a 
result of which the + mesons are produced in the 
S state, and some dipole transitions which lead 


log ah 
2 |y98o 
Electroma icl® [Sos Meson 
gnetic 3 g ond {o) 
transition z 2)5%% & § angular ~: 
E $/5 288*| distribution 
3 |ho8% 
So [fav 
E1 (*So, 8) We at const 
E1(8Dz,S) | 2-| af, LT 
M1 (°P,S) | 0+] a, | const 
M1 (@P1,S) | 1+} mh, const 
M1 (@P2,S) | 2+] np, const 
M1 (°F2,S) | 2+) a, const 
Baron 1-| mf, | 1+. cos?e 
EL@P,,P) | 1-| af, | 3—cos% 
M41 (So, P) qk hn 4 aL cos20 
M1 (*Dz,P) | 1+| 4, | 13 + cos%® 


to m mesons in the P state. The same table 
gives the total angular momentum and parity of 
the system in the intermediate state. The rela- 
tive intensities to different final states for the 
transitions indicated in the tables depend both on 
the electromagnetic structure of the system and 
on the type of interaction which leads to meson 
production. For instance, one of the factors giv- 
ing rise to the El (ise S) transition is the 
nucleon-spin dependence of the interaction lead- 
ing to meson photoproduction (the first symbol 
in the brackets denotes the state of the protons, 
and the second the meson state). This transition — 
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must involve a spin change in the nucleon system, 
which is possible only if the interaction Hamil- 
tonian contains a term depending on the nucleon 
spin. 

An attempt was made to discover which tran- 
sitions actually take place by analyzing the angu- 
lar distributions of the mesons. To do this, we 
calculated the angular distributions of the elec- 
tromagnetic dipole transitions shown in the table, 
using the formula obtained by Morita and others? 
for the differential cross section of photonuclear 
reactions; this formula is found from quite general 
premises concerning the addition of angular mo- 
menta and parity conservation. Schematically, 
our reaction can be represented in the form 


photon + deuteron — intermediate state — 
nucleon system + meson 


We treat the nucleon system as the final nu- 
cleus, which contains the angular momentum of 
the system. The theoretical meson angular dis- 
tributions for the dipole transitions are shown in 
the table. Mesons produced in the S state have 
isotropic angular distributions for all dipole tran- 
sitions. From these calculations it follows also 
that transitions with the same proton states will 
interfere. For instance, the angular distribution 
of m mesons for the El ('S),S) and M1('S, P) 
transitions and their interference is of the form 


do/dQ ~ | a|? — (3V/2/2)( a*b-+-ab*) cos 4 
+ °/,|5 |? (1 + cos? 6), 


where a and b are the amplitudes of these two 
transitions. 

The fact that the experimental m-meson angu- 
lar distributions are isotropic in the c.m. system 
indicates that in the photon energy interval be- 
tween 153 and 174 Mev the transitions involve 
mostly meson production in the S state. Our 
analysis of the angular distributions of the 7 
mesons cannot be used to choose any particular 
one of the transitions shown in the table. 


3. ANALYSIS OF THE ENERGY SPECTRA 


A finite meson-nucleon interaction radius im- 
plies® that at low meson energies the transition 
amplitude depends on the meson momentum as 
rfl , where Z is the orbital angular momentum of 
the meson. The energy dependence of the cross 
section of tte y+d—~>p+p+q7_ reaction is de- 
termined not only by that of the matrix element 
and the density of final meson states, but also by 
the density of the final states for the pair of nu- 
cleons, as well as by their interaction. 


Let the total kinetic energy of the particles in 
the c.m. system after the reaction be Ty. This 
energy is divided between the 7 meson and both 
protons in such a way that the vector sum of the 
three momenta vanishes. The 7 mesons there- 
fore have a continuous energy spectrum extending 
from zero to the maximum energy Em, corre- 
sponding to a continuous kinetic energy spectrum 
for the relative motion of the two protons from 
Ty to zero. When the m meson is produced in 
the S state and the particles dg not interact, the 
shapes of these spectra are uniquely determined 
by the density of final states, and can be written 


do VA Ki ap 
Ay nV 1-e 


ee Tyee ee 
dE,, = Ey Ln 


for the relative motion of the protons and for the 
mesons, respectively. In this equation A and B 
are normalizing constants. In Figs. 2 and 3 these 
spectra are indicated by the curves labeled 1. It 
is seen that the experimental spectrum is heavier 
in the region of low kinetic energy of relative mo- 
tion of the two protons. One might expect that as 
a result of the attraction of the nucleons the en- 
ergy spectra would have maxima in the neighbor- 
hood of Ey, for the mesons and T=0 for the 
protons. 

Watson‘ has given a consistent theory of the 
effect of interaction between the particles in the 
final state. He showed that independent of the 
type of primary process, the forces of nuclear 
attraction not only increase the cross section, 
but also change the shape of the spectrum. The 
new expressions for the spectra given in Eq. (1) 
then become 


(1) 


ts bec 


ds es, To To J " 
ary. [(a?/MT 9) + (T/T )] d 
(2) 
E. ES "Io 
do tH [( <i 1B, aes 
dE, {[2082/(2M + 4) Ey) + 1— (En/Eg)}’ 


where a is the reciprocal of a, the nucleon- 
nucleon scattering length. The numerators of 
these expressions are proportional to the final- 
state densities of the three particles. The final- 
state interaction between the nucleons determines 
the denominators. Strictly speaking, the shape of 
the spectra given by (2) is correct only for rela- 
tive proton momenta p for which hi/p > ro, where 
ro is the range of the primary interaction. Since 
we have assumed from the start that ro ~ i/yc, 
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Eqs. (2) are valid for small T/Ty up to about 0.3 
or 0.4. For large values of T/T) (greater, say, 
than 0.7), however, the interaction does not con- 
tribute strongly and Eqs. (2) automatically become 
(1). Since it is not particularly important in what 
follows to know the shape of the spectra for T/T) 
values lying between 0.4 and 0.7, we shall assume 
that Eqs. (2) are valid over the whole range of this 
variable. Curves 2 on Figs. 2 and 3 give the spec- 
tra according to this equation, where we have set 
a=7.7x107'%cm, as obtained by Jackson and 
Blatt from experiments on proton-proton scatter- 
ing in the singlet £95 state. The value of Ty) was 
obtained by averaging experimental results in our 
photon energy range. Curves 2 are normalized 

to the experimental spectra. The normalizing 
coefficients A and B found in this way are also 
used in normalizing other spectra (curves 1 and 
3). Curves 3 on the figures are the spectra given 
by Eq. (2) if the scattering length of the singlet 
state is taken as a = —2.43 x 107!*cm, obtained 


from experiments on neutron scattering by protons. 


It is seen from the graphs that curves 2 are in 
good agreement with experiment. This means that 
the nuclear interaction between the protons in the 
Sh state plays an important role inthe y+d— 
pt+p+qa7 _ reaction. The only transition which 
leads to the S state for the meson and the 'S, 
state for the protonsis El sr S). Therefore 
among the different possible transitions with 
photon energies up to 174 Mev, the controlling 
one is electric dipole absorption of the photons 
with formation of an S state meson and with a 
spin change in the nucleon system. 

In addition to the nuclear interaction, there is 
a Coulomb interaction between the protons in the 
final state of this reaction. Comparison of curves 
2 and 3 on Figs. 2 and 3 can be used to estimate 
the effect due to this Coulomb interaction. Esti- 
mating this effect on the principle of charge in- 
dependence of nuclear forces, we see that the 
maximum inthe y+d—~>p+p+q7 _ reaction is 
much lower than that inthe y+d—-n+n+7 re- 
action. 


4. ANALYSIS OF THE ENERGY DEPENDENCE 
OF THE TOTAL CROSS SECTION 


How the total cross section depends on the max- 
imum possible m-meson energy can be found by 
integrating the meson energy spectra. It is more 
convenient to express this dependence in terms of 
the square of the maximum m-meson momentum 
in the c.m. system. The maximum possible mo- 
mentum 1m is uniquely related to the photon en- 
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ergy x in the laboratory coordinate system. In- 
tegration of the spectra given by (1) indicates a 
relation of the form o ~ My. According to Eq. 
(2) the total cross section is proportional to tees 
Thus the total cross section for the photoproduc- 
tion of mesons inthe S state is proportional 
to ni, for the E1(‘S), S) transition, and pro- 
portional to Tet for all the other dipole transi- 
tions. It can be shown similarly that the total 
cross section is proportional to Tin for the 
M1(‘S), P) transition, and to 7$ for all the 
other dipole transitions into the meson P state. 
The dependence of the total cross section on the 
maximum possible -meson momentum for each 
transition is given in the third column of the table. 
The total cross section for production of 7 - 
mesons in the S_ state should be related by an ex- 
pression of the form o = (bn, + dnt, )/v to the 
maximum meson momentum, where b and d are 
constants, and v is the photon momentum in the 
c.m. system in units of uc. The intermediate 
powers of 1m do not appear, since the interfer- 
ence terms do not contribute to the total cross 
section. The v-dependence is taken from meson 
theory.’ At energies sufficiently close to thresh- 
old, the v-dependence is not important. Figure 4 
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y FIG. 4. The de- 
pendence of ov/n. 
on the square of the 
maximum 7-meson 
momentum. 
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gives ov/ni, as a function of Nin for the photon 
energy interval from threshold to 202 Mev. The 
total cross sections for the y+d—->p+t+pt+ 7 
reaction are taken from Adamovich et al.! The 
horizontal line through the experimental points 
on the graph gives b = (3.25 + 0.22) x 107-78 cm? 
and d=0 within the limits of experimental er- 
ror. At the meson photoproduction threshold, 
where the dependence on the photon energy is not 
important, the total cross section of this reaction 
is. 01=( 3525 410.22 ))x 1087" ies cm”. The propor- 
tionality between the cross section and ni, is an 
indication that the reaction is caused primarily 

by the electric dipole E1/( 1S), S) transition. This, 
in turn, means that the interaction Hamiltonian 
describing the photoproduction of negative  me- 
sons close to threshold depends on the spin vari- 
able of the nucleon. It follows from this that, in 
terms of the phenomenological impulse approxi- 
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mation theory, the interaction Hamiltonian is of 
the form H = Ko, where K is the transition op- 
erator, and o is the Pauli spin matrix. In addi- 
tion, the results presented in the last two sections 
show that the matrix element for the photoproduc- 
tion of negative mesons on deuterium neutrons 
close to threshold is independent of the meson 
momentum. This last conclusion is in agreement 
with our previous results! obtained by a detailed 
comparison of experiment and the theory of the 
impulse approximation. 

In conclusion, the author expresses his grati- 
tude to Professor V. I. Veksler for his interest 
and for valuable advice, as well as to A. M. Baldin 
and V. N. Maikov for participating in discussions 
of the results. 
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Image-converter photographs have been taken of transient states of pulsed discharges in Hy 
and Hg at pressures of 107 to 10°?mm Hg. The peak pulse currents were 1.3 to 5.5 kiloam- 
peres and the pulses were 300pusec long. Electrodynamic deformations (contraction and kink- 
ing) are observed at negative values of di/dt. It is found that these deformation effects first 
disappear (as manifested by the straightening and expansion of the column) at points of high 
local gas density (anode or cathode, depending on the experimental conditions). 


Tae contraction of a high-current discharge due 
to its own magnetic field (pinch effect) has been 
observed by a number of investigators.'~*> In some 
of these investigations, contraction of the column 
has been observed only at increasing currents i 

1. We have carried out a systematic investiga- 
tion of pinches at increasing and decreasing cur- 
rents in cylindrical tubes (internal diameter 10 
and 32 mm) filled with hydrogen or mercury vapor 
at pressures of 107? to 10°3mm Hg. The current 
pulses were approximately 300usec long with 
peak values ip = 1.3 to 5.5 kiloamperes; these 
currents were obtained by discharging a 300-yf 
capacitor charged at 1 to 3 kv. Before the ex- 
periments the tubes and the electrodes were con- 
ditioned by operation at high pulsed currents (95 
to 6 kiloamperes) for several hours, either with 


frequent replacement of the filler gas or with con- 
tinuous pumping (if Hg vapor was used). 

Pictures of the discharge were obtained with 
an image converter (IC)* operating as a high- 
speed one-shot shutter. Because of the low inten- 
sity, the exposure time could not be reduced below 
1.5pusec, although special film and exposure pro- 
cedures were used. Simultaneous oscillograms 
were taken of the tube current i and the shutter 
gating pulse Vg, using a two-beam high-voltage 
oscilloscope. The particular stage of the discharge 
at which the photograph was taken was determined 
by the position of the gating pulse with respect to 
the initiation of current flow in the discharge. 


*The tube used in the present work was the PIM-3 image 
converter developed by M. M. Butslov. 
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FIG. 1. Photograph of a discharge column in mercury vapor 
at a pressure p =0.3y,Hg. The cooling temperature of the 
cathode — 15°C, the exposure is 1.5ysec. To the left there is 
a sketch of the tube, above which are shown the oscillograms 
for ip and V,. The lines above the photograph denote the 
walls of the tube. 


Hereinafter the time between the initiation of cur- 
rent flow and the time at which the photograph is 
taken will be called the photo-delay time tph 
while the discharge current at the time the photo- 
graph is taken will be called the photo current ipp. 
Many photographs of the discharge were obtained 
under different current-flow conditions. It is ap- 
parent from these photographs that contraction of 
the column can occur at positive, zero, and nega- 
tive values of: di/dt. As an example, Fig. 1 shows 
a photograph of a discharge in mercury vapor to- 


gether with the i and Vg oscillograms fora 
special tube for which the following parameters 
apply: working diameter 32 mm, mercury conden- 
sation temperature Tce = —15°C, peak current 

ip = 5.5 kiloamperes, photo-delay time tph = 160 
usec (i.e., exposure 80usec after the current 
reaches its maximum), and photo current iph = 
1.3 kiloamperes. It will be noted that contraction 
of the column is observed even at long photo-delay 
times (toh > tp). 

In Fig. 2 are shown two series of photographs 
of discharges in a narrow hydrogen-filled tube 
(i.d. 10 mm) with solid electrodes at two pres- 
sures, p=2u Hg and p=10u Hg. The peak cur- 
rents are approximately the same in both series 
of photographs. The arrows on the current oscil- 
logram below the photographs indicate the time at 
which the photographs were taken. It is apparent 
that the discharge remains contracted at negative 
values of di/dt. On the other hand, an incipient 
change in the shape of the discharge is observed 
at the anode: first the kinking disappears and then 
expansion is observed. The higher the pressure 
of the filler gas, the greater the fraction of the 
column in which expansion has occurred at a 
given photo-delay time. The same effects are 
observed in a tube of the same diameter filled 
with mercury vapor. In wider tubes (32 mm), 
no expansion of the contracted column in the re- 
gion of the cathode is observed under the same 
conditions. 
~ In straight tubes 32 mm in diameter, with a 
liquid mercury cathode which is not separated 
from the working section of the tube by shields, 
the straightening and expansion of the contracted 


FIG, 2. Instantaneous photograph of the discharge 
column in hydrogen at p = 10 HG (upper series) and 
p = 2u Hg (lower series). The exposure is 1.5 psec. 
To the left we have a sketch of the tube, above is the 
current oscillogram; the solid arrows denote the in- 
stant of p = 2 Hg, the dotted arrows denote the 
instant of exposure at p = 10, Hg. 
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FIG. 3. Instantaneous photographs of the discharge column 
in mercury vapor at an intial pressure p = 1 Hg. The expo- 
sure is 1.5 psec. To the left is a sketch of the tube, above we 
have the oscillogram; the arrows indicate the time at which the 
exposure is made. 


column starts at the cathode end. This effect is 
illustrated by the photographs and accompanying 
oscillograms shown in Fig. 3. These pictures 
show that longer values of the photo-delay time 
are to be associated with more uniform illumina- 
tion of the cathode. However, if the working part 
of the tube consists of an inclined anode section 
joined to the cathode part, which is well cooled, 
(to prevent penetration of the mercury vapor from 
the cathode into the working part of the tube), no 
expansion of the column at the cathode is observed 
in the course of time (cf. Fig. 1). This effect is 
also absent when solid cathodes are used. 

2. It is apparent from the results obtained that 
the electrodynamic contraction and expansion of 
the discharge column are not a function of the sign 
of the current derivative, but only the ratio of in- 
stantaneous current to mean gas density in a given 
section of the tube at a given instant of time. At 
high currents, a higher gas density (averaged over 
the cross section) is to be associated with earlier 
straightening and expansion of the column, i.e., the 
interval between the time at which the current 
reaches its peak and the time at which the defor- 
mation effects disappear becomes smaller (cf. 
Figs. 2 and 3). Apparently the pinch vanishes first 
in the anode region in narrow tubes because this 
is a point of high gas density. The localized den- 
sity increase results from the transport of the 


single type of gas molecules to the anode by virtue 
of electron collisions; this phenomenon is of 
greater importance in narrow discharge tubes 

(cf. for example, reference 6). The expansion of 
the contracted column at the cathode in tubes with 
mercury cathodes is explained reasonably by the 
increase in the vapor density in the cathode region 
because of evaporation from the cathode. This in- 
terpretation is supported by observations made 
with a bent tube, in which the vapor from the cath- 
ode could not reach the working part of the tube; 
in this case no expansion of the contracted column 
was observed at the cathode. 

These photographs can be used to estimate the 
velocity of propagation of vapor from the cathode 
by measuring the distance from the cathode at 
which expansion of the column occurs on photo- 
graphs taken at different delay times tph. In the 
last column of the table we present data obtained 
by this means on the velocity of propagation of 
mercury vapor from the cathode in a tube with an 
internal diameter of 32 mm at peak currents ip 
= 2.8 and 3.2 kiloamperes and an initial pressure 
p=1y Hg. The data in the table indicate that the 
displacement velocity of the gas increases with 
time. This increase is apparently a consequence 
of the heating of the vapor by the current which 
passes through it. A rough estimate indicates 
that the gas temperature reaches values of the 
order of 104 °K. 

3. Image-converter observations of discharges 
in tubes with internal diameters of 10 and 32 mm 
filled with hydrogen or mercury vapor at a pres- 
sure of 107? to 10-3mm Hg and currents of 1.3 to 
5.5 kiloamperes lead to the following conclusions. 

(a) The electrodynamic deformations of the 
mercury column (contraction and kinking) depend _ 
on the ratio of the instantaneous current to the 
mean gas density at a given instant of time and 
not on the sign of the current derivative. 

(b) A changeover from contraction and kinking 
to expansion and straightening occurs first at 
points of high local gas density. This changeover 


i,, kiloamp tphotos: v, cm/sec 
psec 
40 
2.8 By) 4-104 
40 
2.8 70 42-4104 
30 
32 42 2.8104 
SD) 
By 60 8-104 
42 
one 60 10-104 
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can occur under the following conditions: (1) in 
narrow tubes — at the anode, as a consequence of 
the transport of gas to the anode under the influence 
of electron collisions; (2) in wide tubes with mer- 
cury cathodes — at the cathode, as a consequence 
of cathode evaporation; (3) in cases of extended 
contact of the pinch with the walls of the tube — at 
points of contact, as a consequence of the evolution 
of absorbed gases from the walls. The last case 
would seem to explain the effect observed in ref- 
erence 4. 
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PARAMAGNETIC RESONANCE OF FREE RADICALS IN WEAK FIELDS 


A. K. CHIRKOV and A. A. KOKIN 
Ural Polytechnic Institute 
Submitted to JETP editor February 19, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 50-55 (July, 1958) 


The line shape and line width for paramagnetic absorption in crystalline a, @ -diphenyl 

8 -picryl hydrazyl (dpph) have been investigated at weak fields at room temperature. It is 
found that the line shape is Lorentzian near the maximum. An estimate of the half-width is 
found to be in good agreement with theory.! Asymptotic Curie points are computed for a 


number of new radicals. 


iF In the absence of hyperfine-structure splitting, 
the paramagnetic resonance. absorption line shape 
in weak fields is determined essentially by molec- 
ular interactions in the paramagnetic system. 

The effect of the dipole-dipole interaction on 
the absorption line shape has been investigated by 
Waller,’ Broer,’? and Van Vleck.’ The latter char- 
acterized the line shape by its moments. The sec- 
ond moment is affected mainly by the central por- 
tion of the absorption curve. Higher moments are 
affected chiefly by the nature of the absorption 
curve far from the maximum, where the experi- 
mental errors are particularly large. Hence a 
comparison of the experimental and theoretical 
values of the higher moments can be made only 
on a qualitative basis. 

The nature of the interaction can be ascertained 


from the central part of the absorption curve. An 
equation for the absorption curve in the region of 
the maximum, which takes into account the mag- 
netic dipole-dipole interaction and the Coulomb 
exchange interaction, has been obtained by Ander- 
son and Weiss® who showed that in the case of a 
strong exchange interaction the curve has a Lorent- 
zian shape with a half-width given by a phenomeno- 
logical constant. 

A more complete quantum-mechanical analysis 
of the line shape has been developed by Kubo and 
Tomita;' in this treatment it is shown that the ab- 
sorbed energy, as a function of frequency in the 
region of the absorption maximum, is proportional 
to the Fourier component of the function G(t) if 
the radio-frequency magnetic field is linearly po- 
larized. Hence the characteristics of the line are 
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given by the function: 
Loo 
I (0) => - ( G (t) exp (— iw) dt. (1) 
In cases of practical importance (fiw « kT), 
G(t) is determined by the symmetric correlation 
relation 


G (t) = <M, (t) M. + M, Mx (t)y/2 <M, (2) 


where Mx (t) is the magnetization operator in the 
Heisenberg representation: 


M, (t) = exp (it#/n) M, exp (— itH/n), 


and 3C is the Hamiltonian of the system in the ab- 
sence of the variable field. When averages are 
taken in Eq. (2), the density matrix becomes a 
constant. 

The function G(t) is calculated by a perturba- 
tion method. If the total Hamiltonian for the sys- 
tem, K, can be divided into an unperturbed part 
HX) for which M%(t) can be found easily, and the 
perturbation i’ 


H=H, +H, (3) 


G(t) can be written as an expansion in terms of 
the small parameter which characterizes the per- 
turbation: 


G(t)=G,() + Gd) + G4 --: (4) 


2. The sample chosen to investigate resonance 
absorption was the relatively well-studied stable 
radical dpph[(C,gHs).N — NCgH,(NO,)3]. The mag- 
netic susceptibility of a radical is determined by 
the spin of the unpaired electron in the molecule 
(g = 2.0036 + 0.0002, cf. reference 6), and follows 
the Curie-Weiss law with a negative asymptotic 
Curie point ® = — 10°K.’ From the antiferromag- 
netic properties of the radical it may be assumed 
that there is a strong exchange interaction. In this 
case the unperturbed Hamiltonian Hy can be given 
as a sum of two terms vo) + Fo where 


Hy = AW >) S je (RO = BUH) (5) 
i 


corresponds to the Zeeman energy in the external 
magnetic field Hy while 


Hy = —2 DA (rij) (8; 81) (6) 
i<j 
is the Coulomb exchange interaction. 

If it is assumed that the perturbation is the 
magnetic dipole-dipole interaction and that the ex- 
change of energy between the spin system and the 
lattice can be neglected, in the weak-field case a 
Lorentzian curve is obtained close to the maxi- 


mum (cf. Appendix): 


al Aw 
() = On (@ — @))? + Aw? (7) 
with half-width 
Aw == 4. 18049/@29- (8) 


For a polycrystalline sample with a simple 
cubic lattice structure (constant d) and s = 6 


Gio tos (9gtpacd °; (9) 
9 = 3.65 | A|/%, (10) 


where the exchange integral A is expressed in 
terms of © and the number of nearest neighbors 
Wie 


A= kO/2z = kO/12. (11) 


Using Eqs. (8) to (11), we can estimate the half- 
width of the absorption curve which, in the present 
case, depends on both the dipole-dipole interaction 
(W1)) and the exchange interaction (Wp). 

Thus the role of exchange interactions can be 
explained by an analysis of the shape of the experi- 
mental absorption curve close to the maximum. 

3. The shape of the resonance absorption line in 
dpph was determined by the oscillator reaction 
method.’ A block diagram of the system is shown 
in Fig. 1. 


FIG. 1. Block diagram of the system. 1 — oscillator, 
2 — heterodyne frequency meter, 3 — broadband amplifier, 
4 — oscilloscope, 5 — balanced current-measuring circuit, 
6 — modulation source, 7 — narrow-band amplifier, 8 — re- 
corder, 9—power supply, 10— sample, 11 — Helmholtz coil. 


The sample, containing 250 mg of dpph powder, 
was placed in the tank circuit of a capacitance- 
feedback oscillator. The peak grid voltage, at 28 
Mes, was approximately 400 millivolts. The change 
in oscillator grid voltage at resonance was less than 
10 millivolts. Hence a linear relation between the 
power absorbed in the sample and the oscillator 
grid voltage may be assumed. The linearity of the 
system was checked with an auxiliary calibrated 
tuned circuit which was weakly coupled to the 
measuring circuit containing the sample being in- 
vestigated. The power coupled out of the measur- 
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Free- 
AH*™ Density, | tadical a \Olcalc,| |@lexptl, 
5 , concen- , com 

igo? oersteds g/cm® | tration, °K | °K 

percent 

| 

H 2.0042-++0.0004} 0.85+-0.04 AnD 92 8.2 9.4 10 
Gl 2.001-L0.001 1.0+0.1 NO) 90 9.3 3.8 — 
Br 2.002-0:002 | 1.9+0.14 0.8 92 10.2 Lol — 
OCH 2.000-+0.002 | 2.3+0.2 ‘Neal 88 9.0 2.0 — 
Ie" 2.000-0.004 | 3.50.4 1.0 89 9.2 1.2 — 


*Coefficient in the formula (x C,H,)(C,H, ) N — NC,H, (NO,),. 
**The value of the width AH’, measured at points of maximum slope converted 
for the half-width of a Lorentzian curve using the formula AH = 3 AH‘/2. 


ing circuit was determined from the voltage in the 
calibrated circuit. A linear dependence was found 
for the entire power range which was investigated. 

The absorption lines were observed on an os- 
cilloscope (Fig. 2) after the signal was amplified 
in a broadband system (30 cps to 1 Mcs) using 


FIG. 2. Oscillogram 
showing paramagnetic 
resonance absorption in 
dpph (H, = 10 oersteds). 
The length of the scale 
corresponds to 4 oer- 
steds. 


20-oersted modulation of the fixed field at a fre- 
quency of 224 cps. A narrow-band system was 
used to measure the spacing between points of 
maximum slope. This system had a bandwidth 
of 0.3 cps and consisted of an amplifier, synchro- 
nous detector, and a recording device. In this 
work the amplitude of the modulating field was 
less than 0.1 oersted. 

4. To compare the experimental absorption 
curve (Fig. 2) with a Lorentzian shape, it is con- 
venient to write Eq. (7) in the form: 


1/I (H) = CAH + (C/AH) (H — H,)?, (12) 


where the constant C is determined by the choice 
of units. As is apparent from Fig. 3 there isa 
good fit between the experimental values and a 
line plotted according to (12). 

The experimental value of the half-width of the 
absorption line for a polycrystalline dpph sample 
at room temperature and H=10 oersteds (w= 
1.76 x 108cps) is found to be 0.85 + 0.01 oersted. 
This result agrees with values which have been ob- 


tained earlier: (AH = 0.87 oersted),’ (AH = 0.87 
oersted),® and (AH =.0.88 oersted).!° 


a) 


90 - T 

FIG. 3. The points 
da | correspond to experi- 
op ae: mental values meas- 


ured on the absorption 
curve. The ordinate 
scale is arbitrary. 


| 

| 

| 
eer Ren en ae ee ee 
(aH)? (H-Hy)? 


In weak fields, which correspond to resonance 
frequencies wy K Wzy ~ 10 cps, it follows from 
Eqs. (A138) and (A15) of the Appendix that the shape 
and width of the line are independent of wy. Meas- 
urements made by us in fields ranging from 2 to 
220 oersteds (values of wy ranging from 3.5 x 10° 
cps to 3.9 x 10° cps) verify this result. In dpph 
at room temperature, hyperfine-structure splitting 
has been observed in fields on the order of 8000 
oersteds.!! 

For the present sample, a theoretical estimate 
of the line half-width in a weak field Eq. (8) yields 
AH = 0.80 oersted. 

Considering the rough nature of the estimate of 
the exchange integral and the fact that the actual 
crystal lattice of the radical differs from a simple 
cubic structure, the agreement between experiment 
and theory is quite surprising. 

An estimate of the resonance absorption in weak- 
fields for dpph has been made in reference 12 
using the method proposed by Anderson and Weiss.° 
However, because of various errors the calculated 
width is 35 times greater than the experimental 
value found by these authors.* 

5. The good agreement between theory and 
experiment in dpph allows us to make an estimate 


*In particular, these authors did not take account of the so- 
called 10/3 effect, while the estimate of the exchange integral 
was carried out on the basis of the Curie-Weiss law for ferro- 
magnets. 
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of the values of the asymptotic Curie points ® for 
a number of derivative compounds of dpph; the 
line shapes for these have been studied by Chirkov 
and Matevosian.!® 


Using Eqs. (8) to (11) it is easily shown that 
|O| = 52.3 gtpt/kadAw. (13) 


The calculated and experimental results are 
shown in the table. 

The authors wish to take this opportunity to ex- 
press their gratitude to G. V. Strotskii for a dis- 
cussion of this work and for a number of valuable 
comments and to R. O. Matevosian for making up 
the samples of the radicals. 


APPENDIX 


If it is assumed that in the case being consid- 
ered the perturbation is the magnetic dipole-dipole 
interaction 


Oi likl, (A.D) 


where 
{jk} +2 = sj SE {jk} aa =S7 Skz + Sje Si 
SF = Spx i Sy; 
(A.2) 


3 AA 1 ALA ONpan ZN 
{iR}o = SjzSre— (sf Sk + 87 Se), 


OR ae V 6/5g*porin Yo, +2 (Syn jr), 
Dik = V 6x/5g7u6r jn Ys, +1(9jnr, Pir)> 


}, a V 16/5 Borin Y 20 (jnP jr), 


(A.3) 


and the Yjm(¥%, ~) are the normalized spherical 
functions, we obtain, by carrying out the calcula- 
tions indicated in (2) to (4), 

G,(t) = 1/,exp (iat) + compl. conjug., G,(t) = 0, 

t 
Go (t) = — Ye exp (iagt) Dror, | (¢— 9) 
mG % (A.4) 

x exp (—iya,t) fy () dt + compl. conjug. 


= — 1/_ exp (dmot) 9 (f). 


Here, in accordance with reference 1, the cor- 
relation function fy(T) can be given approximately 
by the expression: 


fy () = exp (— Pary/2), (A.5) 
where 
wok, = ¢| [He (MeFHl | /<| [MxF y] >. (A-6) 


For an isotropic environment 


2 te a 


gtud >) » r-s 


jk» 


(A.7) 


neglecting higher terms in the expansion in (4), to 
second order, we may write G(t) in the form 


G (t) = /2 exp (tot — v(t)) + compl. conjug. (A.8) 


The line shape close to the resonance frequency 
is determined by the asymptotic behavior of ~(t) 
AST =aco 


b(t) = Yor, (\t |, — itz), (A.9) 
where " 
{a 1 a5 
aa Cie a OX — 
GEV, Foe cary 
(A.10) 
VS. arte g au 
x (tee; } a= Oxo Z— : 
hs 
thus 
G (t) = */,exp Gola (\¢| x, — its’) 
(A.11) 


+ compl. conjug. 


Now it is easy to show, using the results obtained 
in reference 1, that the line shape close to the 
maximum is determined by a function of the Lo- 
rentzian form: 


Aw 
i (@) —@ + 8)? + Aw? ~ 


I(o) = (A.12) 


The half-width at half-height is 
2 => 2..2 
pany Voi peer ee / 
oe V x EXP ( 2o8, - (A.18) 


In the two ae cases this expression be- 
comes 


Ree er t, = 


Wy) —> 90 Ade = (A.14) 


= ¢ 


©, 0 = Neo ae i “2; (A.15) 
Y oy 
when WwW, — 0 the shift in the resonance peak 6 = 
2 wiyty vanishes. 
If Woy = Wa, = W2-1 = Wg, we obtain a simple 
expression for the line width in the weak-field 
case 


Aw, = 10Aa./3. (A.16) 


This is called the '% effect, due to terms in the 
perturbation with y# 0; these are important only 


at weak fields. 
If the crystal has a simple cubic structure with 


lattice constant d, we get 
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Dd r58 = 8.4 2, (A.17) 
h J 

which leads to (9). Assuming that the exchange in- 
teraction is isotropic and of the form 


= 0 rad 


for a simple cubic lattice and s = es, as in refer- 
ence 4, Eq. (A.6) is easily transformed to the ex- 
pression 


(ey = 3,65] A|/k- (A.18) 
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. KURCHATOV, V. N. MEKHEDOV, L. V. CHISTIAKOV, M. Ia. KUZNETSOVA, N. I. BORISOVA, and 


J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 56-63 (July, 1958) 


The production of astatine isotopes (Z=85) by bombardment of bismuth (Z= 83) and lead 
(Z = 82) with protons of energies up to 480 Mev was studied radiochemically. The cross 
sections for At?!! and At?!® production from bismuth were found to be 6 x 1072 and ~2 x 
107° cm? respectively. The formation of the light isotopes At? and At2° was established. 


At?!! was detected in lead (o ~ 107%! cm’). 


The experimental results are attributed to secondary capture of the disintegration prod- 
ucts (q@ particles or lithium nuclei). The production of light astatine isotopes is explained 
by high-energy proton capture with subsequent emission of m mesons and several neutrons. 
The cross section for production of @ particles with E > 20 Mev from bismuth irradiated 
by 480-Mev protons was determined from the astatine yield to be 5 to 6 x 1072 cm?. 


ee of the characteristics of interactions be- 

tween complex nuclei and fast protons is the occur- 
rence of reactions in which the charge of the target 
nucleus is increased by 2 or 3. Such reactions have 


*The experimental work on which this paper is based was 
performed in 1951 and 1952 (cf. Report of the Institute of 
Nuclear Problems, Academy of Sciences, U.S.S.R. for 1951). 


frequently been described in the literature!~? and 
are attributed to secondary capture of disintegra- 
tion products (a particles or lithium nuclei). At 
high proton energies, in addition to such so-called 
secondary reactions, there is the additional possi- 
bility of proton capture accompanied by the emis- 
sion of a m meson and neutrons, thus also in- 
creasing the charge by 2. 


SECONDARY NUCLEAR REACTIONS INDUCED IN BISMUTH AND LEAD ~ 41 


In the present paper we present the results of 
an investigation of the indicated reactions in bis- 
muth and lead under bombardment by fast protons 
with energies up to 480 Mev. The production of 
nuclides with Z increased by 2 or more is clearly 
revealed through the appearance of a -radioactive 
astatine isotopes. Investigation of the yields of 
different astatine isotopes revealed both mechan-_ 
isms of charge increase and enabled us to explore 
certain quantitative aspects of the effect which had 
not been studied previously. 


THE PRODUCTION OF ASTATINE FROM 
BISMUTH 


The initial material for the experiments was 
bismuth of high purity, shown by chemical analy- 
sis to contain < 0.001% of thorium and < 0.01% 
of uranium. The metal plates used in the experi- 
ments measured 10152 mm and weighed up to 
2g. The plates were wrapped in aluminum foil 
25 thick and were bombarded by a 0.2 to 0.4pa 
proton current. Different proton energies from 
180 to 480 Mev were obtained by varying the 
radius of the target position in the accelerator. 
The geometry of the bombardment was such that 
the beam passed through each plate in the direc- 
tion of the 10-mm side. The initial energy of the 
incident proton beam was varied from 5 to 17% 
while the period of the bombardment ranged from 
7 to 20 min. 

The aluminum foil was used to monitor the 
current. After bombardment, the foil was un- 
wrapped and the amount of Na” activity with the 
half-life T= 14.8 hrs was measured. The cross 
section for Na*4 production from Al*’ was as- 
sumed to be 107° cm?.? 

Chemistry of Separation. The astatine was 
separated through coprecipitation of astatine and 
tellurium and the distillation of atomic astatine 
from an aqueous solution.*»> The astatine was 
extracted by different methods, depending on the 
purity and time requirements. 

Quantitative Separation of Astatine. A bom- 
barded specimen was dissolved in a minimum 
amount of concentrated nitric acid. . The solution 
was diluted by 10% hydrochloric acid and an ali- 
quot part of about 1/10 was combined with dilute 
hydrochloric acid to a volume of 30 to 40 milli- 
liters. After the addition of 50 mg of tellurium 
(0.25 ml of a 2% solution of tellurium in nitric 
acid) tellurium was precipitated by 1N stannous 
chloride. The precipitate was separated by cen- 
trifuging. Since a single precipitation of astatine 
in tellurium is insufficient, the operation was per- 


formed three times. The tellurium precipitates 
were combined and washed four times in 25 to 30 
ml of dilute hydrochloric acid. (Such careful 
washing is essential for complete removal of the 
bismuth. If the washing is inadequate, the Bi(OH) 
deposited by alkalization during the operations 
retains a large fraction of the astatine.) The 
washed tellurium was dissolved in a few drops 
of concentrated nitric acid; the solution was 
then diluted with water to a volume of 10 to 15 ml 
and alkalized by a 20% solution of sodium hydrox- 
ide. The tellurium was then precipitated by adding 
a Stannite for the purpose of removing the polonium 
from the solution. Under these conditions, accord- 
ing to the literature,’ the astatine remains in the 
solution. The purification from polonium was re- 
peated. The purified solution was acidified with 
concentrated hydrochloric acid, 2 to 3 mg of tel- 
lurium was added, and the tellurium was precipi- 
tated by stannous chloride. The precipitation was 
repeated twice. The deposits were washed in 
water, deposited with alcohol on stainless steel 
plates (d = 2.5 cm), and dried on a water bath, 
after which the a activity was determined. The 
coprecipitation of astatine and tellurium is illus- 
trated by the values given below, which are the 
averages of seven experiments. The amount of 
the carrier before the first and second precipita- 
tions was 2 mg, while the amount was 3 mg before 
the third precipitation. In the first precipitation 
80% of the astatine was extracted, in the second 
precipitation 17.6%, and in the third precipitation 
2.4%. 

Preparation of Pure Astatine. The astatine was 
precipitated with tellurium by a similar method 
out of the solution which remained after removal 
of the aliquot part. The precipitates were com- 
bined and washed, and the tellurium was dissolved 
in 2 ml of concentrated sulfuric acid to which two 
drops of concentrated nitric acid had been added. 
The solution was diluted with water to 80 to 100 
ml, 2 g of FeSO, were added, and the astatine 
was distilled, with 10 ml of the solution remaining 
in the distilling flask. The distillate was received 
in a vessel containing a solution of sodium hydrox- 
ide; 5 mg of tellurium was added and the latter 
was precipitated by adding a stannite for purifica- 
tion from the residue of polonium and 8 and y 
emitters. In order to determine the amount of 
distilled astatine, an aliquot part of the alkaline 
solution was taken and the astatine was separated 
by the method described above. After 3 or 4 days, 
the daughter Po?! was precipitated with tellurium 
from the remaining solution, using the stannite in 
an alkaline medium, to determine the yield of Mie e 


42 KURCHATOV, MEKHEDOV, CHISTIAKOY,| etial. 


Rapid Separation of Pure Astatine. The sample 
was dissolved in concentrated nitric acid and the 
excess of acid was neutralized by a sodium hy- 
droxide solution to a degree sufficient to keep the 
bismuth dissolved during the experiment. The 
solution was diluted with hot water to a volume of 
10 ml and was boiled for 5 min, with the astatine 
being collected by the alkaline solution. About 
1/20 of the astatine was boiled off with the admix- 
ture of B and y emitters. Tellurium was pre- 
cipitated from the distillate after the addition of 
tellurium and a stannite solution. Acidification 
and the addition of tellurium in the solution thus 
purified caused the astative to precipitate and be 
deposited on the target, as stated above. The en- 
tire operation of separation and preparation of the 
target required 20 to 25 min. This portion of the 
astatine was intended for the detection and meas- 
urement of short-lived a -radioactive isotopes 
and the determination of their relative yields. 


PROCEDURE AND EXPERIMENTAL RESULTS 


The a activity of the astatine targets was 
measured by means of an ionization chamber in 
conjunction with a linear accelerator. Some of 
the targets were also measured with a Geiger 
counter to study the astatine isotopes which decay 
through the capture of an orbital electron. 

In all of the experiments we observed @ ac- 
tivity with a half-life from 7.0 to 7.8 hrs, corre- 
sponding to At?! (a,K 60%), T=7.5 hrs. The 
counter measurements revealed an eight-hour 


half-life belonging to At?!9(K), T= 8.3 hrs. The 
production of the latter isotope was also confirmed 
by the accumulation of the long-lived a@ activity 
of the daughter Po?! (T = 140 days). 

The utilization of the very rapid method of sep- 
arating pure astatine enabled us to detect shorter 
periods of @ activity 25 to 30 min and about 5 
min, ascribed to At?"? (a K), (T = 25 min) and 
At? (a, K), (T=7 min) respectively © The 
activities of At? (a,K 95%) (T=5.5 hrs) and 
At? (a, K 90%) (T=2hrs) could not be separ- 
ated on the decay curve because of the closeness 
of the half-lives and the small relative amount of 
a@ emission. The isotopes Ate OK), (l=e25 
min), At?%(K), (T=2.5 hrs), and At?8(K), 
(T=6.3 hrs), which decay only by capture of an 
orbital electron, were not investigated. 

The activity of At?!! per gram of bismuth, 
under continuous bombardment and taking into 
account the percentage of K capture, fluctuated 
from 2.1 x 10" to 4.5 x 10' decays per min. The 
yields could not be determined with high accuracy 
because of a number of methodological errors. In 
addition to sorption losses during chemical separ- 
ation, there were possible errors resulting from 
variations of the size of samples and the geometry 
of irradiation. We could also not exclude the pos- 
sible loss of a small amount of astatine by evap- 
oration from the bismuth during the dissimilar 
heating of the samples under bombardment. 

The results obtained through bombardment by 
480-Mev and 180-Mev protons are given in Tables 
I and Il. Comparison of the average values shows 


TABLE I* 
Weight Weight |Aw(At*!)per| Aw (Na**) per 
of OE gram-atom gram-atom 3 (At™), cm? go (Ath) 
Bi, ¢ Al, mg of Bi, of Al, sia 
decays/min decays/min 
{ROS 32.4 4.3-109 4012 7.4-10-29 0.43 
1.69 2550 2,9-109 401 5.4-10-29 0.28 
1.25 18.5 9.3.109 1012 5.8.10-29 0.34 
1.18 22.5 8.7109 {022 58-10-29 0.27 
ORT 2.2 4.4-1010 4012 7.4-10-29 | 
Average 6.3-10-29 0.32 
*E, = 480 Mev. 
TABLE II* 
Weight Weight |Ao (At™*)per, Aw (Na) per 
of of cdots aten gram-atom ICA), em? o (At?#9) 
Bi, Al, of Bi, of Al, ? (At™) 
ahs 3 decays/min decays/min i 
1.9 21.8 3,6-10°9 1.7-1012 2.1-10529 ORSO 
1.64 26.8 8.7-108 2.3-4012 3,.8-10-29 0.34 
1.16 Peles) 3.5-109 9.7-1012 3.6.10-29 0.28 
Average 3.2-10-29 0.32 
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TABLE III 
ES! Mev o(At*S )/o(At21) o( At?08) /o( At221) 
480 0.035 ~0.25 
379 0.07 ~0.5 
275 0.12 — 
180 <0.02 <0? 


that the yield of At?!! is nearly twice as great for 
480-Mevy protons as for 180-Mev protons, whereas 
the ratio of the At?!9 and At?! production cross 
sections is unchanged. Table III shows how the 
cross section ratios vary for At?” and At?!! and 


for At? and At?!! as the proton energy decreases. 


The yields of At? and At? are lower limits 
because we do not know for these isotopes the 
relative amount of K capture which competes 
with @ decay. The decay curve does not show a 
five-minute period for 275-Mev protons, and the 
25-minute period disappears for Ep = 180 Mev. 
The values given in Table III are only estimates; 
greater accuracy will require improved apparatus, 
especially a multi-channel analyzer of a -particle 
energies. 


DISCUSSION OF RESULTS 


The production of the heavy isotope At can= 
not be attributed to the disintegration of uranium 
and thorium impurities. Control experiments for 
the purpose of determining the tee yield from 
these elements gave cross sections o= 2.3 x 10 
cm? for thorium and 3.0 x 107?8 cm? for uranium. 
Hence the observed effect would require ~ 0.3% 
of thorium or ~10% of uranium, which consider- 
ably exceeds the limit of impurities represented 
by these elements. 

The only reaction which accounts both for the 
increased charge and the mass of the products is 
the capture of @ particles with emission of two 
or three neutrons. Since an admixture of q@ par- 
ticles in the proton beam is unlikely, we assume 
a secondary origin of the @ particles resulting 
from the disintegration of target atoms. We are 
able to relate the yields of At?!° and At?!! quan- 
titatively to the observed a@-particle spectrum 
of bismuth and to obtain the correct order of mag- 
nitude of the cross section for the production of 
fast @ particles, The results of these calcula- 
tions, and a detailed discussion of all questions 
arising therefrom, are given separately in the 
following section. 

The cross sections obtained for secondary a - 
particle capture by bismuth are in agreement with 
the cross sections of similar secondary reactions 


—26 


in copper.” Without taking into account the differ- 


ent energies of the bombarding particles, it can be 
assumed that secondary capture of a particles 
occurs with a cross section of the same order of 
magnitude (~5 x 107°em?) for various elements 
of the periodic system. 

The foregoing mechanism for the production of 
heavy astatine isotopes cannot be extended to in- 
clude the light isotopes. Indeed, we know from 
the literature that the production of At? and At? 
from bismuth requires 150-Mev a particles, 
while At?"? is obtained through bombardment at 
275 Mev.® Aside from the difficulty of explaining 
a considerable yield for the emission of such fast 
@ particles, any appreciable quantity of these @ 
particles would result in the predominance of At?!® 
over At?!! (owing to the large total (a,3n) cross 
section; see Fig. 1), in contradiction of experi- 


60 cm? 
2 


FIG. 1. Excitation functions for the (a, 2n) and (a, 3n) 
reactions in bismuth. 1 — Bi(a, 2n) At?*!; 2 — Bi (a, 3n) At?”. 


ment. Therefore the production of light isotopes 
with a yield of the same order or one order smaller 
than the yield of At?! cannot be accounted for by 
secondary reactions with a particles, and re- 
quires a mechanism of 7 -meson emission. The 
corresponding reaction for Are production can 
be written as Bi?” (p, 7 7n) Avie The integral 
m~ -emission cross section for heavy nuclei is 
~107%% cm?.’ The cross section of the assumed 
particular reaction must be smaller by 2 to 3 
orders of magnitude, thus not disagreeing with 
the observed yield of light astatine isotopes. The 
reaction mentioned necessitates the capture of a 
fast proton and the transfer of its total energy to 
the nucleus. 

Taking into account the energy required for the 
production of a m meson (170 Mev) together 
with its kinetic energy (up to 100 or 200 Mev), 
we obtain the nuclear excitation energy remaining 
for nucleon evaporation; this is about 100 to 200 
Mev. The high excitation energy will favor the 
emission of a large number of nucleons (in our 
case of production of astatine from bismuth, these 
can only be neutrons ); thus the production of the 
lightest isotopes will be favored. This can also 
explain our observation of the predominance of 
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At? over At? and the increased yield of Ateee 
as the incident proton energy decreases. 

Calculation of the Yield. Figure 1 shows the 
excitation functions for the (@, 2n) and (@, 3n) 
reactions in bismuth;®® the dotted lines denote 
our interpolations of missing portions of the 
curves. These experimental results furnish the 
only possibility to date of a quantitative analysis 
of a secondary reaction involving a -particle 
capture. 

The calculation was performed as follows: 

1. It was assumed that heavy astatine isotopes 
were produced through the capture of a particles 
with 20 < E < 60 Mev emitted by bismuth when 
bombarded by fast protons. 

2. It was necessary to determine a shape of the 
@ -particle spectrum which would satisfy the ob- 
served ratio-of At?!® and At?!! yields. After trials 
of the simplest functions that satisfy experiment 
(linear decay and a steep E~™™ law) we took an 
intermediate spectral shape given by the theory 
of evaporation® as expressive of the physical con- 
tent: 

BV 
7~ 


CE exp {— (E —V)/z}. 


3. We tried different values of the parameters 
V and 7, which in evaporation theory are the 
potential barrier and temperature of the nucleus. 

4. For each pair of values of V and T, we 
determined graphically the fraction Ky of a 
particles with E < 20 Mev at 5-Mev intervals, 
so that 


E=60 


SS) Ka oe 
E=20 
5. For each group of a particles, we deter- 

mined the probability of a -particle capture with 
emission of two and three neutrons respectively. 
This probability Wy was obtained by summation 
over the entire effective range of probabilities for 
different portions Al of the a -particle range. 
The probability w was calculated by means of 
the formula 


w = Alf = Alnoat, 


where ny is the number of Bi atoms per cm? and 
oat is the cross section for the production of the 
corresponding astatine isotope for a given energy 
interval. Al was determined from the graph of 
the energy dependence of the a -particle range.!” 

6. Summation of the products KnWn from 20 
to 60 Mev gave the total probability of a -particle 
capture with formation of the corresponding iso- 
tope. 

7. Besides the probability ratio for the produc- 


tion of astatine isotopes we calculated the cross 
section for the production of @ particles with 
energies > 20 Mev through the disintegration of 
bismuth, using the equation 

eke o (At?) 

i 2W eK, i 

Table IV gives the results obtained for differ- 

ent values of our parameters. The experimental 
ratio of astatine yields (0.32 to 0.40) is satisfied 


TABLE IV 

a V, o(At®°) Oy, (E. > 20 Mev), 
Mev | Mev | ¢ (At*™) cma 

4 13 0.26 73-10-25 

4 16 0.27 6.3-10-% 

4 1) 0.33 5.0-10-25 
4.5 13 0.34 6.3-10-25 

b) 10 Oxi 5.7-10-25 

a) 13 0.41 54-10-25 

5 16 0.43 5.0-410-25 


by values of t from 4.5 to 5 Mev and low V 

(10 to 138 Mev). This is higher then the value of 
4 Mev obtained by Perfilov and Ostroumov'! from 
the averaged spectrum of a particles emitted by 
Bi and W when bombarded by 460-Mev protons. 
Figure 2 compares our calculated curves with 


5 
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FIG. 2. Spectrum of fast « particles computed according 
to the yields of At”° and At?! from bismuth. Solid curve: 
t = 5 Mev, V = 13 Mev. Dashed curve: t = 4.5 Mev, V = 13 
Mev. Dots and dashes: t= 4 Mev, V = 19 Mev. 


their histogram. For the purpose of the compari- 
son the curves are normalized to an identical area 
for the sum of a@ particles with Eq > 20 Mev. 
The histogram (shifted 2 Mev to the right in ac- 
cordance with a correction by the authors) fits be- 
between the curves for T = 4.5 and 5.0 Mev with 
V=13 Mev. Figure 2 also gives the curve for 
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T =4 Mev and V=19 Mev, which also satisfies 
the yield ratio of astatine isotopes. The difference 
between the peak of this curve and the correspond- 
ing experimental point does not at present justify 
rejection of the curve if we take into account the 
inadequate statistical information in connection 
with experiments using photographic emulsions 
for this range of a -particle energies, and the 
new results” which indicate the existence of a 
second maximum inthe qa spectrum under simi- 
lar conditions. 

Although the shape of the q@ spectrum accord- 
ing to the astatine yield agrees with other data, 
there is considerable disagreement with experi- 
ment in the calculation of the quantity of a par- 
ticles. Perfilov and Ostroumov" obtained 1.5 to 
1.6 xX 107° cm® for the cross section of a -par- 
ticle production with Eg > 20 Mev, whereas our 
computations from the yield of At?!! give a result 
which is 3 to 4 times larger (Table IV). Our re- 
sult is not very sensitive to the assumed spectral 
shape and we cannot expect it to be reduced for 
more precise parameters. We can attempt to at- 
tribute the discrepancy to inaccurate calculation 
and the superimposing of experimental errors in 
the three independent investigations which are 
used for comparison. But this is evidently not the 
only possible explanation and the question requires 
further investigation. 

Our results show that the yield ratio of the two 
heavy astatine isotopes does not depend essentially 
on the proton energy. This result (like the low 
value of the barrier V) apparently indicates that 
a particles with E > 20 Mev appear at a stage 
of nuclear excitation which is far from a quasi- 
equilibrium state. A purely evaporational mech- 
anism for the production of the qa particles would 
be an oversimplification. Specifically, we cannot 
exclude from the astatine-producing process the 
participation of @ particles formed in a cascade 
process. The latter may be one of the causes of 
the high value of T. 


THE PRODUCTION OF ASTATINE FROM LEAD 


Verv pure lead was used. Spectral analysis in- 


dicated the presence of 0.01% of bismuth. By chem- 


ical analysis, the uranium content was estimated 
to be < 0.005% and the thorium content < 0.001%. 
In control experiments we used lead which we had 
prepared out of “Kalbaum” lead acetate. This 
material was converted into lead chloride and 
was recrystallized; the lead was then extracted by 
electrolysis of a hot aqueous solution, using very 
pure graphite electrodes. After being washed, 


the lead was melted in an atmosphere of electro- 
lytic hydrogen. Spectral analysis of the purified 
lead revealed ~ 0.001% of bismuth. Chemical 
analysis did not reveal the presence of uranium 
or thorium within the limits of experimental sen- 
sitivity (U content < 107?%; Th content <5 x 
1074 %). 

The procedures for bombardment and separa- 
tion of the astatine were the same as those used 
in the experiments with bismuth, except for the 
preliminary operation of precipitating lead with 
hydrochloric acid and longer bombardment of the 
sample (from 1 to 2 hrs). In each experiment we 
obtain q@ activity with a half-life of 7 to 8 hrs, 
which corresponds to At?!!. Shorter periods were 
at the limit of detection. The astatine activity per 
gram of lead was considerably smaller than for 
bismuth; in the best case we obtained 1.9 x 104 
decays/min when converted to continuous bombard- 
ment. We did not observe any dependence of the 
astatine yield on the purity of the original material. 

The observed effect could not be caused by bis- 
muth impurity, which would have had to be ~ 0.4% 
and thus much larger than the actual impurity. 
Astatine production due to uranium impurity is 
also excluded; this would have had to be 0.7%. An 
estimate of the possible influence of thorium im- 
purity is a more complicated matter. The com- 
puted effect of thorium impurity comprises not 
more than one fourth of the observed activity of 
astatine from lead. However, we are inclined to 
attribute the astatine activity to reactions in lead 
nuclei; the actual amount of thorium impurity is 
unknown and may be smaller than the figure men- 
tioned and, on the other hand, the observed Ath 
activity is a lower limit because of possible loss 
in chemical separation. 

The formation of At”!! from the heaviest lead 
isotope Pb?" is possible only through the capture 
of light nuclei resulting from the disintegration of 
lead. Considering lithium nuclei in the first place, 
the reaction can be written as Pb? (anit kn yA] 
although the nuclei of beryllium and other heavier 
elements may also participate. The cross section 
of At?!! production for 480-Mev protons is esti- 
mated at 0.4 to 0.8 x 1074 cm’, 


SEARCH FOR OTHER SECONDARY REACTIONS 


For the purpose of detecting the capture of car- 
bon nuclei we performed exploratory experiments 
to study the production of astatine from gold bom- 
barded by 480-Mev protons, thus increasing the 
charge by 6 units. A small amount of @ activity 
was detected (about 10 pulses/min against a back- 
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ground of 2 pulses/min) decaying with a half-life 
of 7 to 8 hrs. This small effect, which represents 
a cross section ~107*%em?, did not enable us to 
determine the source of the activity, as thorium 
impurity amounting to 5 x 10° % could result in 
the same activity. Despite special purification of 
the gold, thorium impurity to this extent cannot 
be excluded. Thus the sought reaction of carbon 
capture (in our case c'* and heavier isotopes ) 
lies at the limit of observation and cannot be es- 
tablished with certainty at the bombarding ener- 
gies which were used. 

A similar result was obtained in our investiga- 
tion of the production of iodine from silver (car- 
bon capture ) bombarded by 480-Mev protons. In 
this instance also the small iodine yield (16 pulses/ 
min, representing o0 * 5 Xx 107*8) did not permit us 
to establish its production unambiguously as the re- 
sult of the sought reaction. 

The authors are indebted to Professor B. M. 
Pontecorvo, whom they wish to thank for suggest- 
ing this research, and to Professor I. Ila. Pomer- 
anchuk for valuable suggestions and comments 
during the performance of the work and the discus- 
sion of the results. 


1T,, Marquez and I. Perlman, Phys. Rev. 81, 
953 (1951). 


SOVIET PHYSICS 3.E. TP 


VOLUME 35 (8), 


2 Batzel, Miller and Seaborg, Phys. Rev. 84, 
671 (1951). 

3 Vinogradov, Alimarin, Baranov, Lavrukhina, 
Baranova, and Pavlotskaia, Tpyap1 ceccan AH CCCP 
mo MHpHOMY UCHOJb3Z0OBAHHIO aTOMHOHM aHepruu 
(Conference of the Academy of Sciences of the 
U.S.S.R. on the Peaceful Uses of Atomic Energy, 
1955. 

4 Corson, MacKenzie, and Segré, Phys. Rev. 
58, 672 (1940). 

5 Johnson, Leininger, and Segré, J. Chem. Phys. 
17, 1 (1949). 

6 Barton, Ghiorso, and Perlman, Phys. Rev. 82, 
13 (1951). 

‘Richman, Weissbluth, and Wilcox, Phys. Rev. 
85, 161 (1952). 

8. L. Kelly and E. Segré, Phys. Rev. 75, 999 
(1949). 

9k, J. Le Couteur, Proc. Phys. Soc. (London) 
A63, 259 (1950). 

10k. Segré, Ed., Experimental Nuclear Physics 
(Wiley, New York, 1953) Vol. 1, p. 222. 

11N, A. Perfilov and V. A. Ostroumov, Dokl. 
Akad. Nauk SSSR 103, 227 (1955). 

2C_ Zanger and J. Rossel, Helv. Phys. Acta 28, 
349 (1955). 


Translated by I. Emin 
7 


NUMBER) 1 JANUARY, 1959 


ENERGY SPECTRUM AND ANGULAR DISTRIBUTION OF 1* MESONS, PRODUCED 
IN PROTON-PROTON COLLISIONS AT 660-670 Mev 


Submitted to JETP editor February 24, 1958 


. MESHKOVSKII, Ia. Ia. SHALAMOV, and V. A. SHEBANOV 


J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 64-70 (July, 1958) 


The energy spectrum of 7 


mesons produced in p—p collisions by 670 Mev protons were 


measured for observation angles 19°30’, 38°, and 56°. It was found that, in the c.m.s., the 


shape of the 7*-meson spectrum for the pp — pn 


The angular distribution of 


+ Ae é . 
reaction depends on the emission angle. 


mesons produced in 660-Mev p—p collisions is given, in the 


c.m.s., by Eq. (1). The value found for the total cross-section is (14.4 + 1.2) x 107?" cm?. 


1. INTRODUCTION 


‘Tae energy spectrum and the absolute yield of 
m mesons, produced in p—p collisions at 660 
Mev, were first measured by Sidorov! in emulsions, 


at five values of the observation angle from 60° to 
120°. Meshcheriakov et al.” studied the relative 
spectrum of 7‘ mesons at 24° by means of mag- 
netic analysis. Meshkovskii et al.? measured the 
absolute yield of t* mesons at 29°, 46°, and 65° 
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by means of a 7 meson magnetic spectrometer. 


In the present work, the spectrum was measured 
at 29° and 46°. Finally, Neganov and Savchenko! 
measured the energy spectrum of 7 mesons at 
four angles between 108° and 160°, and determined 
the absolute yield at eight angles between 60° and 
160°. 

The results of the above experiments can essen- 
tially be summarized as follows: First, it has been 
found!»? that the shape of the energy spectrum of 
the m mesons produced in the pp — pnz* reac- 
tion depends, in the c.m.s. of the two colliding nu- 
cleons, on the angle of emission of the 7 mesons. 
Second, the angular distribution of 7* mesons in 
the pp > pnz* reaction can be described by the 
expression a +b cos? v*, where w* is the emis- 
sion angle in the ¢.m.s.!¥4 

Since the shape of the m1’ -meson spectrum 
varies with the angle in the c.m.s., it is inter- 
esting to study this variation for the pp — ppm 
reaction. The above mentioned experiments are 
not, however, sufficient for that purpose. The de- 
gree of accuracy of some of the measurements of 
reference 1 makes it impossible to find the shape 
of the spectrum at certain angles. In reference 4 
the spectrum was investigated only for the upper 
half of the total energy range in the c.m.s. The 
results of these experiments concerning the angu- 
lar distribution of 7 mesons are not consistent. 
While the angular distribution of 7 mesons in 
the pp — pnz* reactions is almost isotropic ac- 
cording to reference 1, this is not the case for the 
distribution obtained in reference 4. 

In the present work we measured the energy 
spectrum and differential cross-section do/dQ 
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of a mesons, produced at 19°30’, 38°, and 56°, 

in p—p collisions at 670 Mev proton energy. 

This was done in continuation of earlier experi- 
ments,? in the course of which the spectrum was 
measured at 29° and 46°. The 7* meson mag- 
netic spectrometer, described in reference 3, was 
used in both experiments. The angle interval from 
19°30’ to 56° in the laboratory system (l.s) corre- 
sponds to the interval from 35° to 90° in the c.m.s. 
The results of these experiments thus make is pos- 
sible to study the angular dependence of the spec- 
trum shape in the 35° to 90° interval in the c.m.s. 
(Sec. 5) from spectra obtained for five values of 
the angle. Measurements of the absolute yield of 
™ mesons at six values of the angle permitted us 
to calculate the corresponding angular distribution 
and to compare it with the results of other experi- 
ments (Secs. 3 and 4). 

All measurements of the present work were 
carried out in the external proton beam of the 
synchrocyclotron of the Laboratory of Nuclear 
Problems, Joint Institute for Nuclear Studies. 


2. EXPERIMENTAL RESULTS 


Results of the measurements of differential 
cross-sections d’o/dQdE for the production of 
mam mesons in p—p collisions at 670 Mev proton 
energy at three angles of observation are given 
in Table I. Only the statistical errors of the 
measurements are given in the table. 

The energy spectra of a mesons based on 
the data of Table I are given in Fig. 1. The curves 
are drawn for best fit with the experimental points. 
Figure 2 represents the spectra in the c.m.s. The 


TABLE I 
po Se a 
49°30" 38° 56° 
Meson do : Meson domes a Meson pay 
energy “ane energy “dQdE energy dQ dE 

Mev cm? sterad Mev Mev cm? sterad™ Mev Mev cm? sterad™! Mev 
0.55-+0.33 80 0.65+0.17 1) 0.74+0.16 
oS Degen 103 0.78 +0.14 88 0.82+40.16 
162 0.95-+40.27 AUS} 0.95-+40.17 100 1.21+0.17 
190 1.38-40.18 sy 1.28-++0.16 116 1.14+0.15 
2G 1.7440.24 472 1.68-+0.16 130 1.30-L0.14 
263. 2.37+0.26 192 1.28+-0.17 143 1.43-+0.14 
284 2.0540. 20 2A, 1.40+0.15 155 4.45+0.15 
301 2.32+0.23 231 1.57+0.13 163 1.00+0.12 
316 2..88-E0.20 240 1,.33+0.15 ie 0.94-++0 12 
322 4.04+0.32 290 1,37+0.16 186 0.90-+-0,09 
329 5.01-+£0.30 296 1.44+0.14 193 1.03-40.10 
338 3. 8140.27 260 1.83-+40.15 200 1.04-+-0.09 
343 2,29+0.16 263 2.16+0.14 204 0.99-+40.07 
350 {5 OFEOAT 266 2.38470 .17 207 1,06+0.08 
357 0.170.416 269 2.180.141 210 0.79-£0.08 
ao 2D 1,.75+0.13 Died 0 .27-+0.08 
ica fe 279 0.650.414 236 0.040.07 
oe i 984 0.510.143 254 —0.042£0.08 

ee ae 295 0.26+0.4114 = — 
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FIG. 1. Spectrum of 7* mesons in laboratory system at 
emission angles: a — 19°30’, b — 38°, and c — 56°. 


values of the emission angle in the c.m.s. as a 
function of 7 meson energy are indicated in the 
figure. 
Results of the integration of the curves in Figs. 
1 and 2, i.e., the cross sections do/dQ in the lL.s., 
and do*/dQ* in the c.m.s., are given in Table II. 
Systematic errors of the measurements, amount- 
ing to 10% for the angle 19°30’ and to 5% for the re- 


TABLE II. Differential Cross- 
Sections at 670 Mev 
Proton Energy 


Laboratory System |Center of Mass System 


do]/dQ- 10” 


o* C3 
cm? sterad™ 


19°30’| 4.4740.56 | 35° | 1,4240.18 
38° | 2,780.19 | 65° | 1.47.0.08 
56° 1 1,570.12 | 90° | 1.012C0.08 


a 50 100 150 200 
Meson energy, Mev 
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FIG. 2. Spectrum of 7+ mesons in c.m.s. at laboratory angles: 
a 19°30"; bi— S8~ and .c — 56> 


maining angles, were taken into account, besides 
the statistical errors, in carrying out the integra- 
tion. The tabulated values of the angle ¥* in the 
c.m.s. represent the angles of emission of 7 
mesons in the pp > dr* reaction. The angles do 
not differ by more than 2° or 3° from the mean 
angles of emission of +’ mesons in the c.m.s. 
for each spectrum. 


3. ANGULAR DISTRIBUTION OF r* MESONS IN 
THE C.M.S. AND TOTAL CROSS-SECTION 


It has been shown above that the results of the 
present experiment were obtained for three angles 
of observation at 670 Mev proton energy, while 
our earlier data for the three remaining angles® 
were obtained at 660 Mev. For the calculation of 
the angular distribution of 1 mesons it is neces- 
sary to reduce all results to one energy. It is con- 
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TABLE III. Differential Cross-Sections in C.M.S. at 660 Mev 
Proton Energy 
SF EE Rs SER oe ae ee ee ee ee a, 


~Q# | 35° 


| 51° | 65° | il | 90° | ; 101° 


| 
do*/dQ)* . 1027 


cm? sterad * 


{9240.17}! .07-.0.08t.08:40.08 1.06-+.0.07 | 0.93-+-0.07 | 0.99-+40.10 


venient to do this for 660 Mev, since other experi- 
ments on angular distribution have been carried 
out for that energy.'»4 

A reduction to another energy value can be made 
using the experimental dependence of the yield of 
the pp— pnat reaction on the maximum meson 
momentum piyax in the c.m.s.‘ This dependence 
can be approximated by a power function of Dias 
(references 4 and 7). The cross-section of the 
reaction pp > dz* in the considered narrow energy 
range from 660 to 670 Mev may be assumed, with 
an accuracy sufficient for our purposes, to remain 
constant, as follows from the experimental data.° 

Results of the reduction of the values of do*/dQ*, 
obtained in the present experiment, to 660 Mev are 
given in Table III. The table includes also the val- 
ues of do*/dQ* for the three angles which were 
obtained by us earlier.® 

Assuming that the angular distribution of 1 
mesons produced in p—p collisions can be ex- 
pressed, in the c.m.s., as a+b cos? v*, we can 
find the values of a and b from Table III by the 
method of least squares. As a result, we obtain 
the following angular distribution 


do* / dQ* = [(0.97 + 0.06) (1) 


+ (0.50 + 0.21) cos? 8*]- 10-2? cm?-sterad™!. 


The angular distribution of 7 mesons in the 
pp — dz reaction, according to the data of Me- 
shcherakov and Neganov,? is 


do" (pp > dr*)/d0" = {(0.100 + 0.014) (2) 


+ (0.435 -- 0.025) cos? 9*]- 1072? cm?-sterad™!. 


Subtracting Eq. (2) from Eq. (1), we obtain the 
angular distribution of 7 mesons in the pp > 
pm reaction: 


ds* (pp > pnr*) | dQ” = [(0.87 +. 0.06) (3) 


+ (0.07 0.21) cos? 9*]- 107? em?-sterad™’. 


The angular distribution (1) permits us to cal- 
culate the total production cross section of a 
mesons in p—p collisions at 660 Mev. The re- 
sult is of) = (14.4 + 1.2) x 107" em’, in good ye 
agreement with the value ofp = (14.8 + 2.1) x 10 
em obtained as the difference between the cross 


section for all inelastic processes, Opp = (18.4 + 
2.4 1052bem- (reference 6) and the production 
cross section of neutral 7 mesons ony = (3.6 + 
O52 )es 10 ae cmos 

The cross-section for the pp —pni* reaction 
can be calculated subtracting from ODp the value 
of o(pp — dx’) = (3.1.4 0.2) <10e-“em-) hie 
gives o(pp — pna*) = (11.3 + 1.2) X 1077! em?. 


4, COMPARISON OF THE MEASURED ANGULAR 
DISTRIBUTION WITH THE RESULTS OF OTHER 
EXPERIMENTS 


* mesons in p-—p 


1 


The angular distribution of 7 
collisions at 660 Mev was first studied by Sidorov, 
who found that: 


do* / dQ* = (1.03 -L 0.18) . 
x [1 + (0.10.2) cos? $*]- 10-2? em*-sterad™?. 


(4) 


In order to compare the above distribution with 
our results, we write it in the form: 


do* /dQ* ~1/, + (0.03 + 0.06) cos? 9". (5) 


We write the angular distribution (1) found in 
the present work in the same form: 


ds* [dQ* ~ 3/3 + (0.17 +. 0.07) cos? 3”. (6) 

If the cross-section do*/dQ* is proportional 
to + acos? 3* then the factor a represents 
the ratio of the number of anisotropically-distrib- 
uted ma mesons to the number of isotropically- 
distributed ones. It follows from Eq. (6) that the 
distribution obtained by us is nearly isotropic, 
since @=0.17. This result is consistent with the 
assumption made above, according to which the 
process pp > mt process is nearly isotropic in 
the c.m.s.° 

The distributions (5) and (6) differ somewhat 
from each other. It is necessary to take into ac- 
count, while considering this discrepancy, that 
(as shown earlier’) Sidorov’s reduction of the 
data contains an error which can be amended. 
After recalculating, we obtained the following dis- 
tribution based on the corrected data of Sidorov: 


do*/dQ* ~ 1/3 + (0.15 4 0.08) cos*s*, (7) 


which coincides with the distribution (6). 
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We shall compare now the angular distribution 
(6) with the results of Neganov and Savchenko. 
These authors found that 


do* (pp —> pnx*)/dQ* = [(0,58 + 0.13) (8) 
+ (0.88 +- 0.04) cos?3*] x 107?? cm?-sterad™. 


This above expression is considerably different 
from Eq. (3). Combining Eq. (8) with Eq. (2) we 


obtain the angular distribution of ma mesons in 
p—p collisions 
ds*/dQ ~ 1/3 + (0.64 + 0.12) cos? 3*, (9) 


Distribution (9) is more anisotropic than those 
given by Eqs. (6) and (7). 

It is necessary to note, in considering the dis- 
crepancy, that the four c.m.s. nm -meson spectra 
given in reference 4 have been measured only for 
energies larger than 70 or 80 Mev, the maximum 
energy in the spectra being 160 Mev. The shape 
of the spectrum and the value of the cross section 
remain therefore unknown over approximately a 
half of the spectrum. The authors overcame the 
difficulty by calculating a theoretical curve which 
corresponds to their results in a narrow region 
from 80 to 130 Mev. It is well known, however, 
that no theory can at present be expected to pre- 
dict the results of experiments on m-meson pro- 
duction, and the above-mentioned agreement can- 
not serve as a criterion for the correctness of the 
curve 

We think, therefore, that the spectra measured 
by Neganov and Savchenko cannot be used to calcu- 
late the cross-section do*/d&* in the 140° to 170° 
interval in which the spectrum was measured. 


5. SHAPE OF THE a* MESON SPECTRUM IN 
THE C.M.S. 


The gradual change of the shape of the 1* me- 


son spectrum in the c.m.s. with the angle of obser- 
vation can be observed in Fig. 3, where the spectra 
measured in the present and in our earlier experi- 
ment® are shown together. The measurements of 
the present work have been reduced to 660 Mev by 
the method outlined in Sec. 3. The experimental 
points have been omitted for clarity. The dotted 
line represents a part of the m™ meson spectrum 
measured in relative units by Meshcherakov et al.? 
at 24° inthe l.s. The area of that spectrum has 
been normalized in the figure to the value of 
do*/dQ* that follows from the angular distribution 
(1) measured in the course of the present experi- 
ment. It can be seen that the result of reference 
(2) is in a good agreement with our curves. 

It can be seen from Fig. 3 that a marked shift 


302 


&% 


d?a */dQ, * dE*, cm? sterad“? Mev7? 


i 1 =k 1 
0 50 100 150 


Meson energy, Mev 


FIG. 3. Spectrum of 7+ mesons in c.m.s. at 660 Mev proton 
energy at the laboratory angles: 1 — 19°30, 2 — 29°, 3 — 38°, 
4 — 46°, and 5 — 56°. The dotted line represents the measure- 
ments of Meshcheriakov et al.” at 24° 


of the maximum towards higher energies occurs 

in the pp > pn reaction with decreasing angle. 
The maximum of spectrum 5 is obtained at about 
90 Mev, while those of the spectra 1 and 2 occur 

at 120 to 130 Mev. 

All curves in Fig. 3 are close to each other in 
the region below 100 Mev, so that the 7* -meson 
spectrum does not depend strongly on the angle 
below 100 Mev. It follows from Fig. 3 that the 
angular distribution of 7* mesons in that region 
is nearly isotropic. The fact that curves 1 and 2 
lie below curves 3, 4, and 5 in the 50 to 100 Mev 
region means that, for a 7 -meson distribution 
of the type a+bcos ¥*, the factor b should be 
negative in that region. Such a conclusion, how- 
ever, cannot be reached on the basis of our meas- 
urements since, up to 100 Mev, the curves in Fig. 
3 coincide within the limits of experimental errors. 

A marked change of the spectrum shape and 
anisotropy of the angular distribution takes place 
for m -meson energies above 100 Mev, as can be 
clearly seen in Fig. 3. The fraction of anisotropi- 
cally distributed 7 mesons systematically in- 
creases with increasing meson energy, from 7% 
in the 100 to 110 Mev range to 25% in the 120 to 
130 Mev region. We cannot trace the change of 
the shape of the spectrum in the pp > pnm reac- 
tion for a further increase of the m* -meson en- 


ergy, since admixture of 7 mesons from the 
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pp > dn* reaction becomes probable in view of 
instrumental limitations. 

In conclusion, the authors would like to thank 
V. P. Dzhelepov for his interest in their work and 
for making the synchrocyclotron available, and to 
K. A. Ter-Martirosian and I. M. Kobzarev for a 
discussion of the results. 
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We have measured the angular correlation of the 742 —180 kev cascade y-rays emitted in 
the decay of Mo”, By chemical separation of Tc*®™ it was shown that the 1.23-Mev £-tran- 
sition in Mo” goes to the isomeric state in Tc”, while (7 +1 )% of the 140 kev y-quanta 
are not associated with the isomeric transition. In the discussion of the data, arguments are 
presented for assigning the quantum numbers Wee to the ground state of Mo”, ay or Wee to 
the excited state of Tc*? at 922 kev and Us to the 180 kev state in Tc’. 


1. INTRODUCTION 


‘Tae radiation accompanying the decay of Mo”? 
has been investigated in many papers, in which 
the decay scheme of the isotope is also discussed. 
Study of the isomeric state of Tce®? which is pro- 
duced in the decay of Mo”? has made it possible to 
assign with certainty the quantum numbers of the 
first two excited states of Tc’, which have exci- 
tation energies of 140 and 142 kev.'~? A direct 
measurement gave I= up for the total angular 
momentum of the ground state.* The location of 
the levels in Tce? at 180 and 922 kev has also been 
definitely established.°~' Different authors are in 
agreement on the branching ratio'»® for the two 
most intense $-transitions in Mo”? (with end 


points 0.445 and 1.23 Mev). The data of reference 
8, in which a direct @-transition from Mo” to 
the ground state of Tc” was detected, are of in- 
terest. All the data enumerated above still do not 
enable us to make reliable assignments for vari- 
ous excited levels in Tc®® and for the ground state 
of Mo”, 

The excited staté in Tc”? at 922 kev, which is 
produced in the 8 -decay with end point Eg = 0.445 
Mev (Fig. 1), is the starting point of two y-cas- 
cades: 742 —180 kev and 742 —40 —140 kev.’ We 
have measured the angular correlation for one of 
these cascades in order to make quantum assign- 
ments for the 180 and 922 kev levels in Tc’. The 
results of these measurements will be presented 
later in the paper. We also shall consider the 
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FIG. 1. Decay Scheme of Mo’’. 


problem of determining which level in Tc” is fed 
by the 1.23 Mev £-transition in Mo”, 


2. MEASUREMENT OF ANGULAR CORRELATION 
OF THE 742 — 180 kev CASCADE 


The measurements of the angular correlation 
of the cascade y-rays from Mo” were done in 
an apparatus consisting of two scintillation count- 
ers (Fig. 2), using 20 mm thick stilbene crystals 


FIG. 2. Arrangement of apparatus for measurement of (y, y) 
angular correlation. 1 — stilbene crystal, 2 — FEU photomulti- 
plier, 3 — lead case, 4 — source, 5 — lead filters in front of 
entrance window in the shielding, 


(1 in the figure), an FEU-19 photomultiplier (2), 
and a coincidence circuit with a resolving time of 
T=3x10°sec. The angle between the emerging 
y -rays could be varied by shifting one of the count- 
ers. The crystals of the scintillation counters 
were covered by lead cases (3) which were 4 mm 
thick and had entrance windows which did not limit 
the solid angle subtended by the counters at the 
source (4). The lead shield protected the counters 
from the effect of scattered y-radiation. In a con- 
trol experiment with a Cs/3" source, it was shown 
that there are no coincidences due to scattering 
from one crystal into the other for angles in the 
range 90° = @ < 165°. Such coincidences were 
observed for angles of 170 to 180°. We therefore 
limited ourselves to @ < 165° in the measurements 
on Mo”, 

The electronic equipment used in the experi- 


ment did not have amplitude discrimination, since 
the stilbene crystals did not permit us to separate 
the 140 and 180 kev y-rays which belong to the 
different cascades 742-180 and 742-40-140 kev in 
Mo®’.” To separate the cascades we used lead fil- 
ters (5 in Fig. 2) covering the entrance windows 
in the shielding 3. A one mm filter gave a satis- 
factory ratio of intensities of the 140 and 180 kev 

y -lines transmitted through the filter. By meas- 
uring the number Nyy, of twofold coincidences as 
a function of filter thickness x, we determined 
the ratio of the contributions of the different cas- 
cades. Without filters over the entrance windows, 
the contribution to Nyy from the 742 — 140 cas- 
cade was ~ 70% of that from the 742 — 180 kev cas- 
cade. With the 1 mm Pb filter used in the experi- 
ment, the contribution of the 742 — 140 kev cascade 
was (10+5)% of that of the 742 —180 kev cas- 
cade (the 40 kev quanta were cut out because of 
biasing in the amplifiers of the electronic circuit). 
The effect of the 742 — 140 kev cascade on the cor- 
relation function will be considered later on. The 
method used enabled us to take account of contribu- 
tions from the different cascades without bringing 
in additional data on intensities I, and efficiencies 
of y -counting €y (Nyy is proportional to lyey). 

The difficulty in measuring the angular corre- 
lation of the cascade y-rays from Mo*? was that 
it constituted a small fraction of the total y -radi- 
ation. Under such conditions it is impossible to 
achieve a favorable ratio of true coincidences Nt 
to accidentals Ng. The measurements were done 
with counting rates of ~10‘pulses/sec in the chan- 
nels. Nt was ~0.3 pulses/sec while Ng ~ 1.2 
pulses/sec, i.e. Nt/Ng = 4. 

The Mo” source in the form of the metal or 
oxide was obtained by slow neutron irradiation of 
molybdenum. No differences were observed in 
experiments with different sources. 

The coincidence measurements with the Mo’? 
source were done at angles @ equal to 90, 140 
and 165°. We collected ~9 x 104 true coincidences 
at each angle, which assured an accuracy of 1.4% 
in the measurements. Setting W(7/2)=1.00, we 
find for @ = 140 and 165 values of the correlation 
function [W(6)/W(1/2)lexp = 0.93 + 0.02 and 
0.92 + 0.02, respectively. This result contradicts 
the data of Ref. 9, in-which measurements of the 
angular correlation of the Mo” cascade y -rays 
gave W(7)/W(7/2) = 1.18 + 0.04. However the 
separate cascades were not resolved in that work. 
Also their coincidence circuit had a resolving time 
off T=2>o0m sec, which led to additional trouble 
in measurement of the low intensity cascade. Ap- 
parently the data of reference 9 are incorrect. 


THE DECAY SCHEME OF Mo” 53 


38. DISCUSSION OF RESULTS OF ANGULAR 
CORRELATION MEASUREMENTS 


In discussing the results of the angular corre- 
lation measurements on the 742 — 180 kev cascade, 
we first mention some of the facts about the 180 
and 922 kev levels of Tc”? (Fig. 1). From the 
180-kev level, which has a lifetime of 3.5 x 107° 
sec,'? radiative transitions with energies of 40 
and 180 kev can occur and have approximately 
equal probability.’ Data on the lifetimes of the 
radiative transitions, K -shell internal conversion 
coefficients ax, and K-to-L ratios ax/ay,°>" 
allow one to assert that the 40 and 180 kev y -tran- 
sitions are either Ml or E2 oramixture M1 
+ E2. Consequently the 180-kev level can have the 
assignments %*, %*, %t or '%* All of these 
values of the spin I of the 180-kev level were 
tried in calculating W(é@). 

The 922-kev level in Tc”? decays mainly to the 
180-kev level. Since $y -coincidences are ob- 
served with the electrons from the 0.445 Mev B- 
transition,’*!! the lifetime of the 922-kev level is 
less than 107° sec, i.e., the 742-kev transition has 
a multipolarity no higher than quadrupole. If the 
transition were octupole, the lifetime would be 
considerably longer, and in addition transitions 
with lower multipolarity should occur to the lower 
levels. In calculating W(6) we therefore chose 
the value of I’ for the 922-kev level to satisfy the 
condition |I-I’| < 2, for each choice of I for 
the 180-kev level. 

We tried 23 different sets of values of I and I’. 
The correlation function W(6@) was expanded in 
Legendre polynomials in accordance with the for- 
mulas of reference 12, which were used in the cal- 
culations. Three of the sets, sets 1, 2, 3, (cf. the 
table) fit the results within experimental error. 
The other sets give values of W(165°) W(7/2) 
which differ from the experimental data by more 
than two standard errors. The table gives the 
computed values of the coefficient a, of the poly- 
nomial P,, and the ratio W(@ )/W (1/2) corrected 
for the contribution of the 742 —140 kev cascade. 


This correction changes the ratio by no more 
than 1%. Uncorrected values in the table are in- 
dicated by an asterisk. 

The comparatively long lifetime of the 180-kev 
level in Tc*? compels us to consider the question 
of possible distortions of W(6@) due to effects of 
atomic magnetic fields or electric quadrupole in- 
teractions, which would result in a reduction of 
the correlation. Only case 4 in the table gives a 
correlation of the same sign, but larger in magni- 
tude, than that observed experimentally. An in- 
ternal magnetic field H © 5 x 104 gausses could 
bring case 4 into agreement with the experiment. 
We shall therefore include case 4 among the pos- 
sible explanations of the experimental data. 

So far we have listed cases of pure radiative 
transitions. But mixed transitions like M1 + E2 
are known to occur in nuclei. It is therefore nat- 
ural to consider the possibility of explaining our 
experimental result by such a mixed transition. 
We should note as a probable mixture, giving dif- 
ferent values for the spins, case 5: %(D)%,(M1 
+ E2) ys . For the mixture of radiation with this 
set of spins, a, is determined by the equation 


(1 + 4?) a, = 0.050 + 0.0970? + 0.4860, 


where 6° is the ratio of intensity of E2 to M1 
radiation. Figure 3 shows the variation of a, with 


(1) 


FIG. 3. Dependence of angular 
correlation coefficient a, on mix- 
ing parameter 6 for the °4(D) 7/2 


6, taking into account a possible phase difference. 
The quantity a, varies from —0.17 to +0.32. The 
values 6, and 6, which are in agreement with 
the experiment determine two possible mixtures: 
93% M1 and 7% E2 or 9% M1 and 91% E2, which 
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cannot be distinguished by a correlation experi- 
ment. 

Of the five cases given in the table, we must 
select the most probable set of spins by invoking 
other data in addition to those from angular corre- 
lation. For this purpose, we consider the prob- 
lem of assignment of quantum numbers for the Mo” 
ground state, and the strong 1.23-Mev 6 -transi- 
tion in Mo”. 


4, THE 1.23-Mev BETA-TRANSITION IN Mo”? 


In the decay schemes of Mo”? which are given 
in two widely used handbooks, !3>!4 the most intense 
8 -transition (constituting 75% of all the 6 -transi- 
tions ), which has an end point of 1.23 Mev, leads 
to the 180 kev level in Tc*?. Such a decay scheme 
for Mo”? is in contradiction to the data of various 
experimental papers.’»’ In view of the importance 
of this question for the establishment of the quan- 
tum numbers of the Mo”? ground state, the ques- 
tion of the end level for the most intense 6 -tran- 
sition was subjected to a new experimental check, 
the results of which are described below. 

In the transition of Tc®? from the excited state 
at 180 kev (Fig. 1), 40 and 180 kev y -quanta are 
radiated which bypass the isomeric state. There- 
fore, if 75% of the $-transitions lead to the 180 
kev level, we should observe intense y -radiation 
at either 40 or 180 kev. Figure 4 shows the spec- 
trum of soft y -radiation from Mo”, measured 


140 kev 


FIG. 4. Soft y-spec- 
tmim from Mo”’. 
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with a scintillation counter having a 10 mm thick 
Nal (T1) crystal. As we see from the figure, 

the intensity of the 40 and 180 kev y-rays is 
small compared to that of the 140 kev y-radiation. 
The intensity of the characteristic x-rays of Tc 
(~18 kev), which are associated with internal 
conversion of the y-rays inthe K _ shell of the 
atom, is also small, so that taking account of pos- 
sible conversion of the y-quanta does not lead to 
equality of the intensities. Consequently the 1.23 


Mev £-transition can lead to either the isomeric 
level at 142-kev or to the 140-kev level. 

In a control experiment we measured the 6 - 
spectrum of Mo®® in coincidence with the 742-kev 
y -rays and, separately, with the 140-kev y-rays. 
The experiment was carried out on a coincidence 
apparatus consisting of two scintillation counters 
(a y-counter using a Nal (T1) crystal and a 
8 -counter with a tolane crystal) and having pulse 
height selection in the channels. The two f-spec- 
tra did not differ, and corresponded to the soft 6 - 
spectrum of Mo’. No coincidences with the hard 
B-spectrum of Mo”? (Eg = 1.23 Mev) were ob- 
served. This experiment confirmed the data of 
references 2 and 7. In a direct experiment using 
chemical separation of Tc?™ it was shown that 
the main part of the intensity of 140-kev y-rays 
is associated with the isomeric transition in 
Tce29M, 

Tc?™ was first separated chemically from 
neutron-irradiated molybdenum in reference 15. 
In our work the separation of Tc?™ was done 
using the extraction method proposed in reference 
16, with some modifications. After neutron irra- 
diation, MoO, was dissolved in a twice-molar 
solution of K,CO3, from which Tc?™ was sepa- 
rated by extraction with methylethylketone. In an 
auxiliary experiment, using ews tracer, it was 
determined that 99 + 1% of the Tc?™ was ex- 
tracted. Three samples were prepared for the 
physical measurements: (1) a sample of the initial 
Mo”, (2) Mo” after separation of Tc?™, 

(3) Tc?®™ extracted from the molybdenum. Using 
a scintillation counter with a NaI (T1) crystal, 
and a multichannel pulse-height analyzer,'" we 
measured the time dependence of the intensity 

of the 140-kev y-radiation. The results of one 
of the experiments are shown in Fig. 5. The in- 


n, pulses/min 
1500 


1000 


30 t, hours 


FIG. 5. Variation of intensity of i40-kev y-rays with time t. 
1 — initial Mo”, 2 — Mo” after separation of Tc??™ extracted 
from molybdenum. 


THE DECAY SCHEME OF Mo” 55 


tensity of sample 3 varied with the period of the 
Tc?™ isomer (T =6 hours). In the Mo”? sample 
which had been freed of Tc®®™ (Curve 2), the in- 
tensity increased with time according to the law 
of radioactive equilibrium (to within 1%), pro- 
vided we took account of the fact that a portion 
of the intensity is not associated with the isomeric 
Tc™ but is formed from Mo” as a result of the 
742 — 40 — 140 kev transition (Fig. 1). The mag- 
nitude of p was also computed independently from 
the intensity of sample 3, since the sum of the in- 
tensities from samples 2°and 3 should equal the 
intensity from the initial sample of Mo” (Curve 1). 

This experiment using chemical separation 
showed first that the intense 8 -transition leads 
to the isomeric state To? M and second that 
(7.5 + 1)% of the intensity of 140-kev y-rays 
is not associated with the isomeric transition but 
results from cascade transitions from levels 
with higher excitation energy. This experi- 
ment is a graphic demonstration of how quantita- 
tive chemical separation combined with absolute 
physical measurements can give precise spectro- 
scopic data. 

Thus the 1.23-Mev {$-transition in Mo”? leads 
to the isomeric level of Tc” at 142 kev (Fig. 1). 
This @-transition has an ft value of 7.3 and is 
probably first forbidden. The ground state of Mo”? 
can therefore have the quantum numbers Ea Eas 
or %*. With the %* assignment, we cannot ex- 
plain the absence of an allowed transition to the 
140-kev level. In addition a similar difficulty 
arises in explaining the absence of the £6 -transi- 
tion to the 180-kev level. With spin %% for the 
ground state of Mo”, we must use the set of spins 
of excited states of Tc? which was given by case 
4 of our table (i, (Q)%, (M1)%). However, this 
case is improbable, since it is not clear why the 
y -transitions from the 922-kev level to the 140- 
kev level and to the ground state of Tc” are ab- 
sent. All of these considerations argue against 
the assignment of % for the ground state of Mo”. 

The assignment of ik to the ground state of 
Mo®® does not contradict the results of the corre- 
lation measurements, but it is refuted by the data 
of reference 8 in which a direct f -transtion of 
Mo” to the ground state of Tc®? was observed. 
The data of the present paper can be brought into 
accord with the results of reference 8 if the ground 
state of Mo” has quantum numbers ¥,+. The value 
eh is among the possible values predicted by shell 
theory, even though it does not agree with the spins 
of neighboring nuclei having an odd number of neu- 
trons in this same shell. 


CONCLUSION 


In the table, we gave the possible sets of total 
angular momenta of the 922 and 180-kev levels of 
Tc? which are in agreement with the measured 
angular correlation of the 742 —180 kev y-cas- 
cade. As was pointed out in the preceding section, 
case 4 is improbable. Thus we have confirmed 
that the values of [W(@)]exp are not disturbed 
by internal fields. Case 3 is also improbable, 
since the assignment of I=" to the 922-kev 
level leads to difficulties in explaining the ob- 
served radiative transitions from this level (Fig. 1). 

Case 1 would be probable if the ground state of 
Mo” were %*. With an assignment of %* for the 
Mo”? ground state, it is difficult in Case 1 to ex- 
plain the absence of an allowed £ -transition to 
the 180 kev level when a large number of forbidden 
transitions are present. Consequently the most 
probable schemes are those of Case 2: ve (E2) 
%* (M1) %*, and Case 5, with a mixed transition 
(%- (E1) %*(M1+E2) %*), which are difficult 
to distinguish. In both variants the 180-kev level 
is definitely Ue and the 922-kev level is tentatively 
assigned (as %* or %~). The parity of the 922- 
kev level was chosen to give optimum agreement 
with the intensities of radiative transitions from 
the 922-kev level. To fix more definitely the quan- 
tum assignments of these levels of Tc”, it would 
be desirable to determine the multipolarity of the 
180 kev y-rays by measuring their internal con- 
version coefficient. 

In conclusion the authors thank IJ. S. Shapiro for 
discussion of the results of the paper. 
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The total yield of charged a mesons, produced in collisions between neutrons of 586 Mev ef- 
fective energy and protons, was measured at angles in the range from 15 to 120° (in the labora- 
tory system). Assuming charge independence of nuclear forces, the total cross-section for the 


production of qm 


and m mesons, derived from the experimental data, was found to be 


o(np > 7+) = o(np— a) = (2.0 + 0.5) x 1072" em?. 


sline process of production of charged mt mesons 
in neutron-proton collisions has not, so far, been 
studied extensively. Comprehensive investigations 
were carried out only for 409 Mev neutrons. One 
experiment only was carried out at an energy close 
to 600 Mev.? The spectra and yields of 7 and 17 
mesons, emitted at the angle ® = 90° in the labora- 
tory system* (l.s.) from a target containing liquid 
hydrogen bombarded by neutrons originating in the 
charge exchange of 670-Mev protons, were meas- 
ured in that work in relative units, using nuclear 
emulsions. The relatively small cross section 

for meson production, the fact that three particles 
are present in the final stage of the reactions stud- 
ied, and also the fact that the neutron beam used is 
not monoenergetic, all contribute to the difficulties 
of experiments on 7*- and m~-meson production 


*The angle ® was measured with respect to the direction of 
the incident neutron beam. 


in n—p collisions. On the other hand, a detailed 
study of n—p collisions at energies considerably 
larger than the meson production threshold neces- 
sitates an investigation of these processes. The 
study of the process of meson production in n—p 
collisions is also of interest for understanding the 
character of the interaction between two nucleons 
with different isotropic spin (T=0 and T=1). 


THE EXPERIMENT 


The measurements were carried out with the 
synchrocyclotron of the Joint Institute for Nuclear 
Research. The neutron beam used in the experi- 
ments was obtained by charge-exchange scattering 
of 680-Mev protons on a Be target. The energy 
distribution of the neutrons in the beam had a max- 
imum at 600 Mev and a half-width of 130 Mev.? 

To determine the differential cross-section for 
charged m-meson production in n—p collisions, 
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we measured the ratio of the total number of 2+ 
and m mesons N, to the number of recoil pro- 
tons Np, emitted from the scattering medium at 

a given angle @ to the direction of the neutron 
beam. The differential m-meson production cross- 
section was then obtained from the determined 
ratio Ny/ Np and from the differential cross sec- 
tion for elastic n—p scattering, measured earlier 
by the authors.’ 

To measure the m-meson yield, polyethylene 
and graphite were used as scattering media and 
were placed alternately in the neutron beam. The 
charged particles emitted from the scatterer were 
recorded by a detector. The difference between 
the number of particles scattered by polyethyelene 
and graphite, as recorded by the detector, gives 
the total flux of charged particles emitted from 
the scatterer as the result of n—p collisions. 
Estimates have shown that, for a given neutron 
energy, this flux is determined essentially by the 
number of recoil protons and ma mesons incident 
upon the detector. It was found that, in the condi- 
tions of the experiment, the number of mesons 
and £B particles produced in m-meson decay 
amounted to less than 10 or 15% of the number of 
m mesons. This made it possible to neglect the 
admixture of » mesons and § particles and to 
assume, in first approximation, that all particles, 
other than recoil protons, were a mesons. The 
necessary corrections were introduced later into 
the results of the measurements. 

The a mesons and recoil protons were identi- 
fied either by their range or velocity. The range 
method was used in the region of angles of 7- 
meson emission @ = 60°. For angles 60° < @< 
15°, ma mesons were separated, using the velocity 
method, by means of a Cerenkov detector. 

Two types of detectors were used in connection 
with the two methods of m-meson separation 
(Table I). A telescope consisting of three scintil- 
lation counters, connected in coincidence, was used 
at large angles, @ = 60°. Estimates based on the 
results of reference 2 have shown that if the thresh- 
old of such a detector is raised, by means of a 
suitable absorber, to the level of the maximum 
energy of recoil protons.at a given angle ©, then, 
in the range ® = 60°, the majority of 7 mesons 
is detected. 

Velocity selection was used in measurements 
of the yield of charged mesons at angles ® < 60°. 
For this purpose, the middle counter of the tele- 
scope was replaced by a Cerenkov detector (Fig. 1), 
while the other two scintillation counters remained 
in place. For the determination of the total yield 
of charged particles, it was necessary to replace 


TABLE I 


Emission angie 


Energy threshold 
of the detector 
for 7 mesons (Mev) 


of 7 mesons 


(l.s.) 


Detector 


Cerenkov counter 


Se 4 
30° (water) and two scin- 
tillation counters 
(coincidence) 
45° Cerenkov counter 
(plexiglass) and two 
scintallation counters 
ae (coincidence) 
90° Three scintillation 
120° counters (coincidence) 


again the exchanged scintillation detector. To 
preserve counter geometry in the exchange, and 
to effect the exchange quickly, both types of de- 
tectors used the same photomultiplier FEU-19M 
and the scintillator was placed in front of the 
photocathode directly behind the radiator of the 
Cerenkov detector. At the angle ®= 15°, recoil 


s SunniZl 
Haman ee 


FIG. 1. Schematic diagram of the experiment. n — neutron 
beam, M — monitor (ionization chamber), 1, 2, 3 — scintillation 
counters, 4 — radiator of the Cerenkov counter, A — absorber, 
S -— scattering medium. 
protons could be detected by the Cerenkov detec- 
tor. A correction was applied for that case to the 
results, to account for the fraction of protons re- 
corded. The angular definition of the detector, 
determined by its geometry, was 3°. Energy 
thresholds of the detector at different angles are 
given in Table I. 

Polyethyelene and graphite disks of equal stop- 
ping power were used as scatterers. The polyethe- 
lene disc was 0.9 g/cm? thick for angles ® = 45° 
and 3.2 g/em? for ® < 45°. Copper and tungsten 
plates were used as absorbers. 

The measurements were carried out as follows: 
First, the total flux charged particles incident 
upon the detector as the result of n—p collisions 
was determined, for a given beam intensity, under 
the conditions of the measurement of the differen- 
tial cross sections for elastic n—p scattering.‘ 
The usual CH,—C difference experiment was 
carried out for that purpose. The detector was 
then set to record recoil protons and the total 
yield of mesons was measured. This was 
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TABLE II 
ET 

Angle © 15° 30° 45° 60° 90° 120° 

Correction for admixture OLO a 2OK9 0.9 0.92 0.90 0.88 
of ££ mesons and electrons 

Correction for admixture 0,15 
of protons 

Correction for 7 mesons 4.25 1.95 
with energy below detec- 
tor threshold 

Correction for detection 4.24 1.24 4.20 
efficiency 

Cone a 208 UCSC OY ates 1.03 1.03 1.04 1.06 1.10 
Naor 8.643.5| 1942.3 |13.742.7|9.740.5|4. *41.3/4.3 £0,9 


*The 7 meson yield is expressed in terms of the yield cf recoil protons at 


® = 60°. 


done, as mentioned above, either by increasing 
the telescope threshold up to the maximum energy 
of recoil protons (for angles ©& > 60°), or by ex- 
changing one of the scintillation counters for the 
Cerenkov detector. Special attention was given 

to the measurements of the background in deter- 
mination of the m-meson yield at the angles ® = 
15, 30, and 45°. In this case it was found neces- 
sary to measure, apart from the usual chance and 
true coincidence rate, also the background due to 
the fact that the detector recorded a considerable 
fraction of recoil proton incident directly upon the 
photocathode of the photomultiplier tube in the 
Cerenkov detector. The total background amounted 
to less than 5% at 60°, and increased to 20% of the 
number of mesons incident upon the detector from 
the polyethyelene scatterer at 15°. 

The stability of the neutron beam intensity dur- 
ing the measurements was measured by means of 
an ionization chamber placed in the beam and con- 
nected to an integrating circuit. 


RESULTS AND REDUCTION OF DATA 


Determination of the Total Cross Section. The 
following corrections had to be applied to the re- 
sults before the latter could be used for the deter- 
mination of the total cross section for m-meson 
production. 

1. Correction for the admixture of mesons 
and electrons. As mentioned above, a small amount 
of ~ mesons and electrons was present, besides 
protons and ma mesons, among the particles inci- 
dent upon the detector. The number of electrons 
detected was calculated according to the data of 
reference 5, assuming that the angular distribu- 
tion of 7° mesons in the c.m.s. is given by the 
expression 0.2 + cos? J. It was also taken into 
account that ~1.5% of the 7° mesons decay ac- 
cording to another scheme. The fraction of the py 
mesons was calculated from the known yield of 7 


mesons and the calculated angular distribution of 
j2 mesons. 

2. Correction for the admixture of protons. 
This correction was applied only for the 15° angle, 
where a considerable fraction of recoil protons 
could be detected by the Cerenkov detector. The 
correction was determined from the known neutron 
spectrum, and the measured dependence of the 
Cerenkov detector efficiency on the particle veloc- 
ity (Fig. 2). 

E ‘ 

10 p FIG. 2. Dependence 
b of the Cerenkov-counter 
efficiency € on the ve- 
locity of detected parti- 
cles 8. a — plexiglass, 
b — water. 
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, 3. Corrections for the presence of particles 
with energy below the detector threshold in the 
m™-meson spectrum. These corrections were found 
from the 7-meson spectrum calculated according 
to the data of reference 2 under the assumption 
the m-meson spectrum in c.m.s. is independent 
of the angle of emission. The calculated correc- 
tion factors are given in the third column of Table 
Il. These coefficients were also recalculated un- 
der the assumption that the m-meson spectra of 
the reactions ptp—-7tt+ntp, n+p— nt + 2n, 
n+p—~m + 2p are identical.* 

The values obtained were practically identical 
with those given in Table II. 

4. Corrections for detector efficiency. These 
were necessary because of the different absorption 
of 7 mesons and protons in the detector absorbers 
and the properties of the Cerenkov detector. The 
corrections were determined experimentally on 


*Evidently, this is the case at energies much higher than the | 
threshold of meson productions. (cf., e.g., reference 6). 
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™-meson and proton beams of corresponding av- 
erage energy. 

5. Corrections for the —p decay. Correc- 
tion factors were calculated from the known half- 
life of m mesons, accounting for the meson 
spectrum cutoff (cf. point 3). 

Strictly speaking, in reducing the data it would. 
be necessary to account for the error due to the 
fact that the absorption of at and m~ mesons in 
media is slightly different. An estimate based on 
the results of reference 7 indicates, however, that 
the error involved is small in the conditions of the 
experiment and can be neglected. 

The corrected results yield, after integrating 
over the angles, the following value for the total 
production cross section of 7 and m~ mesons 
in n—p collisions, under the assumption of 
charge independence of nuclear forces: 


o(np—n*) = (np) = (2.0-40.5)-10? cm?. 


The total cross sections for the studied reac- 
tions can be also determined from the 7m -meson 
yield found for the so-called “isotropic angle,” 
i.e. the angle, for which the following relation 
holds between the differential cross-section 
0, (%) and the total cross-section: 


3, (9) = (1/4r) o (np— rn). 


The “isotropic” angle j can be easily found 
in our case, considering that the obtained angular 
distribution of 7 mesons in the c.m.s. does not 
contain terms higher than cos? 3, and can be 
written in the form 


Ont (DO) + o,- (4) = a + bcos? 8, 


where w/ is the meson emission angle, and a and 
b are constants. As it is well known, ¥j = cos”! 
x (1/V¥3 ) and corresponds, in our case, to the 
angle @ = 30° (l.s.). Using the value of Nz/Np 
given for that angle in Table II, we find that the 
cross section is equal to 


o (np —> nt) =0(np >=) = (1.7+0.4)-1077 em?, 


The obtained values of the cross-section are very 
close to each other. This fact indicates, probably, 
that the assumptions made in reducing the data 
have not distorted seriously the angular distribu- 
tion. 

Determination of the Effective Energy. In the 
method used, the detector recorded 7 mesons 
produced in the collisions of particles, the energy 
of which varied in a very wide range, from 300 to 
670 Mev. It was therefore especially important to 
determine the mean effective energy Eeff. This 
was done by finding the dependence of Eeff on the 
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FIG. 3. Dependence of the effective neutron energy on the 
power exponent of the maximum 7-meson momentum in Eq. (1). 


excitation function of the studied reaction for a 
given shape of the neutron-energy spectrum. The 
excitation function was taken as 


(1) 


where 7 max is the maximum 7-meson momen- 
tum in the c.m.s. It was found that, under the 
given conditions, the mean effective energy is 
practically constant for power exponent n= 3 

in Eq. (1) and does not depend on n (Fig. 3). 
Taking this into account, we find from the known 
value of o(np > 7") at 409 Mev that, for our 
case, Eeff = (586 + 15) Mev. 


DISCUSSION OF RESULTS 


A comparison of the obtained value o(np — 7°) 
= (2.0 + 0.5) x 1072’ cm? with the cross-section 
at 409 Mev, o(mp — 7) =(0.16 + 0.04) x 1077" 
cm? (reference 1) shows that the total cross sec- 
tion for m- and 7 ~-meson production in n—p 
collisions increases by more than a factor of ten 
for the energy increase from 409 to 586 Mev. The 
dependence of the cross section on the maximum 
m-meson momentum 7 max can be written in the 
form 


4.7+0.8 


o(np—>x")~ 7 max * 


This relation is in a satisfactory agreement with 
the relation o(pn— 7°) nizkx given in refer- 
ence 10, which was obtained from values of the 
cross section calculated for a wide energy region 
on the basis of the known cross-sections o(pp > 
nm), o(pp— a), and o(pn—> 7), assuming 
charge independence of the nuclear forces. It 
should be noted, however, that the authors of 
reference 10 give a slightly lower value for the 
cross-section o(pn — mt) at 580 Mev, equal to 
(10.8 +1.1) x 107-2" em’. This nevertheless, is 
within the limit of the errors and does not con- 
tradict the value obtained in the present work. 
The value found is also in a good agreement 
with the predictions of the isotopic invariance 
hypothesis, according to which we should have 


~~ 


a (np—>n*) = o(np—>n)+ 9 (pp—> 2°) —1/a3(pp— a"). (2) 


If we put o(np > nw) =(5.7 +1.5) X 10°" cm 


60 abi 


o(pp — 7°) = (1.6 + 0.2) X 10°*" cm?,*” and 
o(pp—> mt) = (8.5 + 0.7) X 407"! cm?,!! we find 
that (np ~ 7) = (3.1 +1.6) x 1072" cm’, which 
coincides with the measured value within the lim- 
its of accuracy. 

It is well known that, according to the charge 
independence hypothesis, the cross sections for 
all m-meson production processes in nucleon- 
nucleon collisions can be expressed by means of 
three partial cross-sections 049, 0414, %,.* The 
cross-sections 01, and oy were investigated in 
Ref. 10 for a wide energy region. The value 
o(np > 7) found made it possible to determine 
dy, at 586 Mev; we have oo; = 20(np > 7) —o4 
=(2.4+0.9) Xx 1072’ cm?. It is known, further- 
more,! that 0; = (0.23 + 0.09) x 1072" cm? at 
409 Mev. The value of oo; increases therefore 
sharply with the energy and the dependence of do; 
on the maximum meson momentum can be written 
in the form: 

Sou ~ imax 

The total cross-section for m-meson produc- 
tion in n—p collisions at 586 —590 Mev is 
o(np > mt?) = (np > mT) ae PAG (Agi 8) = 1) =(9.7 + 
1.8) X 10-2" em?. The total cross-section for the 
n—p interaction is (36 +2) x 1072" em. About 
30% of the n—p collision events is, therefore, 
accompanied by the production of a a meson. 

In conclusion, we shall compare the probabili- 
ties of m-meson production in the collisions of 
two nucleons with different isotopic spin, using 
our result and those of references 5, 10, and 11. 
It can be shown” that the total cross-section for 
™-meson production in n—p collisions 0 (np > 
a>") can be written in the form 


Qs (np > r+) = 3, + 08, (3) 


where o} and o} are the cross-sections for 1- 


meson production in collisions of two nucleons in 
the states with isotopic spin T=1 and T=0 re- 
spectively. On the basis of the values given above 
we have 


ok = 3(pp—x°) + o(pp—>a*) = (10.1 + 0.73)- 10727 em?; 


o (np > n*°) = Ia (np—> x*) + 0 (np —>=°) 


=2(9.7 + 1,8): 102? em?, 
and Eq. (3) yields 


o% = (9,3-+3.7)-10-? em?, 


The probabilities of m-meson production in inter- 
actions of nucleons in the states T=0 and T=1 


*The indices refer to the total isotopic spin of the system 
of two nucleons in the initial and final states (before and 
after meson production). 
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are thus comparable, and the nucleons in these 
states interact with equal intensity. 

The approximate equality of of and ot indi- 
cates also that in the processes studied, at approx- 
imately 600 Mev, the transitions which result in 
the ma-meson-nucleon system having total isotopic 
spins T=% and T= '% have approximately the 
same probability. This is, evidently, the chief 
reason for the fact that the ratio o(pp — mt )/ 
o(mp—7*), equal in our case to 3.9+1, is con- 
siderably less than ten. The latter value was pre- 
dicted in reference 12 from the principle of iso- 
topic invariance under the assumption that the 7 
meson-nucleon system is always inthe T= ye 
state. It should be noted, however, that the value 
of the ratio given in reference 12 was obtained 
under simplifying assumptions and may, in reality, 
be somewhat different. 

The authors would like to thank L. I. Lapidus 
for a discussion of the results and N. S. Amaglo- 
beli for his help in carrying out the experiments. 
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Experimental data are presented on the Hall effect in pure nickel (99.99%) in a wide tempera- 
ture range down to the temperature of liquid helium. It is shown that the ferromagnetic con- 

stant R, drops sharply with the temperature T and has a minimum at 20 to 30°K. A physical 
interpretation, based on the (s-d) -exchange model, is proposed for the observed phenomenon. 


A study of the Hall effect in ferromagnets dis- 
closes a sharp temperature dependence of the so- 
called extraordinary Hall constant R,, determined 
from the experimental relation proposed in refer- 
ence’ 1; 


e= RH + eee (1) 


where e is the Hall field per unit current density, 
J the magnetization, H the magnetic field, and 
Ro the ordinary Hall constant. The first data on 
the dependence of R, on the temperature T were 
obtained by Kikoin’ for nickel for T ranging from 
room temperature to the Curie point ©. It was 
observed there that R, increases as T rises to 
® and diminishes sharply as it passes through ©, 
evidencing the ferromagnetic nature of R,. Jan 
and Gijsman®? measured Ry and R, in nickel and 
in iron for T ranging from room temperature to 
that of hydrogen and observed that R; has a 
smeared minimum for nickel at 30 to 50°K and 

for iron at 50 to 70°K. Above these regions, R, 
drops sharply with diminishing T (thus, R, in 
nickel diminishes to De its value from T = 300°K 
to T=14°K). These data® are criticized in ref- 
erence 4, whose authors state that the minimum 
of R; with temperature is in contradiction with 
general theoretical considerations. Most workers 
have believed that the ordinary constant Ry is 
connected only with the concentration of the cur- 
rent carriers and should not change noticeably 
with T. Experimental data,?»> however, are not 
in agreement with these considerations. For the 
extraordinary constant R,, the following theoret- 
ical relation was obtained in reference 6 


Ry = Ap’, (2) 


where p is the specific resistivity and A isa 
constant. However, an experimental verification 
of (2), made by Jan,” gave for nickel, in the tem- 
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perature range from that of nitrogen to ©, not 2, 
but 1.94 as the exponent of p, and for iron the ex- 
ponent was even 1.42. in connection with this, a 
hypothesis was proposed‘ that there exist two fer- 
romagnetic effects, one obeying Eq. (2) and another 
that varies linearly with p, i.e., R, =A,p + Anoe 
In view of the above, there is undoubted interest 
in measuring simultaneously the Hall effect and p 
in as large a temperature interval as possible, 
down to the lowest temperatures (helium), using 
the purest ferromagnetic materials possible. For 
this purpose we undertook to measure these quan- 
tities in pure nickel in the range from room tem- 
perature to that of liquid helium (4.2°K). The 
measured specimens were made of pure nickel 
(99.99%) with residual electric resistivity 
Po9.4° /Pogg? = 12.86 X 107%, and py 9° /pygg° = 10.28 
x 107°. The Hall voltage was measured in 9x4x 
0.3 mm plates using a procedure previously de- 
scribed,® which made it possible to obtain an in- 
duction B up to 22,000 gausses in the specimen 
with an electromagnet of magnetic field intensity 
of 5,000 oersteds. The potentiometric-setup sen- 
sitivity was 2 x 107° volts. The measurements 
were performed at room temperature, at 0°C, and 
in baths of liquid nitrogen, hydrogen, and helium. 
The specimen temperature was assumed equal to 
the normal boiling point of the liquid bath. The 
constants Ry) and R, were determined from the 
slope of the curve e=f(B) in the initial portion 
and after saturation, using the method proposed 
in reference 9. The measurement results are 
given in Figs. 1 and 2, from which it is seen that 
R, diminishes sharply with diminishing T and 
has a minimum at 20 to 30° [R,(T = 300°K) ~ 
100 x 107! y-cm/amp-gauss, R,(T = 14°K) ~ 
5 x 107!2 vy-em/amp-gauss]. The constant R» 
diminishes from 300° to 4.2°K to approximately 
Y, (from 0.6 to 0.2 x 10°'* v-cm/amp-gauss ), 
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and has no minimum. The observed increase in 
R, near the helium temperature raises doubts 
concerning the universal nature of relations of 
type (2), at least for a wide range of T. This is 
seen particularly clearly from Fig. 3, where (on 
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a logarithmic scale) is shown the connection be- 
tween R,; and p as obtained in our measure- 
ments. The linear relation is retained up to the 
liquid-nitrogen temperature, where the exponent 
in the right half of (2) is 1.02. It must be noted 
that in references 3 and 7 this index is close to 

2 only in the temperature region from © to room 
temperature. Farther down, to T ~ 100°K itis 
closer to unity, and at still lower temperatures 
log Ry and log p are no longer linearly related. 
It is peculiar log R, is linear relative to log p 
only as long as the quantity proportional to the 
carrier mobility (calculated from the Ryo for- 
mula) changes little with temperature (see Fig. 4), 
and ceases to be linear where the latter increases 
rapidly. 


Attempting to understand the physical nature 
of the observed laws, we note that Vonsovskii et 
al.,!° on the basis of sufficiently general semi- 
phenomenological considerations, obtained an ex- 
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pression for the electric-conductivity tensor, and 
the anti-symmetrical portion of its inverse value 

gives the Hall-constant tensor. For temperatures 
close to the Curie point we have* 


9 Al(2 3 CASO Ey) ee ee 
Coy = T [SY -+ mSO,” Rigy =f [Say mS ee 


(3) 

Here si) (i =1, 2, 3,4) are tensors that de- 
pend on T and on the limiting quasi-momentum 
of the conduction electron, apy is the parameter 
of the internal magnetic (spin-orbit etc.) inter- 
action, and m is the relative value of the spon- 
taneous magnetization. From comparison with 
the variation of p of a ferromagnet below @,!! 
it can be assumed that the signs of sii) and si), 
on the one hand, and of si) and si, on the 
other, are opposite. Therefore, as_T diminishes, 
the values of Rj gy and Rygy Should diminish.t 
This can be shown also from thermodynamic con- 
siderations.'*>!? The thermodynamic potential of 
the metal of the ferromagnet at values of T close 
to ® can be approximately represented in the 
form of a sum of two terms “4: 6,(S), which is 
the potential of the conduction electrons, and de- 
pends on their average Ss, and #,(S,m), which 
is the ferromagnetism potential, which depends on 
s and m in addition to the usual quantities (T, 
pressure). Above @, the equilibrium conditions 
are 


*From the most general considerations (within the frame- 
work of the s-d exchange model) it is possible to assume that 
(R,/R,) is of the same order of magnitude as (0/04), where 04 
is the temperature of degeneracy of the Fermi carrier quasi- 
particles. We then get R,/R, ~ 10,2 as experimentally observed. 

TIt is significant that, according to reference 3 and our 
measurements, the quantity Ra By in ferromagnets also depends 
on m and, consequently should have a different dependence on 
T than in nonferromagnetic materials. 
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®, (5) =0, ;(s9)>0, 


and below @ 


D, (s) + Dy (s, m) = 0. 
If one takes into account that near © the num- 
ber s differs little from its equilibrium value 8p, 
we have 


As =s —s, = — ®,(s, m)/ ®;(s,). 
Since in the first approximation!4 we have ©, ( Ss, m) 
~a (n—s)m, where n is the total concentration 
of the conduction electrons and of the ferromagne- 
tism electrons, and @ >0, then 0$(s,m)=-—am’, 
and we have thus As >0. From theory it is known 
that R~ 1/se, where S ~ S)+ AS. Consequently, 
4 1 As « 
Bee es) oO 
If follows therefore that R diminishes with dimin- 
ishing T. The same conclusion was reached also 
by Patrakhin’ in his calculation of R, within the 
framework of the s-d exchange model of ferro- 
magnetism.'’® Thus, it is possible to assume that 
the mechanism of the appearance of the constant 
R;, and its temperature dependence near the point 
© is qualitatively understood. However, the form 
of the function R,(T) in the region near very low 
temperature, and, in particular, the occurrence of 
a minimum of R,(T), still remain unexplained. 
One can merely state that the conclusions of ref- 
erences 6 and 4 concerning a simple connection 
between R,; and p do not correspond to reality, 
at least in the region of low temperatures. The 
function R,(T) and its connection with p can 
be understood only on the basis of a more rigor- 
ous s-d exchange theory, in which account is 
taken of the presence of two branches of the en- 
ergy spectrum of the electronic system (ferro- 
magnetic and that of the conduction electrons), 
and in which account is also taken of the collision 
processes between the carriers and the elementary 
excitation of the lattice vibrations (phonons) and 
the spin field of the ferromagnet (ferromagnons ) 
in the presence of a magnetic interaction. The 
different temperature dependence of the relaxation 
time for these collision processes (see, for exam- 
ple, reference 17) can lead to a complicated tem- 
perature behavior of R,(T) at low temperatures. 


For a further refinement of the data on the Hall 
effect in ferromagnets, we have undertaken more 
detailed theoretical analysis and experimental in- 
vestigations of the temperature behavior of this 
phenomenon. 


'E. M. Pugh, Phys. Rev. 36, 1503 (1930). 

2 A. K. Kikoin, Sow. Phys. 9, 1 (1936). 

3J. P. Jan and H. M. Gijsman, Physica 18, 339 
(1952); 

4N. S. Akulov and A. V. Cheremushkina, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 31, 152 (1956), Soviet 
Phys. JETP 4, 150 (1957). 

°F, E. Allison and E. M. Pugh, Phys. Rev. 107, 
103 (1957). 

eRe Karplus and J. M. Luttinger, Phys. Rev. 95, 
1154 (1954). 

"J, P. Jan, Helv. Phys. Acta 25, 677 (1952). 

8N. V. Volkenshtein and G. V. Fedorov, 
®u3uka Metanx0B u MeTanoBefenue (Phys. of 
Metals and Metal Research) 2, 377 (1956). 

9S. Foner, Phys. Rev. 88, 955 (1956). 

0 Vonsovskii, Kobelev, and Rodionov, Izv. Akad. 
Nauk SSSR, Ser. Fiz. 16, 569 (1952). 

‘tw. Gerlach and K. Schneiderhan, Ann. Physki, 
6, 772 (1930). H.Potter, Proc. Roy. Soc. 132, 560 
(1931); 149, 671 (1937). 

12s V. Vonsovskii, Izv. Akad. Nauk SSSR, Ser. 
Fiz. 11, 617 (1947). 

13§. V. Vonsovskii, Cospemennoe yuenne o 
marHeTu3me (Modern Theories of Magnetism), 
ML; 19530817" 

ig VV. Vonsovskii, Izv. Akad. Nauk SSSR, Ser. 
Fiz. 11, 485 (1947). 

15N. P. Patrakhin, Izv. Akad. Nauk SSSR, Ser. 
Fiz. 16, 604 (1952). 

165. V. Vonsovskii, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 16, 981 (1946). 

17h A. Turov, Izv. Akad. Nauk SSSR, Ser. Fiz. 
19, 462 (1955), [Columbia Techn. Translations 
19, 414 (1955)]. 


Translated by J. G. Adashko 
11 


SOVIET PHYSICS VETER 


VOLUME 35 (8), 


NUMBER 1 JANUARY, 1959. 


INVESTIGATION OF THE p +p — d+1+ REACTION WITH A POLARIZED PROTON BEAM 


Iu. K. AKIMOV, O. V. SAVCHENKO, and L. M. SOROKO 


Joint Institute for Nuclear Research 


Submitted to JETP editor March 29, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 89-96 (July, 1958) 


The angular dependence of the asymmetry in 


+ 


TT 


mesons emitted in the p+p— at +d reac- 


tion was measured for a polarized proton beam of energies 536, 616 and 654 Mev. A direct 
demonstration of the presence of d-state mesons in the reaction p+ p— at +d is obtained. 
The experimental results are consistent with the assumption that the amplitudes of s - and 
d-transitions are substantially less than the transition amplitude D- 2s p,. Estimates of 
limiting values for some of the partial cross sections are given. 


1. INTRODUCTION 


Viena of total cross sections for the 
reaction 


(1) 


for proton energies from 460 to 660 Mev,! and also 
data for higher energies obtained from experiments 
on the inverse reaction 4+d—p+p for pane 
energies of 174 — 307 Mev,’ made it possible to 
draw conclusions about the resonance character 

of these two mutually inverse processes coming 
from the strong interaction of the 7 meson and 
proton in p-states with total angular momentum 
=), 

The angular distributions of the 7° mesons in 
reaction (1) for proton energies from 460 to 660 
Mev have been explained up to now by starting 
from the assumption that emission of the a 
meson proceeds mainly in the p -state.! How- 
ever, on the basis of only these experiments one 
cannot draw completely definite conclusions about 
the ratios of different amplitudes and, in particu- 
lar, it is impossible to answer the question of the 
intensity of transitions in reaction (1) with emis- 
sion of the 7 meson ina d-state. More com- 
plete information on the ratios of amplitudes of 
different transitions can be obtained from experi- 
ments involving observation of various polariza- 
tion effects. The reaction (1) was studied using 
a polarized 314-Mev proton beam in the work of 
reference 3, where the asymmetry observed came 
from interference between s- and p-states. 
Analogous experiments were also carried out at 
415 Mev.* Values of the asymmetry obtained at 
two different angles in the latter case were inter- 
preted by the authors of reference 4 only as a 


pt+tponwstd 


+f. 
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possible indication of the presence of d-wave 
effects. 

It is well known that the probability of scatter- 
ing of a d-state meson by a proton is very small 
at m* energies ~ 150 Mev and becomes noticeable 
only for energies ~ 300 Mevy,° where 633 © 10° and 
63, * —10°. In several articles, for example in 
reference 6, preliminary data on the role of d- 
waves in the scattering of tt mesons by protons 
were considered to give a basis for neglecting 
d-state m mesons and analyzing both the differ- 
ential cross section and the polarization effects 
in reaction (1), taking only s- and p-states into 
account. However, the well known analogy between 
the resonance character of process (1) and the res- 
onance in meson-nucleon scattering, correct in 
general features, may not hold in detail. A differ- 
ence might be caused by the second nucleon in 
process (1). In the phenomenological theory of 
processes of 7-production in p-p collisions,’ 
it was shown that, in reactions p+ p— tT +n + p 
and p+tp—+ p+p for proton energies from 
400 to 900 Mev, there is rather a high probability 
of the mechanism of the subsystem of a meson 
and nucleon in a "P32 state going off ina P state 
relative to the second nucleon. The probability of 
the mechanism of P emission in reaction (1) 
turned out to be very small. As a consequence of 
P emission in reaction (1), the a meson is 
emitted in s- andalso d-states. Thus, the 
additional angular momentum carried away by 
the second nucleon, not bound with the 1 meson, 
can lead to the occurrence of d-states for the 
m* meson in reaction (1), while they are absent 
in the meson-nucleon subsystem. 

In the present work we obtained a direct dem- 
onstration of the presence of d-state mesons in 


ptp—odiat 
reaction (1) for proton energies of 536, 616 and 
654 Mev. From the results obtained, and also on 
the basis of reference 4, one can conclude that the 
effect of d-states becomes observable, starting 
with energies Ep ~ 400 Mev. Data from polarized 
beams are not sufficient to determine all elements 
of the S-matrix for process (1), since other po- 
larization effects must also be measured to solve 
this problem. However, if one makes several 
assumptions about relative sizes of the transition 
amplitudes in reaction (1), then, on the basis of 
the results obtained, one can indicate minimum 
probabilities of emission of -mesons in s- and 
d -states. 


2. EXPERIMENTAL ARRANGEMENT 


The experiments were carried out with a polar- 
ized proton beam, obtained in scattering the inter- 
nal beam of unpolarized protons of energy 673 Mev 
from nuclei of carbon introduced into the synchro- 
tron chamber. Polarized protons scattered “to the 
right” through 6°20’ with respect to the direction of 
the initial beam (Fig. 1) were selected by two col- 
limators so that the beam was directed towards 
the center of the deflecting magnet, the diameter 
of the poles of which was 100 cm. Special forms 
of shims® were set along the trajectory of the beam 
in the gap, equal to 13 cm, between the pole tips of 
this magnet. These created a region of inhomo- 
geneous magnetic field, equivalent in its action to 
a system of two quadrupole lenses. The calculated 
value of the focal length of the lens was 2.5 m. 

Use of such a method of focusing made it possible 
to increase the intensity of the beam of polarized 
protons by a factor of three at the position of the 

hydrogen target. 

The measuring apparatus was shielded from 
the background created by the primary beam and 
the scattered particles by a concrete wall of thick- 
ness 4 m, and also by lead blocks, placed in the 
path of the initial beam behind the carbon target 
and in the space between the yoke and poles of the 
magnet. In order to give a higher intensity of 
beam of unpolarized protons at the position of the 
carbon target, focusing quadrupole lenses with 
aperture 40 mm were used. At optimal values 
of the current in the windings of these lenses, the 
intensity of the polarized beam increased by a 
factor of 1.7. 

The experimental arrangement consisted of a 
liquid hydrogen target,? scintillation counters for 
registering, a counter for determining the beam 
profile in the process of measurement, and also 
an ionization chamber placed past the hydrogen 
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target. 

The target and counters were accurately posi- 
tioned relative to the axis of the 4-meter collima- 
tor. The establishment of this axis was carried 
out using a polyamide filament of diameter 0.2 
mm. The target container of liquid hydrogen was 
positioned relative to the axis line of the target 
to an accuracy of 0.3 mm and was secured by 
screws. Control of the alignment of the axis line 
of the counter and axis of the collimator was car- 
ried out immediately before each experiment, and 
could be obtained to an accuracy of several parts 
of a millimeter. The adjustment of the target was 
not destroyed if they did not exceed 0.4 or 0.5 mm. 

The absence of hidden asymmetry in the appa- 
ratus was demonstrated in experiments with the 
unpolarized proton beam by counting the p + p — 
a +d processes without changing anything else 
in the experiment. The value of the asymmetry 
at angle @jabh = 20°, which would be most unfav- 
orable with respect to hidden asymmetry, turned 
out to be equal to €) = —2.4+1.9%. Besides these 
control measurements, measurement of the asym- 
metry in elastic p-p scattering with a polarized 
proton beam were carried out for angle @]ap = 41°, 
which corresponds to Epp (41°) = 0. ‘The meas- 
ured value of the asymmetry turned out to be 
pp (41°) = -0.5 + 0.9%. 

Both the control experiments and the main ones 
were carried out for strengths of the magnetic field 
of the deflecting magnet corresponding to the max- 
imum intensity of the polarized beam. In order to 
exclude drift effects in the angle of deflection of 
the protons, the possibility of a control on the 
position and profile of the beam during the course 
of measurements was considered. Such a control 
was carried out, using a movable scintillation 
counter placed before the hydrogen target (Fig. 1). 
The counter consisted of a narrow crystal of 
tolane (diphenyl acetylene) of dimensions 1x40 
x40 mm, with its narrow edge turned to the beam. 
The current from the photomultiplier of this appa- 
ratus was registered by a potentiometer of type 
EPPV-51. The position of the center of the target 
was determined to an accuracy of ~1 mm by the 
pulse height on the tape. This corresponded to a 
relative drift of the current in the magnet wind- 
ings of ~ 0.5%, or a lack of alignment of the beam 
in the collimator of ~ 0.05%. 

The degree of polarization of the proton beam 
was determined by the usual method of double scat- 
tering on carbon nuclei at an angle of 6°20’ and 
turned out to be equal to P, = 44+ 2.4%. Asa 
control on the quantity P,, the asymmetry e¢€ in 
elastic p-p scattering was measured at 30° in the 
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laboratory system. Its value was found in the work 
of reference 10 with a polarized beam of degree 

P, =58 + 3%. For the beam used, the value 

Epp (30°) = 11.9 + 0.6% was found, whereas the 
value of the asymmetry’? calculated from P, = 
44% should be equal to ¢€ = 12.0%. 

The energy of the polarized beam and its spread 
in energy were determined by range measurements 
using a telescope of several scintillation counters, 
the last of which was connected in anti-coincidence 
with the first. In Fig. 2 we give two range curves: 
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curve 1 with the unpolarized beam of protons of 
energy Ep = 670 Mev and spread AE = +5 Mev; 
curve 2 with the polarized beam, the mean energy 
of which turned out to be equal to ‘Ep = 616 Mev, 
and spread AE = +7 Mev. In calculating the pro- 
ton energy from the filters used in slowing down, 
the effect of multiple scattering in copper was taken 
into account.* 

The remaining characteristics of the polarized 
beam are given in Table I for three values of the 
energy. Secondary particles from the reaction 
p+p-—7'+d were counted by two conjugate 
telescopes of scintillation counters, connected in 
coincidence. The electronic scheme had the nec- 
essary stability, owing to the use of negative co- 


*The values of the coefficients were calculated by 
VE .eZtelov. 


FIG. 1. Scheme of the Experiment. 
1 — deflecting mouthpiece, 2 — unpolarized 
proton beam, 3 — magnetic quadrupole lenses 
of 40 mm, 4 — carbon scatterer, 5 — con- 
crete shielding, 6 — lead shielding, 7 —po- 
larized proton beam, 8 — focusing shim, 
9 — deflecting magnet, 10 — shielding wall, 
11 — target with liquid hydrogen, 12—meson 
telescope, 13 — movable counter, 14 —ioni- 
zation chamber, 15 — deuteron telescope, 
16 — concrete shielding. 


efficients of selection in the telescopes of the co- 
incidence scheme.'! A telescope consisting of 
three counters counted the 7 mesons. 

TABLE I 


Energy of the polarized 536 


| 616 654 
beam Mev 


Intensity, protons/cm? sec 5.5-10 | 2.8-10° 
Thickness of the carbon 
scatterer, g/cm? 
Thickness of the carbon 
absorber in the path 


of the initial beam, g/cm? 


22.9 7.3 


Not used 


The deuteron telescope consisted of five count- 
ers. The first three counters were connected in 
coincidence, and the last two in anti-coincidence 
with the first three. Between the second and third 
counters, there was a copper filter, the thickness 
of which corresponded to the minimum range of 
deuterons from reaction (1) at the conjugate angle. 
The interval of ranges was given by the filter 
placed between counters 3 and 4. With filters in 
this position, the telescope counted deuterons of 
a definite energy, and the counting efficiency for 
ptp—7m+n+p and p+p—7+p+p reac- 
tions was substantially lowered by this. The meas- 
uring of the contributions from these reactions, 
and also of the random coincidences between tele- 
scopes was carried out with a filter of somewhat 
increased thickness between counters 2 and 3, so 
that the process (1) was not registered. The mag- 
nitude of the background was less than 10% of the 
considered process p+p—a++d. The angular 
resolution of the telescope for angle @l@b = 20° 
(6%°™-S- = 35°) was +1.9° (+3° inc.m.s.), and 
at angle lab = 9g° (.9C-m.S. = 130°) was +2.5° 
(2.2°sineumis 5)s 


3. RESULTS AND DISCUSSION 


It is known® that the differential cross section 
for the reaction p+ p—a*+d with a polarized 
beam of protons has the form 


p+p—d+m* REACTION WITH A POLARIZED PROTON BEAM 
(2) 


Rds (8, @) /dQ = (y, + y2 cos?6 + +4 cos’) 
+ P sin cos @ (Ay + A, cos 9 + dy cos?4 + Az cos?4), 


where P is the degree of polarization of the 
beam, and the coefficients y and A! define 
elements of the S-matrix of process (1). In our 
case, emission of a 7* meson to the right cor- 
responded to azimuthal angle g = 7, and the 
polarization vector P pointed downwards. !3>!4 

In the experiments carried out, the right-left 
asymmetry ¢€ =(R-L)/(R+L) was measured 
at m* -emission angles from 35° to 130°. 

Results of the measurements of ¢ for three 
values of the energy are shown in Fig. 3. In the 
analysis of the experimental data obtained, we 
introduced the quantity 


hae 4 ¢ (ia \ 


Psin0 o, JO Ty apolt 
The normalization factor (o/47) is convenient 
for the analysis of the asymmetry in reaction (1) 
over a wide range of energies. 

The differential cross sections (do/dQ)unpol. 


(3) 


with an unpolarized proton beam, and also the total 
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FIG. 3. Measure- 
ments of the asym- 
metry € in the reac- 
tion p+p>xdiat 
with polarized pro- 
ton beams. a) Ep 
= 654 Mev; b) E, 
= 616 Mev; c) Ep 
= 536 Mev. 
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cross section o¢ for the reaction p+p—a7' +4, 
used in calculating A, were obtained by averag- 

ing the results of references 1, 2, and 15 and were 
taken to be the following: 


o 0 
150° 180° By. 


Cc 


1) E,=654Mev, do/dQ~0.27+4 cos?6, «o =3.1-10-27 cm’; 
2) Ep=616Mev, do/dQ~0.22 + cos?8; o =3.14-10-2? em’; 
3) E,=536Mev, do/dQ~0.24+4cos?6; o  =2.42-1027 em’. 


Values of A as afunction of 6, in the c.m.s. 


are given in Fig. 4 for proton energies of 654, 616, 


In the absence of d-transitions, the 


10 f 
sis 
05 


536 Mev. 


a 
Jae 


values of A for a given energy should be constant. 
The fact that a strong angular dependence of A (@7) 
was observed in the experiment, as can be seen by 


FIG. 4. Curves of A(6,): a) Ep = 654 Mev; 
b) Ep = 616 Mev; c) circles — date of this 
work, E, = 536 Mev; triangles data from 
reference 4, E, = 415 Mev; squares — data 
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from reference 3, E, = 314 Mev. 


SS it tae! 505 
ou” 0° mM 10° 10° 180° 0° 30° 60° 90° 120" 160" 160° 0° 30° 0" 
the graphs, is a direct demonstration of d-state 
a* mesons in reaction (1) for all three energies. 
The experimental values of A(@7) were approxi- 


mated by the expressions 


0° 


20° 160° 180° By 


A = (Ay + A, cos 8 + Az cos? 4) / (Yo + 7/s Y2) 
using the method of orthogonal polynomials.’ Val- 
ues of the coefficients Aj and errors are given in 
Table II. 


TABLE II 
LD 
Ao Ay he BASAx 52 .5A2 82,522 
; 1 2 ie aN 1 
ee Yet ot 32 tay (10+ > («+3 *) (ve + 3%) 
10-4 | —14-140-4 | —15.0-10° 
69% 0.18-+0.03} 0.20+0.06 | 1.05+0.10 | —2.2-10~4 14-10 : 
616 0.09+0.03} 0.05-£0.08 | 1.06--0.11 == (At On —5.0-10 : eee 
536 | —0.003-40.04] 0.15+0.12 0.87+0.20 | —1.1-10-% —3.4-10 tht 
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Reliable values of the coefficient A3; could not 
be determined from the experimental data. In or- 
der to determine this coefficient it would be neces- 
sary to carry out very difficult measurements of 
the asymmetry at angles 0, close to 0° to 180°, 
where the effect of the asymmetry vanishes, owing 
to the approximate proportionality to sin 0;. The 
smallest errors in the coefficients were obtained 
for three terms in the expansion, making it possi- 


ble to break off the expansion with the cos? 6, term. 


The question of actual values of the coefficient A3 
should be considered together with that of the de- 
termination of the coefficient y, in the angular 
distribution with an unpolarized beam, since both 
are determined by expressions quadratic in the 
amplitude for d-state transtions which, as will 
be shown below, are rather small. 

The variation of the dependence of A(@7) ob- 
served in the present work with transition from 
one energy to another, can be followed to the re- 
gion of still smaller values if one uses results of 
experiment carried out at 415 Mev (reference 4) 
and 314 Mev.® The results of these experiments 
are given in Table III in the notation employed 
here. 


TABLE III 
| Ke Ae SA dAz 
Ep, Mev (x. + > v2) (* + a vs) (~ + > va)? 
415 —0.34-+0.05} 0.43-+-0.28 |—6.2-1073 
314. | —0.22£0.03 = 23 


As can be seen from Fig. 4, the sign of the 
asymmetry changes for proton energies Ep ~ 500 
Mev. Values of the coefficients 


ho/ (Yo + */3Y2), Aa / (Yo +%/s 2), Az / (Yo + 1/s ye) 


are given in Fig. 5 as a function of -meson mo- 
mentum in the c.m.s., expressed in units of myc. 
At zero energy there can be only s-state mesons, 
and all coefficients should go to zero. For small 
values of the momentum of the 1 meson, the co- 
efficient Ay(7¥o + %s72), which is negative, in- 
creases with the momentum of the 7 meson, 
reaches an extreme value, then decreases and, go- 
ing through zero at Ep ~ 530 Mev, again grows, 
but not with a positive sign. When 7 is small, 

the change in Ay(¥) + %y2) is connected with the 
growth of the effect of the P-wave with respect 

to the S-amplitude. For large values of 7, the 
p-d interference is added to the s-p interference. 
It seems that the effects of these two interferences 
are comparable, beginning with the proton energy 
for which the coefficient Ay/(v) + ¥y2) goes 


through the extreme value. Verification of this 
follows from the fact that the coefficient (vy + 7372), 
coming from interference between p- and d-states, 
becomes observable at energies Ep ~ 400 Mev. 


7 0 2 50 75 100 105 150 bg,.Mev 
YI T Sp SS 


025 05 015 10, 125 [6 ha 
00 360 400 450 “500 550 600 650 Ep, Mev 


Az 10 25 $50 15 00 125 I80b¢, Mev 
i ara T To -_ ath ee ae 


4__1__ 1 4 
O25 05 O75 10 
300 350 900 450 500 550 600 650 5, Mev 


FIG. 5. Measured values of the coefficients: a) A,/(y> 
+ "4Y2), b) A/C + 42), ©) UC + 42), circles — data of this 
work, squares — data from reference 3, triangles — data from 
reference 4, 

The coefficient A, (7) + ¥372), connected with the 
effects of (s-d)- and (d-d) -interferences, turned 
out to be very small, and it was only observed with 
difficulty in our experiments. 

All of these results can be simultaneously ex- 
plained if the transition amplitude “D> — (or P)e 
is taken to exceed the values of s- and d-am- 
plitudes for Ep ~ 600 Mev. In this case, only 
s-p and p-d interferences would be observed, 
whereas s-d and d-d interferences would cor- 
respond to effects of second order. 

The experiments carried out with a polarized 
proton beam add essential information about the 
reaction (1), but it is still not possible to evalu- 
ate all S-matrix elements connected with these 
reactions. However, using the smallness of s- 
and d-amplitudes, certain partial cross sections 
can be estimated. For this it is necessary to take 
account of the fact that d-transitions in reaction 
(1) are connected with a change in the orbital mo- 
ment in the system of the two nucleons before and 
after the reaction, and also in the parity. This 
circumstance leads to a very small probably of 
d ean one. The transitions aa at! aS d). and 
3F3 — ( esr dys , connected with a change in orbital 
momentum equal to Al =3 in the system of the 
two nucleons, should be especially impeded. This 
makes it possible to set the amplitudes of these 
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transitions equal to zero, and, for limiting values 


of the partial cross sections, one obtains the values: 


3 (*S,—> °Sypy) > 1078-34 (pp > dr*); 


o(s + d) >5.4-10°?- 6; (pp — dr*); 
5 (1D, > *S,p2) <0.945- 5; (pp —» dr"). 


4. CONCLUSIONS 


1. Experiments measuring the asymmetry in 
the differential cross section of the p+p—d+7* 
reaction with polarized proton beams at energies 
536, 616, and 654 Mev demonstrate the presence 
of 1’ -meson emission in d -states. 

2. From analysis of the results of this experi- 
ment, and also of those of references 3 and 4, it 
follows that the effect of d-state m* mesons in 
experiments with polarized beams become observ- 
able, beginning with proton energy Ep ~ 400 Mev. 

3. The results obtained are compatible with 
the assumption that the transition amplitudes for 
emission of 7 mesons in s- and d-states are 
small in comparison with the amplitude for the 
transition 2D, —(°S;p), over all of the region 
of energy studied. 

4. Under the assumption that transitions from 
initial °F,- and *F,-states can be neglected, the 
following limiting values were obtained: 


5 (*S9 > 9S1 po) > 10-94 (pp — dr’); 
o(s + d) > 5.4-10?- 5; (pp — dx"); 
3 (1D, —> 7S,p.)< 0.945- 6; (pp = dr’). 


5. The phenomenological theory of production 
of m mesons in p-p collisions of Mandelstam' 
agrees with the values obtained. 

In conclusion the authors express their grati- 
tude to M. G. Meshcheriakov, B. S. Neganov, and 
L. I. Lapidus for discussion of the work and also 
N. P. Klepikov and S. N. Sokolov for help in proc- 
essing the experimental data. 
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A study is made of the zero-angle scattering in collisions of quasiparticles in a Fermi liquid. 
It is shown that the scattering amplitude for zero angle depends on the limit approached by the 
ratio of the momentum and energy transfers in the collision as both these quantities go to zero. 
It is ascertained which of these limits is connected with the interaction energy of the quasi- 
particles that occurs in the general theory of the Fermi liquid developed earlier by the writer. 


A general theory of the Fermi liquid* has been 
developed in previous papers by the writer.'»? One 
of the quantities that plays an important part in 
this theory in characterizing the properties of the 
liquid is the function f(p, p’) which determines 
the interaction energy of the quasiparticles, i.e., 
the variation of the energy ¢€(p) of the quasi- 
particles arising from a variation of their distri- 

_ bution function: 


32 (p) = Spa \F (p, p’) 87 (p') de’ 


(where d = d°p/( 2mr)>; here and below we take 
h=1). 

In reference 1 it was shown that the function 
f{(p, p’) is related in a definite way to the scatter- 
ing amplitude of the quasi-particles in the liquid 
for their mutual collisions. The formulation given 
in reference 1 for this connection is not, however, 
quite accurate, as will be shown in the present 
paper. 

We used below methods borrowed from quan- 
tum field theory; as is well known, these methods 
have recently been used with success by various 
authors in the study of the properties of quantum 
many-particle systems. 

The main part in these methods is played by 
the Green’s function G and the “vertex part” 

IT. Let us recall the definitions and basic prop- 
erties of these functions. 

The function G is defined as the average value 
in the ground state of the system of the chronologi- 
cal product of two ~% operators: 


Gig = — iT (Hie). 


(1) 


(2) 


*To avoid misunderstanding we emphasize that we are con- 
cerned not with simply a liquid composed of Fermi particles; 
it is also postulated that this liquid has an energy spectrum of 
the Fermi type, i.e., that it is not a superfluid. 
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The indices 1, 2 denote sets of values of the three 
coordinates and the time, and also of the spin in- 
dex. As usual, we shall use below instead of the 
space-time representation (2) the Fourier expan- 
sion of this function. The only components differ- 
ent from zero are those with identical values of 
the two momenta and the two energies (that is, of 
the wave vectors and frequencies): P,; = P,= P; 
we denote by P the “‘four-momentum”, i.e., the 
combination of the momentum p and the energy 
e. In respect to the spin indices (which we de- 
note by Greek letters) the Fourier components 
Gog(P) = [Gag (X1—X_)e PA —Xadat (x, — Xp) 
are proportional to 6g; we shall write 


Gap (P) = G(P) dap. (3) 


As is well known, the poles of the function G(P) 
give the energies of the quasiparticles (the elemen- 
tary excitations). In accordance with this, for p 
close to the boundary momentum py and e€ close 
to the boundary energy uw, G(P) has the form 


a 


OP) > ave =p) FB 


(4) 


(u is the chemical potential of the gas, and v is 
the speed of the quasiparticles at the Fermi bound- 
ary). This expression has a pole at 


2 = CPi — py); (5) 


and the small constant 6 is introduced in the usual 
way to specify the rule for going around the singu- 
larity in integrating; the sign of 6 agrees with the 
sign of € —p (or, what is the same thing near the 
pole, with the sign of p — py). The “renormaliza- 
tion” factor a is positive and, as has been shown 
by Migdal,® is smaller than unity: 


OL Me (6) 
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The vertex part I’ is defined by means of the 
four-particle average value 


Dyose = <T (dibotpsa)>. (7) 


The Fourier components of this function contain a 
part that is expressed in terms of functions G(P) 
only, and a remainder that gives the definition of 
the Fourier component of the vertex part by the 
following formula: 


Deel sites 3 ba) 
= (2r)° G (P1) G (Pe) [8 (Pi — Ps) 8 (Ps — Py) BaySpe 
— 6 (Py — Py) 8(P2 — Ps) da8 dey] (8) 
+ 1G (P;) G (P2) G (Ps) G (Pa) 
Vas, ye (Pi, P2oi-Ps, Ps) (22)*8 (Py + P.— Ps — rans 


Here the values of the arguments are connected by 
the relation 


P,+ P.=P3-+ Py. (9) 


On interchange of the indices 1 and 2 (or 3 and 4) 
the function (7) changes sign; thus it follows from 
the definition (8) that IT has the symmetry prop- 
erty: 


Dep, ys (Pi, P3; Ps, Ps) = — Vee, ys (Po. Pas P3, eae 
(10) 


In the formation of the vertex part intermediate 
states occur that correspond to different values of 
the total number of particles in the system: the 
unchanged number N and the numbers N + 2. 

The latter arise from such arrangements of the 

~ operators in the T-product as, for example, 

Wy bod3 VES the former correspond to arrangements 
such as, for example, W103 Yoh - In accordance 
with this the contributions to the function I. connected 
with these intermediate states have different char- 
acters in regard to their singularities. Namely, 
terms due to states that appear with the addition 
or removal of two particles have singularities 
with respect to the variables P; +P); terms 
corresponding to intermediate states with un- 
changed number of particles have singularities 
with respect to the variables P; — P3 or Py, — Py. 

The probability of scattering of quasi-particles 
with the transition 


Pya, P.B— Psy, Psd (11) 


is given in terms of the function I" by the formula 
AW ap 8 (Pi, P2; Ps, P4) 
= On| a?D sg vs Pr, Po: Pa, Pa)? 3 (en + &2—"s—2a) (12) 
X Mynp(1 — ng)(1—ny) dtdt dt, 
[where mj, no,.... are the values of the distribu- 
tion function for P,a, P.8, and soon, and a is 


the renormalization constant from Eq. (4)]. The 
sign of I’ is defined in such a way that it corre- 
sponds to a positive scattering amplitude for re- 
pulsion and a negative amplitude for attraction. 

Below we shall consider the function I for 
nearly equal values of the pairs of variables Pj, 
P; and Po, Py, i.e., we set P,=P,;+K, Py= 
P, —K with small K, and agree to write 


CP rs Pp P,+K, P,— K)=T (Py PoZK): 


In terms of the scattering process (11) this means 
that we are considering collisions of quasiparticles 
giving nearly “forward scattering.” 

In the lowest order of perturbation theory con- 
tributions to the function I'(P,,P,; K) are made 
by the diagrams shown in the figure (a, b, c). 


(13) 


A A+K B-H 
1 Q i A G+H 2 
rer <aEe 
Gi WAT: Shane agers aaa 
a b 

A wits vine msHte 

: A-Bskeq = NP, 

a Cc 


The internal parts of these diagrams corre- 
spond to the following propagation functions: 


(a) G(Q) G(P, + P; — Q), (b) G(Q) G(K + Q), 
(c) G(Q) G(P, — P2+ K + Q), 


where Q is the intermediate four-momentum 
over which one integrates. With arbitrary P, 

and P, there is-nothing to distinguish the value 
K=0 for the functions (a) and (c), and for small 
K we can put K=0. In the case (b), on the other 
hand, for K—0 the poles of the two factors come 
together, so that diagrams of this type require 
special consideration. 

To calculate I one must sum the entire series 
of perturbation theory. Since in doing this our pur- 
pose is to separate out the parts having a singular- 
ity at K=0, we must first single out the contri- 
bution from all the diagrams that do not have any 
parallel pairs of lines with nearly equal (differing 
by K) values of the four-momentum. We denote 
py I“) this part of the function I, which has no 
singularity at K=0; init we can simply put K=0, 
so that I(!) will be a function of the variables P; 
and Py, only: r(‘) = rG)(p,, P,). The entire series 
that has to be summed can be written symbolically 
in the form 


(hj Cl pe) + CT) + Chu) eal) 
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where the colons replace pairs of lines in the dia- 
gram with nearly equal values of the four-momen- 
tum, and I; denotes the set of all possible dia- 
gram elements that do not have such pairs. 

The problem of summing this series (so-called 
“ladder” summation) reduces to the solution of an 
integral equation, to obtain which we “multiply” the 
series (14) by Iy, i.e., replace it by the series 


eT yet SE els erate Wee hay © erie 
Comparison of this with Eq. (14) leads to the equa- 
tion 
Cre) Cry ere ly) 
which, when written out in explicit form, is the 
desired integral equation 
Tyee (Pay Kye Uae o (Pies) 
— sep \ Pvc (Pr, DG (QO (QHK) Pes, 5 (Q Pai K) AQ 


d 


(15) 


(in the first factor of the integrand we should, 
strictly speaking, have Q+K _ instead of the 
argument Q; but in view of the absence of singu- 
jarities in I'(!) we can here set K = 0). To in- 
vestigate this equation we examine the product 
G(Q)G(Q+K) that occurs in the integrand. On 
substituting here G(P) in the form (4) we get 


a®/{s—u—0(q—py) + i) (16) 


Kole tO wa 0.( Gf KPa) ct 82]. 


Here ¢€ and q are the energy and momentum cor- 
responding to the four-momentum Q, and €+ WwW 
and q+k are those corresponding to Q+K. 

For small k and w the expression (16), asa 
function of € and q, behaves like 6 functions 
of the arguments ¢€ —y and q — pp; that is, it 
has the form 


Ad (s—4)8(q — py), (17) 


where the coefficient A depends on the angle @ 
between the vectors k and q. Comparing 

Eqs. (16) and (17), we see that this coefficient is 
given by the integral 


raat a’dedq 
Vinee epee ies ld Saal 


(18) 


Let us first carry out the integration with re- 
spect to de. The result of the integration depends 
essentially on the value of q. If the two differ- 
ences q—py and |q+k|— py have the same 
sign, then we must also assign like signs to the 
quantities 6, and 6). The poles of the integrand 
then lie in one half-plane of the complex variable 
€, and by closing the path of integration through 


Po) +682] ° 
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the other half-plane we can see that the integral 
vanishes. Thus the integral is nonvanishing only 
for opposite signs of the differences q — Po and 
|q+k| — po. Let us first suppose that qk > 0, 
i.e., cos 9 >0. Then the integral is nonvanishing 
for 4<po,|q+k| > po, which, because of the 
smallness of k, is equivalent to the condition 


Py —Reos6§<qg< po. 


In addition we must have for the quantities 6 that 
6, < 0, 6. > 0, so that the poles of the integrand 
lie in different half-planes. Closing the path of 
integration through one half-plane and calculating 
the integral from the residue at the corresponding 
pole, we find 


(19) 


= 2ria*dq 
43 | aqq eee 


Since by Eq. (19) q is nearly equal to py and 
varies over a range k cos 6, we can put |q+k| 
—q=kcos 9, so that 


2ria?k cos 0 
@— vk cos 0 © 


JA\ ==} 
Let us note the peculiar character of this ex- 
pression: its limit for k—0, w—0 depends on 
the limit approached by the ratio w/k. 
It is easy to show in the same way that for 
cos @ <0 (in which case the integration must be 
taken over the region q > py, |q+k| <p) one 
gets the same expression for A(@). Thus we 
have 
ria? Ik « js 
G(Q)G(Q4 K) = 33 (e—2)8 (9 — Po) + 8 (Q), 
(20) 


where 7k has been written instead of k cos 6 

(Zl is the unit vector in the direction of q), and 

g(Q) does not contain any 6-function part (for 

small K), so that in it we can put K=0. 
Substituting Eq. (20) into Eq. (15), we get the 

fundamental integral equation in the form 


Woe Pay Wee pen eee) 
{ 


aor VTS xe (Pr Q g (Q)Tee,08(Q, Pai K)d4Q (21) 


2,2 
aps eo , : 
sat om (Dee (P1,Q) Vee, «8 (Q, Pe, K) kyo. 


In the last term we have put d‘Q = ¢@ dq do de, 
where do is an element of solid angle in the 
direction of 1, and have carried out the inte- 
gration of the 6 functions in the integrand with 
respect to dqde. In the arguments of the functions 
T() and T in this term Q is taken on the Fermi 
surface, i.e., it consists of the momentum Q = Pol . 
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and the constant energy uw. 

Because of the special character of the kernel 
of the integral equation as noted above, its solution 
also has just the same character: the limit of the 
function [(P,;, P,; K) for K—0 depends on the 
way in which k and w go to zero, i.e., on the 
limit of the ratio w/k. 

Let us denote by T“(P;, P.) the limit 


Dap, yo (Pi, Ps) = lim Tse, ms, Px K) for £/o—0 
(22) 
[we shall see below that it is just this quantity 
with which the function f(p, p’) of Eq. (1) is 
related]. With this way of approaching the limit 
the kernel of the last term in Eq. (21) goes to 
zero, so that I~ satisfies the equation 


Ts, v8 (P,, 12 
— ae | THR ve (Pr, @) g(Q)T Ep, a(Q, Pa) dQ. 


2) =I ys @2s Py») (23) 


We can eliminate I‘) from (21) and (23). The 
result of the elimination is 


Pap,y3(Pi, Pos K) =Wap, ya (Pr, Po) (24) 


o Ik 
=p Gn thi es xc (Pi, Q) Vee, 23 (Q, Ps, K) a E=aOlIS do. 
In fact, if we formally write Eq. (23) in the form 
Ps) = LY Zp, 18 (Pas Ps); (25) 


then Eq. (21) is written 


(1 
Di as(Pis 


PT ora(Py Ps =e as Pv Pe) 


a’ ps r° 
ae \ Plt ae (Pas Q) Tea, 09(Q, Pas K) ag Ao 


and epystiiating Eq. (25) and then applying the 
operator L7 to both sides, we get Eq. (24). 

Let us now introduce the function IK defined 
by 


Tie, vs (Pi, Ps) = lim Te, e(Paesnn) Lor, oy) R= 0: 
(26) 


This function (multiplied by the renormalization 
constant a”) is the “forward” scattering ampli- 
tude (i.e., that for the transition P,, P, — Py, P2), 
corresponding to actual physical processes occur- 
ring with quasi-particles on the Fermi surface: 
collisions leaving the quasiparticles on this sur- 
face involve changes of momentum without change 
of energy, so that the passage to the limit of zero 
momentum transfer k must be made for energy 
transfer w strictly equal to zero. On the other 
hand the function I introduced above corre- 
sponds to the nonphysical limiting case of “scatter- 
ing” with small energy transfer and momentum 
transfer strictly equal to zero. 


Setting w=0 in-Eq. (24) going to the limit 
K— 0, and multiplying both sides of the equation 


by ane we get 


aR 
aT oe, (Pi, 


Po is 
se VAT, ve (Pr Q)-a°T br, 2(Q, P2) do. 


Poy ON sae ea f 5) (27) 


Thus there exists a general relation connecting 
the two limiting forms of the forward scattering 
amplitude. 

Let us now turn to the study of the poles of 
I'(P,,P,; K) as function of K. As was already 
pointed out at the beginning of this paper, the poles 
with respect to the variable K =P3-— P, are due 
to contributions to I’ associated with intermedi- 
ate states in which the number of particles in the 
system is not changed. Therefore these poles cor- 
respond to elementary excitations of the liquid 
without change of the number of quasiparticles in 
it. It is obvious that these are the excitations 
which can be described as sonic excitations in 
the gas of quasiparticles (phonons of the “zeroth 
sound” ), 

Near a pole of the function I'(P,;,P,.; K) the 
left side and the integral on the right side of the 
equation (24) are arbitrarily large; the term 
T’(P,,P,), on the other hand, remains finite 
and therefore can be dropped. We note further 
that the variables P, and also the indices 6 and 
6 are not affected by the operations applied to the 
function I in Eq. (24), i.e., they here play the 
role of parameters. Finally, we shall consider I 
close to the Fermi surface, i.e., we shall consider 
the energy of the quasiparticle, which is one of the 
variables P,, to be equal to uw, and the momen- 
tum to be equal to py, so that we write it in the 
form pon, where n is a variable unit vector. 
Keeping all this in mind, we conclude that the de- 
termination of the sonic excitations in the liquid 
reduces to the problem of the eigenvalues of the 
integral equation 


9, 2 


ap Ik 
ror (0) = Ge \ re, (Ol) tee Waar 40, (28) 


where Xqy(M) is an auxiliary function. 
We transform this equation, introducing instead 
of x anew function, by the substitution 


k 
te lo). (29) 


Then Eq. (28) takes the form 


pia 


(@ — unk) vey (n) = (kn) aay Onp ot Te.yz (11) vee (1) do. (30) 


This equation agrees precisely in form with 
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equation (11) found in reference 2 for the distri- 
bution function v in the zeroth sound, and more- 
over a comparison of the two equations (using 
the definition of F by Eq. (6) of reference 2) 
leads to the following correspondence between 
the function f(p, p’)* and the function I: 


Fapvs (nl) = a°T'c¢,va(n,1) 


This is the desired relation between f and the 
properties of the scattering of the quasiparticles. 
For clarity we point out that the four spin indices 
on this function correspond to the fact that f(p,p’), 
or more explicitly f(p,oa; p’, 0”), depends on the 
spin operators (two-row matrices) 0 and o& of 
the two particles; thus to the two particles (mo- 
menta pon and pol) there correspond the pairs 
of indices a,y and £, 6 (in the function 
Tag, yd(Pi,P2; P3,P4) these pairs correspond 
to the pairs of nearly equal four-momenta P;, P3 
and Pp», P,). 

Having thus found the connection of the function 
f with the properties of the scattering of the quasi- 
particles, let us return to the formula (27) and ob- 
tain with its aid explicit relations between the 
function f and the “physical” amplitude for zero- 
angle scattering on the Fermi surface, which we 
write in the form 


(31) 


A (y,1; Mz,9) = a?T* (nyo, M2,02). (32) 


On the Fermi surface the relation (27) takes 
the form 


A (ny, 91; Me, 82) =f (My, oy; Me, d2) (33) 


ape Spe \ f (my, %; 0’, 0’) A(n’, 0’; ng, 62) do’ 
(where dr/de = 4mp}/v(27)*). The scalar func- 
tions A and f depend on all scalar combinations 
of the four vectors ny, Ny, 1, 0. If, however, 

the interaction between the particles is an exchange 
interaction, then the only admissible scalar prod- 
ucts are nyn, and 0,0,. Then we can expand A 
and f as functions of cos @ in terms of Legendre 
polynomials: 


A (cos 8) = > A,P, (cos 9), f (cos 6) = DFP: (cos 6). 
l 
(34) 


*In references 1 and 2 we did not write the spin indices ex- 
plicitly. 


Substituting this into Eq. (33) and performing the 
integration with respect to do’, we get 


At (61, 2) = fr (2182) — apa ge SPo" Fr (210") Ar (022). 


(35) 


In the case of an exchange interaction the spin 
dependence of the function reduces to a term pro- 
portional to o,0, (cf. reference 1*), so that 


fi = 91 + 91915, (36) 


where 9], ¥j do not depend on the spins. Corre- 
sponding to this we also set 


A, = By, + Cjo45. (37) 
Substituting Eqs. (36) and (37) into Eq. (35), we 
get without difficulty 


dat 


iy 
Bi = 91 — WHET de Bits (38) 


1 at 
CTT. 2(2E-++-1) de 


Cry. 


These formulas give a simple algebraic connection 
between the coefficients of the expansions of f and 
A in spherical harmonics. We note that only terms 
of the same J are related to each other, and that 
B is related only to the y’s and C only to the 
ys. : 

In conclusion, I would like to thank A. B. Migdal, 
who called my attention to the dependence of the 
forward scattering amplitude on the ratio w/k, 
and also E. M. Lifshitz and L. P. Gor’kov for a 
discussion of this work. 
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*We take occasion to correct a mistake which got into refer- 
ence 1: Equation (27) should be 


4 /x = B? {4n2h2/3a +L ty }. 
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The electron-nuclear shower transition curve in a dense absorber is computed by assuming 
the existence of an energetically-preferred particle in each step of the nuclear-cascade proc- 


ess. 
comparing this curve with absorption in air. 


1. INTRODUCTION 


noun TLY obtained experimental data indicate 
that in high-energy nuclear collisions that lead to 
multiple meson production a considerable portion 
of the energy of the incident particle is apparently 
concentrated in one of the emerging particles. 
This follows both from the individual observations 
(mostly the Schein stars! and the HBD star?) and 
from the behavior of the nuclear-active component 
of cosmic rays in the atmosphere® and the struc- 
ture of extensive atmospheric showers.°”® 

It is clear that the existence of such a preferred 
particle is responsible for the most important fea- 
tures of the nuclear-cascade process and affects 
substantially the comparison of experimental data 
with various theories concerning the elementary 
act. 

An important problem, which can still be con- 
sidered unsolved, is connected with the very nature 
of this particle. Thus, for example, it follows from 
the Heisenberg theory’ that, at least at large im- 
pact parameters, the nucleon transfers only an in- 
significant portion of its energy to the meson field. 
Consequently, within the framework of this theory, 
the energetically preferred particle (abbreviated 
e.p.p.) must of necessity be a nucleon. 

On the contrary, the Landau theory® leads only 
to a concentration of a large fraction of the system 
energy in a certain region that contains a small 
number of particles (on the order of unity). But 
in principle nothing contradicts the possibility of 
the being a meson in some cases and a nucleon in 
others. Calculations made by Belen’kii? lead only 
to the conclusion that the energy is concentrated 
somewhat more on the nucleons than on the pions. 

On the other hand, in a previous work by one 
of us!° it was shown that if the existence of a cer- 
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The fraction of disintegrating particles in the generating component is estimated by 


tain nuclear structure is admitted in the sense of 

the Bhabha theory,'! a sharp difference in the dis- 
tribution of the mass density in the nucleon and in 
the pion can cause the appearance of an e.p.p. 

If such a collision model is analyzed on the 
basis of the Fermi theory,'” one obtains a finite 
probability that the e.p.p. is a pion. If, the Heis- 
enberg theory is applied to this model, this prob- 
ability turns out to be even greater. 

From the experimental point of view the situa- 
tion is still unclear, for at large energies there is 
no direct and reliable method for distinguishing 
mesons from nucleons and hyperons. The presently-_ 
available information on the nature of the e.p.p. has 
been obtained indirectly and is in part contradictory. 

Thus, starting with a comparison of the energy 
flux of the primary protons with the energy flux of 
the hard component in the atmosphere!® and under- 
ground," the authors of the works cited have con- 
cluded that the probability of concentration of a 
large fraction of the energy on the pion (or on 
some other particle, which disintegrates directly 
or indirectly into a pion or muon) is quite small 
(at any rate, less than follows, for example, 
from the Fermi-Landau theory). We shall deal 
with this problem later. 

On the other hand, a study of the nuclear-active 
particles of moderate energies (i.e., particles that 
generate local electron-nuclear showers, usually 
recorded in experiments with counters) has dis- 
closed!)-!9 g clearly pronounced compensation ef- 
fect. If the transition effect of the density?’~*! is 
excluded, this indicates directly the spontaneous 
disintegration of a certain fraction of the generated 
particles into nuclearly-passive ones. Conse- 
quently, these particles cannot be hyperons, for 
all known hyperons decay into nuclearly-active 
particles (p, 7, Ae By comparing the ranges 
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for absorption of the generated particles in air 
and in dense substances, the authors of references 
15 to 17 estimated the fraction of such decaying 
particles at approximately Wee 

In the interpretation of experiments of this 
type, however, it is necessary to bear in mind 
that there is a principal difference between ab- 
sorption measurements in air and in dense sub- 
stances. In air we measure the absorption proper 
of individual nuclear-active particles, whereas in 
a dense substance all the penetrating secondary 
particles, including the nuclearly-passive ones, 
make a certain contribution to the operation of the 
detector. Thus, the “absorption” of the observed 
effect will depend also on the multiplicity of the 
secondary particles, on their effective cross 
sections, etc. 

It is indeed the purpose of this article to ex- 
plain the influence of these factors on the course 
of the transition curve of electron-nuclear show- 
ers in dense substances. The results obtained 
are compared with the absorption in air and can 
contribute to the solution of the problem concern- 
ing the existence of unstable particle along the 


e.p.p. 


2. TRANSITION CURVE 


Let us consider a detector sensitive to a pene- 
trating component of electron-nuclear showers, 
placed under a dense absorber of thickness /.* 

We assume for the sake of simplicity that the 
detector responds with equal efficiency to any 
shower capable of producing at least Q) pene- 
trating particles at the counter level.f 

We shall schematize the elementary interaction 
act and the cascade process in the absorber in the 
following manner: 

(a) When a nuclear-active particle of energy E 
interacts with the nucleus of the absorber, a rela- 
tively small portion of the energy is transferred 
to the meson field. This portion goes into produc- 
tion of pions, whose number depends on the energy 
in accordance with the following power lawt 


n= AES, (1) 
(b) The major fraction B of the energy E is 
carried away by a single particle, capable of ex- 


periencing further interaction in the same absorber. 


We shall consider 8 constant in the first approxi- 
mation, 


*The unit of thickness is taken to be the interaction length. 


tThe generalization to the case of another form of detector- 
operation probability presents no difficulties in principle. 

tA system of units is used in which Hh=c =M=1,M 
being the mass of the nucleon. 


without losing sight of the fact that actually 6 can 
have a certain spread, which we intend to take into 
account in a further refinement of the model. Owing 
to the small dimensions of the dense absorber, the 
nature of the e.p.p. is of no importance. It is 
merely important that its effective cross section 

be constant and equal to the geometric cross sec- 
tion. 

(c) The energy (1-— @)E transferred to the 
mesons is sufficiently small and the multiplicity 
of the mesons is sufficiently large, so that none 
of them is capable of generating new penetrating 
particles. In this sense they are nuclearly passive, 
although their absorption and geometric cross sec- 
tions are the same. It must borne in mind, how- 
ever, that it is these particles that cause detector 
operation. Let Q be the number of such particles, 
reaching the counter level. Assume that an “event” 
is registered if and only if Q = Qj. 

(d) Further generation of particles under the 
influence of the e.p.p. ceases as soon as the energy 
of the latter drops below a certain threshold value 
Ee. 

(e) Ionization losses of the charged particles 
can be neglected. 

(f) The problem is solved in the unidimensional 
approximation, ~ 

Consider now an incident particle of energy E, 
which experiences i collisions in the absorber. 
The number of events of this kind is given, 


dv (1, E, i) = F(E)dE-e U/l, (2) 


where F(E)dE is the energy spectrum of the in- 
cident nuclear-active particle; for E> Eg we as- 
sume that this spectrum obeys the power law form 


F(E)dE ~ E~SdE/E. (3) 


The total number of coincidences v(l) registered 
per unit time at a depth IJ is obtained from (2) by 
summation and integration over all values of i 
and E, compatible with conditions (c) and (d). 
The corresponding limits of summation and inte- 
gration can be derived in the following manner. 
Let Ej be the energy of the e.p.p. after the 
i-th collision. Condition (d) makes it possible to 
determine a certain critical number of collisions 
ic, beyond which generation of nuclear showers 
ceases (i.e., the e.p.p. is absorbed). This critical 
number is obtained from . 


BCR = E,, (4) 


On the other hand, it follows from (a), (b), and (c) 
that Q=Q(E, J, i). This equation admits in 
principle of a solution i=i(Q, J, E). Fora 
given energy E it is possible to determine the 
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minimum number of collisions ig necessary to 
produce, at a depth 1, those Q) particles needed 
to trigger the equipment: 


ig = t (Qo, if E). (5) 


It follows hence that the incident nuclear-active 
particle is registered by the instrument only if 


£9 (Qo, 1, E) <ic (8, E). (6) 


Owing to the discrete character of the quantities 
ip and ig, the value of i’ satisfying the equation 


do (Qo, /, E) = +0 (8, E), (7) 


corresponds to a certain finite interval of values 
of 

Let E’ be the minimum value of E in that in- 
terval [i.e., the minimum value of E commensu- 
rate with the solution of Eq. (7)]. It follows then 
from (2), (5), and (6) that 

v(L) = \ F (E) dE dye]. (8) 
ioe to 
This indeed is the sought equation for the transi- 
tion curve. 

For a specific calculation of this curve we need 
merely write down the explicit dependence of Q) 
on E and i. We shall use for this purpose the 
Rozental’ cascade equations,”* simplified for the 
conditions of our special model. 

Let Pj(Z) be the number of nuclear active 
particles of the i-th generation at a depth J and 
let Mj(Z) be the number of “passive” mesons 
[in the sense of condition (c)] of the same genera- 
tion. The cascade equations assume under these 
conditions the following simple form 


dP; (l)/dl = —P;(l) + Pin()), Pol) = &% 
dM; () / dl = — M; (1) + AEZy Pi (/). 


This system can be readily integrated and 
yields 


(9) 


P, (1) = e-Hé/i!, 


M; (1) = A(E/B)¢e"(B8)/i!, ei aalh”) 


From this it is easy to obtain the summation over 
it 
E \é : 
0G, E,) =A(z) et S (geyirl. (11) 
r=1 


For further calculation, it is convenient to in- 
troduce a new variable 2, 


ree Es) 5. (12) 

From (11) and (5) we also obtain 
~ A (Eat 1S} 1ge)r /r! 13 
Jee ly OG MO (13) 


Using the spectrum (3), it is easy to transform 
(8) into 


271) i 2’(1) d fo—1 ji =; 
a 6) oe p. Be g 
v(t) = \ 62 : | 62 ya 
0 0 ==) 


(14) 


where @=8s/g, and z’ is obtained from (4) by 
replacing E with E’. 

Taking into account the discrete (jump-like ) 
change of iy, the second integral in (14) can be 
expanded into a sum of integrals; after elementary 
calculations we obtain 


k= k—-1 
7 = l 
vi) = 2% — et Dy gt) et) 
k=1 t=] 
where 
B= 0, Bp aw 


Using (15), we have calculated the curves v(l) 
for certain pairs of sensible values of B and g. 
It turned out that v(l) has a sharply pronounced 
maximum near /=1 or 2. The position of this 
maximum and the course of the v(l) curve be- 
fore the maximum depend little on 6, but depend 
strongly on g. Beyond the maximum, the transi- 
tion curve can be approximated by an exponential 
curve, the exponent is practically independent of 
g, and depends only on f. This can be seen also 
from the asymptotic behavior of (15), which for 


Z1>>1 reduces practically to 
v(1) = [2’ (DI. (16) 


On the other hand, for 1>>1 we have z’ ~ gi & 
and since under these conditions i’ ~ 1, then 


v (1) = exp {— Is In (1/8)} 


and is independent of g. 


(17) 


3. COMPARISON WITH ABSORPTION IN THE 
ATMOSPHERE 


Bearing in mind the positive results of the com- 
pensation experiments,'*~!® we shall assume that 
there exists a finite probability q that the e.p.p. 
is a charged pion (or any other meson that yields 
only nuclearly-passive particles upon disintegra- 
tion). The cascade equations can be written in this 
case separately for the nucleons and for the nuclear- 
active mesons 


dN} (t) /dl = —-N; (1) +1 INL, O+ M_, 1, 


No(l) = e&, (18) 
dM; (l) /dl = — Mj (1) (1 + R/1B!) +g IN_, © + M;_, 1, 
M, (/) sa 0, 


where k= 460/E for pions. 
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This system is readily integrated and, for en- 
ergies that are not too high (i.e., in the approxi- 
mation k > 1), yields the total number of particles 
of the i-th generation* 


P;(l) = (11g) e-Hil. * 


The total number of generating particles P (/) 
is given by an expression similar to (8): 


(19) 


© i=ig (E) 
P(l) =| F(E)dE 3 (l(1—a)¥e-"/il, 
E- é=0 
where ig(E) is determined from (4). 
Equation (20), like Eq. (8), can be integrated by 
intervals. We get 


(20) 


Pies, =i b—9) 6: (21) 


As was to be expected, this result agrees with the 
known relation of Zatsepin,”? with accuracy toa 
factor (1—q). The same result can be derived 
also from simpler considerations, assuming only 
that all pions have a chance to disintegrate prior 
to interaction with the nucleus. From the con- 
siderations given above (see remark*) it follows 
that not more than 10% of the mesons still have a 
chance to interact with the nuclei in the considered 
range. 

We can now proceed to compare the two ob- 
tained results with the experimental data. From 
the large number of experiments it is known (see, 
for example, reference 24) that A ~ 0.5 in air. 
On the other hand, reference 18 reports the same 
value Aa ~ 3.5 for the absorption ranges in lead, 
iron, and carbon. Reference 16 reports Ag ~ 2.6 
for water. Using the value s=1.5 (reference 25), 
we obtain, with the aid of (17), B ~ 0.7 to 0.8. In- 
serting this value into (21), we get q ~ 0.25 to 0.30. 


4. CONCLUSIONS 


If the schematized model of interaction at mod- 
erate energies employed in this work is not too 
different from actuality, then the bulk of experi- 


*The solution of the system of equations (18) actually has 
the form 
Bast ; 
P,(l) =e" FO) ]] O)/G+, 
j=1 
where 


© (j) =1—q + gj3!/ (j@/ +). 


®(j) has a maximum at j In B = —1; for 8 = 0.8 this corre- 
sponds to values of j= 4 and j Bix 1.6. Introducing for E 
its value averaged over the spectrum (assuming E, =~ 10, i.e., 
E = 30), we find that the value of q, approximately calculated 
from (19), is ~ 10% below the actual value. 


mental data indicates apparently that, although 
most e.p.p. are nucleons, there is nevertheless a 
noticeable probability of the e.p.p. being an un- 
stable particle other than a hyperon. Such par- 
ticles can be 1*, Ky; and Kg mesons, but not 

6 or T mesons. In connection with this, it is 
interesting to note recent observation”® of an 
electron-nuclear shower in which both the inci- 
dent and emerging e.p.p. were pions. 

In the present state of the problem, it is quite 
desirable both to refine the theoretical model and 
to obtain experimental data that refine the details 
of the phenomenon. It is important, for example, 
to establish whether the cited compensation ex- 
periments contain effects that are similar to the 
transition effect of density, and to establish the 
role of these effects, which can increase the ap- 
parent value of £, and consequently also of q. 

On the other hand it must be emphasized, that, 
within the framework of our model, comparison 

of the flux of high-energy ~ mesons with the flux 
of primary protons does not give a negligible value 
of q. Using the relation, introduced by Zatsepin 
et al.,'4 for the flux of 4 mesons with E > tOF 
arising from the first collision of the primary pro- 
tons, but using merely the spectrum of the primary 
protons multiplied by q for the creation spectrum 
of the pions, we obtain q ~ 0.14. 

Although the independence of q of the energy 
does not follow of necessity from the different 
theories of the elementary act, let us note merely 
that the discrepancy between the two values (0.14 
and 0.25) obtained for q can be ascribed, at least 
partially, to the copious production, at high ener- 
gies, of mesons that do not disintegrate directly 
or indirectly into muons or pions. 

We express our gratitude to Academician D. V. 
Skobel’tsyn and the staff of the Cosmic-Rays Labo- 
ratory of the Physics Institute, Academy of Sciences, 
U.S.S.R. for critical evaluation of this work and for 
valuable comments. 
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Expressions are derived for the spectra and polarization of 4 mesons created in Ky3 decays 
for fixed pion energies and arbitrary complex interaction functions. It is shown that, accurate 
to within an unimportant phase shift, it is possible to determine ail interaction functions from 
measurements of the spectra and three polarizations, with the exception of the second vector 
function. | The latter cannot be separated in the above experiments from the first-vector and 
scalar interaction functions. The presence of tensor interaction can be ascertained from 
measurements of the spectrum and polarizations of » mesons at an energy close to maximum. 


Expressions for the spectrum of p mesons, 
as well as for their polarization, were obtained by 


various authors./~!! However, no calculations were 
made for the case of arbitrary complex constants ,* 


nor were they analyzed from the point of view of 
the possibility of determining all the constants ex- 


*In fact, the interaction constants may depend on the pion 
energy, and shall henceforth be referred to as “functions.” 


perimentally. If the interaction is assumed to be 
local, the most general expression for the transi- 
tion matrix element is of the form 


<bu \(gs + iss) + (gy + ¥s8y)¥at7/2M 7 (gy + is) 
 (YaPa— Pre) |v > MEP (1) 


Here M is the mass of the K meson, and pz 
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and Ez are the 4-momentum and energy of the 
pion respectively. 

Only one vector variant is taken into account 
in the matrix element, because the second vector 
variant can be reduced to the first vector and 
scalar variants, as was noted by Pais and Trei- 
man.!! It must be indicated that this reduction is 
possible only if the electromagnetic interaction is 
neglected. The expression for the spectrum is 
written in the following manner: 


5W, (En, Eu) = (32n°M3) dE gE, {Ay + ArEy + AcE?}. 
(2) 


Here Aj, like Bj, Cj, and Dj below, are func- 
tions of the pion energy and of the interaction func- 
tion. The expressions for Aj, Bj, Cj and Dj are 
given in the Appendix. 

For the degree of longitudinal polarization, mul- 
tiplied by the probability of decay with given meson 
energies (or, in other words, for the differences 
of the spectra of -mesons polarized with and 
against the momentum at fixed pion energy), we 
obtain the following expression 


OW. (Ex, Ey) (3) 


= (32n°M?)1dE,dE, {Bo + BE, + BoE% + BsE%}. 


In the case of transverse polarization in the 
plane of the decay (along the direction of Jp, 
which makes a sharp angle with the pion momen- 
tum and a right angle with the muon momentum ) 
the analogous expression is 


OWs (Ex, Eu) 
= —| pr|| sin 6 | (32n°M2)dE dE, {Cy + CyEy + CsE2}. 


Here @ is the angle between the pion and muon 
momenta. 

For the difference in the spectra of muons po- 
larized in the direction J3 = (pz Xx Pu )/ (Px X Py We 
perpendicular to the plane of decay (which is for- 
bidden by the law of conservation of combined par- 
ity ), we obtain, for a fixed pion energy, the follow- 
ing expression 


5W4(Ex,Eu) = PuPn|sin ®| {Dy + D,Ey} dEndE, (3203 M2) 
(4) 


The expressions for dW, and 6W3 contain six 
combinations of interaction functions. These ex- 
pressions are polynomials of third and second de- 
gree respectively. It is possible therefore to set 
up seven equations from the experimental data. 
An investigation of the determinant of the system 
has shown that at least six of the seven equations 
are linearly independent. 

From the spectral data it is possible to obtain 
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three more equations and the polarization perpen-~ 
dicular to the plane of the decay yield two more. 

A total of eleven equations can thus be obtained. 
Hence, with accuracy to a non-essential phase 
shift, it is possible to obtain all the interaction 
functions. Naturally, the second vector variant 
cannot differ in this case from S or Vy. How- 
ever, with this reservation, a complete experiment 
is possible. 

It is of interest, however, to obtain certain in- 
formation on the interaction functions from data 
on only part of the experiments. Such information 
can be obtained from data on the spectra of the 
longitudinally -polarized muons at fixed energy 
E,. If we regroup the terms in expression (3), 
the result is 
SW. (Ex, Eu) = dEndE, (3203 M8)+ {67®r + by®Oy + byr®vr 

+ bsr Ost + bsDs+- bsv Psy}. (5) 
Here 
br = — 2Re (e787); by = — 2Re (gy gy) 
bs == 2RE(C 85); byr = — 2Re(g,e7 — fy): 
bsr = —2Re(g,87 + 8587); Osv = — 2Re (Ssey — &s By)- 
The values of the functions $j are given in the 
Appendix. 

The diagram shows the region of variation of 
the pion and muon energies, allowed by the laws 
of momentum and energy conservation. This re- 
gion is plotted for K® decays, i.e., the following 
mass values are assumed: My? = 495 Mev, 
m+ = 139.6 Mev, m,, = 105.7 Mev, c? = 1, 

The diagram shows, inside the allowed zone, 
the curves on which the functions ; vanish. The 
closer a point is to the curve, the less the proba- 
bility contribution due the term corresponding to 
the curve. These curves intersect at several 
points. If a probability other than zero is ob- 
served at such points, it means that there is at 
least one non-vanishing variant, whose line does 
not pass through the given point. Of particular in- 
£, 10° Mev 
24 


Zero lines of pure 
and interference terms. 


ER 17 19 ai 23 ai 
10° Mev 
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terest is point A, corresponding to maximum muon a tensor variant. 


energy. It is not necessary to know the pion en- The remaining points require simultaneous 
ergy to carry out measurements at this point, and measurement of the pion energy. 
the experiment can thus be facilitated somewhat. We call attention to the fact that 6W;/| sin @| 
If it is found that the probability density for the is a second-order polynomial in Ey if, and only 
emission of longitudinally polarized mesons dif- if, the interference term VT differs from zero, 
fers from zero near the point, this means that at i.e., if the tensor and vector variants exist simul- 
least one of the S or T variants is present, taneously. If there is no such term, then 6W;/ 
provided the measurement is carried out in a re- | sin @| depends linearly on the muon energy or 
gion on the order of 3 to 5 Mev from the limiting becomes constant. 
energy. The line of the zeros of the first vector The expressions for the spectrum and for the 
variant will approach quite gently the boundary of longitudinal polarization of the pions were inte- 
the region in the boundary energy. If the above grated by various authors (the spectra by Furuchin 
energy density is seen to be unequal to zero ina et al.” and Matinina,’*? and the spectra and polari- 
region on the order of 0.5 Mev, this means the zations by Okun’!) under the assumption that the 
existence of the tensor variant, for in this case interaction functions are independent of the pion 
the interference term ST would differ from zero. energy. From the expressions obtained by Okun’ 
Naturally, if the m-meson energy is fixed, no it is easily seen that if the interaction constants 
such accuracy is necessary. are considered independent of the pion energy, it 
It must be emphasized here again that inournota- is possible to determine experimentally, from 
tion the second vector variant <p uP a6 Su 7 ivs8V, )~,> measurements of the spectrum and of the longi- 
is reduced to the first vector and scalar variants. tudinal polarization, all twelve combinations of 
Therefore the presence of a scalar variant can be the interaction constant. 
interpreted also as the presence of the second I thank L. B. Okun’ for suggesting the problem 
vector variant. In connection with this, it is par- and for evaluation, and K. A. Ter Martirosian for 
ticularly important to establish the presence of discussions. 
APPENDIX 


We give below the values of the functions Aj, Bi, Ci, and Dj: 
Ay = ar|(MEn — >) (2ME,— A — E2 + m2) — m2 ma, + mi E2 | M+ ayr(S-— ME — m2 + E2) mM 
+ ay (me + ME,—4) + asvm,(M—Ex) + asr(ME, —-y) (Ex—M) M+ as(3 — MEn— me). 
A, = ar2 (2ME, — A) (M — E,) M+ ayr (Ex — M) + av2(M — Ex) + asr (2ExM — m2 — M) M+ + asy (— my); 
As = a72M™ (m2 — 2ME,, + 2M?) — 2ay. 
Here 
A= M? + m+ m.; ar = ler? +g, av=levP+ le, [?s @s=|gs? +] gg)?) avr = 2Re (gv87 — 8y87 
asr =2Re (ergy + £783); asv = 2Re (gsgy — Esey)- 


A ne pepe 
By = bom (M— Ex) + bsv (S— MEx— me) my + bsr [me(5— m2.) + (Ex — M) Enmt,| M+ bum, (M — Es) 
+ byr Mim, (MEn — >) (M-— Ex) + br (M — Ex) (EX — m2) m2 M; 
= ; 4 bsp MX me, + 2 — ME,\(Ex—M) + by (3 — ME, — 2m ) 
B, = bs (ME, — 5) + bsv m (E,— M) r OST mM, i t ( Tt Z JS) tT 


Seth, Vit E m, + E2m, + Mm, (M— 3E.)| +brM 2 | ame — 2EA TW (> — ME, :)(¢ (2M Ex =k — EAE or ; 


Bo = bsy ty -- bsp (m2. — 2MEn + M?) M7 + by2(Ex — M)+ bvr im, (Ex — M) M > 674M™ (> pe eee Ex) 
By = 2by + br (4EnM — 2m? — 2M) M*; Cy = — dginy + Osr tty (Ex — M) M+ by, — bvr mi, M® 


Mm, pee j Daan 
+ bymy [2( | ME. — >) Seats m2 | M*, Cy=bsy + Osr 4 + ovr (Ex —M) M Barger acl 23) 


Cs = byr Jing IDs = M* (ase sie ay ost eg ry ; D; pra i 2dyrM™ 
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Here 
dsy = —2Im(gsgt,— g.gv); dsr = 2Im (grey + Beg); dvr = —2Im (gvg; — By87). 
@5 = E,(ME,— >) +m (M— Ex); Osy = E2my + Ey (Ex— M) my + my (+ —ME.—m2); 


° 
Bails 


Osr = Ee ae 9E.+-M) = “es me ry EY (Es — MM) eS 


En)} + Mt {me (+ — mt )+ (Ex— M) Enmt } 


by = 2E% + E2(—2M + 2E,) +E, {(5-— ME, ) —2mt} + me (M— E-); 


Oyr= EE Mm, (E;— 


Dr = ME" {(4EM 
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Excitation of hydromagnetic and magnetoacoustic waves by external currents is investigated. 


Damping of the waves as a result of conductivity and viscosity is taken into account. 


The in- 


tensity of excitation by currents is compared with the intensity of excitation by mechanical 


means. 


ik As is well known, propagation of hydromagnetic 
and magnetoacoustic waves is possible in a conduct- 
ing liquid located in an external magnetic field.! In 
the experiments of Lundquist,” hydromagnetic waves 
were excited in liquid mercury by mechanical 
means, with the use of a rotating disk equipped 

with blades. Excitation of hydromagnetic waves 


is also possible by means of external variable cur- 
rents. It is therefore of interest to determine the 
intensity of the excitation of hydromagnetic waves 
by this method and to compare this intensity with 
that of the excitation of hydromagnetic waves by 
mechanical means. The present paper is devoted 
to a consideration of this problem. 
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2. Let us consider an ideal compressible con- 
ducting liquid located in an external magnetic field 
Hy. The motion of the liquid in the present of ex- 
ternal currents jy will be determined by the equa- 
tions of hydrodynamics: 


Ov ea rs 
oor + e(vV)v=—Vp+ “tj xm, (1) 


Co) ; 
ay + div (pv) = 0 


and Maxwell’s equations 


u OH 


curl E = — + 4 
C: 


where v and p are the velocity and density of 
the liquid, p is the pressure, E and H are the 
electric and magnetic fields arising in the liquid, 
j is the current density defined by the relation 


j=o(E + (vx i), 


and o and wp are the conductivity and magnetic 
susceptibility of the liquid. 

In the case of a liquid of infinite conductivity, 
which we shall consider first, it follows from the 
last equation that 


=—+[vxHl. (3) 


If the current jo is sufficiently small, then 
we can linearize the set of equations (1). In such 
a case, we obtain the following equation for the 
determination of the velocity of the liquid v: 

O?v 
ot 


— S? grad divv (4) 


— {curl curl [vx V,] x V,] = &.[ Hx ao), 


a “9 
where py is the equilibrium liquid density, S the 
velocity of sound, and Vy) =Vu/4mp_) Hp the Alfven 
velocity. 

The variable magnetic field h= H — Hy and the 
change in the density associated with the wave are 
determined by the equations: 
=, = curl [v x H,], ale + o,divv = 9. (5) 

By means of Eqs. (1) and (2), we can show that 
the increase in the total energy of the medium per 
unit time, including the kinetic energy, the energy 
of the sound waves, and the energy of the magnetic 
field is determined by the following formula: 

0 eye a Shee vH? RE LE eae : ‘ 6 
pa 2 \ {eh 4 5 4 Eh ao = \vlH, x jlde. (6) 


Po G 


The intensity of radiation of the hydromagnetic and 
magnetoacoustic waves is also determined by this 


equation. 


8. We shall look for v in the form of a Fourier 
integral 


a 


vir, j= \v (k, «) ek—lot dkde, 
Substituting this expression in (4), we get 
{oo — (kV9)?} v — {(S° -F Vo) k — (kV) Vo} (kev) (7) 
+k (kV,) (Vyv) = io [H, x jol, 


where j)(k, w) is the Fourier component of the 
external current density 


jo (Kk, @) = (2ny* | jg (e, ert" drat, 


Setting the determinant of (7), equal to zero, we 
obtain the dispersion equation for free waves in an 
ideally conducting medium in the presence of an 
external magnetic field: 


[co? — (kV 9)?] {co [@? — (S? + V2) k?] + S?k? (V,)? = 0. 
(8) 

This equation has three different solutions, cor- 
responding to the three different types of waves 
that can be propagated in an ideally conducting, 
compressible liquid located in an external mag- 
netic field. The squares of the phase velocities 
of the hydromagnetic and the two magnetoacoustic 
waves are respectively equal to 


2 ie 
Uj — Vig COSeor, 


tg = (SVR) (See Vay eS co 


where Jw is the angle between the direction of 
wave propagation and the magnetic field Hp. All 
three types of waves are excited in the medium in 
the general case in the presence of an external 
magnetic field. 

Starting out with v from (7) and using Eq. (6), 
we get the following general expression for the in- 
tensity of radiation of the three types of waves per 
element of solid angle do: 


V2 is 2 cos? @ 
= pra aay 2 j wal 3, ) 
dl =8riu-¢ of {lia (Ge +> @)| 
2 2 anc? re 
us— S*cos" 9 |. 2 2 sin29 
ag Reais x. 2,99) (9) 
aF aan Ji fete 3 


S?cos?9 — u? , 
Ase eS aE Dogs, 
9 date ( Us ? 2 ) 


Zier D) 
sin 
2 <r 3 } do, 
Come we 


where j, (k, 3, @) is the Fourier component of 
the component of the current density in the plane 
perpendicular to the direction of the magnetic 
field Hj; g is the angle between two planes, one 
defined by jy and Ho, and the other by the direc- 
tion of wave propagation and Hy; wo is the fre- 
quency of the external current (we consider the 
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external current jg to be a harmonic function of 
the time). 

The first component in (9) determines the in- 
tensity of excitation of hydromagnetic waves with 
phase velocity u,, the second and third compo- 
nents the intensities of excitation of the magneto- 
acoustic waves with phase velocities u, and us. 

We note that only the excitation of hydromag- 
netic waves is possible in an incompressible fluid, 
wherein the intensity of radiation is equal to 


;: (20 
\ ay ; 

4. Let us now consider several special cases. 

(a) Surface current. If the surface current 


Jo = 186 (2) eo", (11) 


exists in a plane perpendicular to the magnetic 
field Hp, then only hydromagnetic waves will be 
propagated. These travel along the field. The 
total radiation intensity of these waves for a unit 
surface current is equal to 

Is = meV 6s. (12) 
We note that the radiation intensity does not depend 
on the frequency of excitation of the current. 

(b) Line current. In this case, 
jo = 518 (x) 6 (z) ef", 

and the total intensity of radiation of the hydro- 
magnetic waves per unit length is determined by 
the expression 


o-V2 \2 
GUE {Si a ae °- 3, °)| do. (10) 
cur 


1, = (myledy / 2c?) ji. (13) 


The radiation intensity is proportional to the fre- 
quency of the current. 
(c) Current loop. In this case, 


8 (e —a) 8 (z) em“ot, 


lo = Ic 
and only the magnetoacoustic waves are excited. 
In such a case the radiation sii is equal to 


— S? cos? 9 


(14) 


Ug 


o5 aA® 
dlc =; — Ve i@ Ji ( sin) = ea. 
S2icos-0e 
+i e& sin 9) see ae do. 
us (us = We) 
We can find the total intensity in two limiting 
special cases: if vi > S$’, then 
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i VIE S* sin? 9) up SiS Cos 


Here only the magnetoacoustic wave with phase 
velocity u, is excited. The angular distribution 
of the radiation is determined from the formula 
ues 
“SrV yc?” 
If the inequality aw)/V) «K 1 is satisfied, the total 

radiation intensity becomes 


Te = (pa? / 12c°V0) je. (15) 


dic = (pag oe < sin 9) do. 


If V2 <« S’, then 


w= S+V2sin?9, ug=Vocos >. 

Here only waves with the phase velocity u3 are 
excited. The angular distribution of the radiation 
of these waves is determined from the relation 


dl¢ nae jedi ( Se Soe * tan s) tan > do. 


~ 8xc° 


The total radiation intensity is equal to 


te = gas fol (9) (2) 


If aw) /Vo < A 


then 
lo= (uot /40V,) 72. (16) 


5. We now consider the effect of finite conduc- 
tivity and the viscosity of the fluid on the excita- 
tion of hydromagnetic waves. Limiting ourselves 
for simplicity to the case of an incompressible 
fluid, we have the following system of equations 
for the velocity v and magnetic field h: 


0 F 

= DN [curl h x H,] — sey Hox Hol, 

At (17) 
=r = curl [v x H,] — Tee curl curl he secur 


where v is the viscosity of the liquid. 
The radiation intensity can be found from the 
formula 


[eee \ E-j,do, 
where the intensity of the electric field E is 
equal to 


E ='— [vx Hj] + ns curl h— 2, 


We can show that the intensity of the radiation of the hydromagnetic waves will be determined by the 


expression 
° uc2a2k? (y + c? / 4rcus) 
dI = 16n' | ° jo (k)]|? 
% [ @? — (kV)? — c?kty /4ru0]? + apr (v-+ c? / 4x0)? | Evers in(k)| eo) 
oF (KV) (1 / 4x0) [os — (kV)? — c?k4y / 2c — (c?k? / 4s)? | wo? / dno 


[oop + (0°? Amu)? | {[o® —(kVo)® — ohty / Aruo]?--a2et (v + ¢2/4ryo)?} 


Jo (kK) |? + 


e+ 8 /impaye | Jo (K) i ea do. 
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In a viscous liquid with finite conductivity, the 
harmonic current with frequency Wo [in contrast 
to (1)] excites hydromagnetic waves with different 
frequencies w= ku,. The spectral distribution of 
the hydromagnetic waves radiated is determined 
from (18). 

Making use of the formula 


6 (x) = lim = nae , 
it is easy to show that for vy —0 and o— », 
Eq. (18) goes over into (10). 

6. We now compare the intensity of the excita- 
tion of hydromagnetic waves by currents with the 
intensity of excitation of hydromagnetic waves by 
mechanical means, in which case, for a certain 
plane perpendicular to the magnetic field Hy (the 
plane z=0), the velocity of the liquid perpendicu- 
lar to the magnetic field is given by 


Wee Vets Ne suas, 92 =H 


Assuming v, h ~ exp{—iw)(t —z/V))}, and 
taking the liquid to be incompressible, we get, by 
(3) and (5), 
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E=—Slvxil, h=—/ Bey (19) 


The energy flow is determined primarily by the 
flow of electromagnetic energy 


I = Re [Ex h*]. 
Substituting this expression in (19), we get 


I =*/20,V,v. 


HOO 


(20) 


A comparison of (20) with Eq. (12) shows that 
the surface current jg is equivalent to a velocity 


Com V 2m / oo i5/c 


from the viewpoint of the excitation of hydromag- 
netic waves. 


1H, Aliven, Cosmical Electrodynamics (Oxford, 
1950). 
2S. Lundquist, Phys. Rev. 76, 1805 (1949). 
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A new formulation of nonrelativistic quantum mechanics is proposed, namely a general defini- 
tion of the probability of any event. The physical content of quantum mechanics is reduced to 
a single principle similar to the principle of Gibbs; this makes it possible to solve problems 
without resorting to the use of wave functions and operators. 


‘Tue idea that there may exist in quantum mechan- 
‘ ies a general expression for the probability ampli- 
tude of any event is due to Feynman. ! These am- 
plitudes are multiplied and combined like classical 
probabilities; this leads to the idea of constructing 
quantum mechanics according to the model of clas- 
sical statistical physics. In statistical physics the 
probability of finding a system to have some given 
property is equal to the sum over all configurations 
having this property; each configuration is used 


with the weight assigned by Gibbs. In quantum me- 
chanics the role of the configurations is played by 
the paths of the particle; according to Feynman’s 
idea the probabilities are replaced by amplitudes. 
A simple and complete “atomistic” description is 
obtained (see Sec. 8). 

This program has not, however, been completely 
carried out. According to Feynman, the amplitude 
of any state must be the sum over all paths con- 
sistent with the conditions of the experiment, but, 
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as is stated in reference 1 (Sec. 11), «which prop- 
erties [of the paths] correspond to which physical 
measurements has not been formulated in a general 
way.” 

This problem is solved in the present paper, but 
in a different way. We have to give up certain of 
Feynman’s ideas. The question of a general ex- 
pression for the amplitude does not have to be dealt 
with, since, as will be shown below, something 
more is available — a general expression for the 
probability of any event. 


1. A FORMULATION OF QUANTUM MECHANICS 


Any experiment can be completely analyzed by 
means of the following rule: 

The probability for finding a particle possessing 
any given property is equal to the sum over ali 
paths that have this property; each path occurs 
with the weight cos (S/h); S is the change of the 
classical action along the path, and h is Planck’s 
constant. 

The probability for finding a given value a for 
the physical quantity a{x(t)}, which depends on 
the path x(t) (a can be a coordinate, a velocity, 
the energy at a particular time, two coordinates 
at different times, etc.), is given symbolically by 


W (a) = | cos = al; (1) 

1 dI’ denotes the integral over all paths for which 
a 
exch) } =a. 

If we specify the path by a succession of coordi- 
nates x, and momenta p, at times t,, and if 
ty — tk-; = €k is much smaller than the character- 
istic time of the system, then 


S Tp PxnF Pr 
W (a) = B\\---§ eos FT cae (2) 
>») denotes the sum over all signs of the «,; S is 
+ 
the change of the action along the broken-line path 


with the vertices x, Dx: 
Pee XrPr ca) = \ pdx’ = >, Pr (Xp — Xp) —H (Pr; Xr) ons 
k 


The integration is taken over the region 
a(...XkPk...) =a. All the paths begin and end 
at the times —T and T, andthe index k runs 
through the finite number of values -N<k<N. 
For N-o and T—o one gets all possible 
paths. It is assumed that the entire history of the 
particlé is known, i.e., all macrofields. 

If the physical quantities are expressed in terms 
of coordinates and velocities (not momenta), the 


condition a(...X,Ppk...) =a is replaced by 
a(...X;...) =a. We can integrate over all the 
Pk, and there remains a sum over purely spatial 
paths. 

Thus a simple construct (though one poorly de- 
scribed by usual notations ) — the sum over all 
paths, i.e., over all ways of realizing the event a 
— contains in itself all the principles and rules of 
quantum mechanics, and provides in general form 
a way of writing down the solution of any quantum 
mechanical problem. 


2. THE UNIVERSAL DISTRIBUTION OF PATHS 


Like the Gibbs distribution, the distribution (1) 
can in some measure be proved. 

We start from the classical ideas about the 
microscopic world. Particles move along paths 
x(t), and each path occurs with a probability 
Wi{x(t)}. Knowing W{x(t)}, one can find the 
probability of any event a: 


W (a) = \ W {x(t)} aD. (3) 

We assume that W{x(t)} depends only on the 
change of the action along the path. In classical 
mechanics the sign of the action can be arbitrary; 
therefore W{x(t)} =W(S) +W(-S). For two 
noninteracting particles the probability must fall 
apart into a product of probabilities, i.e., we must 
have the relation: 


W (Sy + Ss) + W (— Sy + S2) + W (S; — Se) 
+ W (— Sy —Ss) 
= [W (S)) + W (— S,)] [W (Sz) + W (— S,)]. 


From this we have W(S) =cos aS, where a is 
a constant; comparing Eq. (3) with quantum mechan- 
ics (or with experiment) we get a =1/h. The 
quantity cos (S/h) can be negative (our assump- 
tions are in part untrue), but the probabilities 
measured in experiments turn out to be positive. 
These are probabilities associated with the meas- 
urement of commuting quantities, in which it is 
not necessary to take into account the reaction of 
the instruments. 

It is interesting that many formulas are sim- 
plified and “given meaning” (see Sec. 3) if we 
assume that the two signs of the action correspond 
to two ways of traversing the path (not at all re- 
lated to the actual direction of motion of the par- 
ticle along a path in the classical limit). 

Repeating the above considerations, we get 


W (a) = \ etSlhgT, (4) 


a 
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Here the integration is taken over directed paths, 
i.e., paths with different directions of traversal 
are distinguished. According to Eq. (4) the quan- 
tity exp[iS{x(t)}/h] is the formal probability 
{for short we shall call it the probability ) for the 
particle to pass along the path x ( t), and 
cos [S{x(t)}/h] in Eq. (1) is the probability for 
finding the path x(t). . 
For the further discussion we introduce the no- 
tations: (xt —x’t’) is the sum over all directed 
paths (each with the factor exp iS) passing from 
x,t to x’,t’; (xt ~x’t’) is the sum over all closed 
paths (each with the factor exp iS) passing 
through x,t and x’,t’; (xt q x’t’) is the sum 
over all closed paths passing through x,t and 
x’,t’ and possessing the property a. 


3. THE PRINCIPLES OF QUANTUM MECHANICS 


To make clear the connection of Eq. (1) with the 
usual formalism, let us calculate W(x,t), the 
probability for finding the particle at the point x 
at the time t. This is the sum over ali paths pass- 
ing through the point x atthe time t; it canbe 
obtained if we multiply the sum over all paths 
(each with the factor exp iS) arriving at the point 
x,t [we denote this sum by ~(x,t)] by the sum 
over all paths that come out from the point x,t. 
The second sum will be equal to the complex conju- 
gate expression vt (x, t), since for each departing 
path there exists one just like it but oppositely 
directed. Thus W =~". As can be verified, the 
quantity ~ satisfies the Schrodinger equation, and 
consequently is identical with the wave function, 
although the definition given above contains some 
arbitrariness and will be made more precise in 
Sec. 4. 

According to Eq. (4) w(x,t) is the probability 
of arriving at the point x,t; ~*(x,t) is the prob- 
ability of emerging from the point x,t; W(x,t) 
is the probability of passage through x,t, obtained 
by multiplication of the probabilities of these two 
events, which always appear together. 

Let us now calculate the average value of the 
momentum of the particle at the time t. Accord- 
ing to Eq. (2) 


pi) = dK: Pi cos $1 ; 


me 


and we now replace cos S by (etS + e718) /2 
and set €7=0. Then 


p (ti) = z \ (xa, t) pier -wpt (x1, t1) dxidpidxia 
(5) 
a Compl 4 
conj. 


4 abt ps 
z\ (x, ts) + (x, tt) dx + Compl. con}. 


In a similar way one can show that Eq. (2) gives 
the correct values for the first powers of such 
quantities as momentum, energy, and angular mo- 
mentum. In calculating the average values of higher 
powers of most physical quantities, however, it is 
necessary to take precautions against possible in- 
accuracies associated with the replacement of con- 
tinuous paths by broken ones. In order that the 
value of the physical quantity f(x,p) at the time 
t shall not depend on the way the time axis is 
broken up into intervals ¢€,, one must replace 

tte 
f(t) by lim 4 fidt; €—>0, «¢— 0, but ec 
t-e 


Or, more simply, inside the interval (t-—e¢, tte) 
we take N intermediate time intervals t, and set 


N ? 
fi 
f=— )) ft, (f, is the value of f at the time t,). 
N k=1 
Then 


ft = lim Veal cos Sal. 


Noo N 


Here | t,x — t,-,| remains of the order of mag- 
nitude of €, and the sign of the difference 
| t. — t,_,| can be arbitrary. 

For N-—-o there remain only those terms in 


( oe tk)” in which the f, are taken at different 

times, but, as can easily be shown, for t, — ty_; 
the quantity ffx, ..-f,, cos SdI° becomes equal 
to {vt (x,t) f(x, —i9/8x) ~(x,t)dx. If Eq. (1) 


gives the correct value for all a™, then the cor- 
rect value is also obtained for W(a). This can 
be verified by direct calculation of the probabili- 
ties (see Sec. 5). 

We note that since every measurement reduces 
in the final analysis to measurements of coordi- 
nates, it is sufficient that Eq. (2) give the correct 
value for W(x,t). 

We shall now show that (xt —x’t’) is the same 
as the propagation function of Schrédinger’s equa- 
tion. Unlike the corresponding Feynman expres- 
sion, (xt —x’t’) contains paths with change of 
the sign of the time [because of the operation Dy 
in Eq. (2)]. In the case in question, however, * 
these paths make no contribution to the sum. 

In fact, let us compare (xt —x’t’) — the sum 
over all paths (each with the factor exp iS) con- 
necting the points x,t and x’, t’ without change 
of the sign of the time — and (xt zx’t’) — the 
sum over the paths connecting x,t andx’, t’ with 
a single change of the sign of the time at the time 
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t” (t” lies outside the interval (t,t’)): 
(xt —> xt’) = \ (xt —> KE WCE —> xt") dx : 


As is well known,! the sum over the paths con- 
necting the points x,t and x’, t’ without change 
of the sign of the time is the propagation function 
of Schrédinger’s equation, so that (xt 7 x’t’) = 
(xt 7 x’t’). 

Let us now consider the probability of this event: 
at the time ty a measurement was made of the 
complete set of quantities Lj(x,p) and they were 
found to be equal to the numbers Lj, and the time 
t the quantity M,(x,p) is equalto M,. The 
quantities Lj; form a complete set if W(L,...Lpyt) 
comes apart into the product of two functions: 7, 
the sum over the paths arriving, and yr, the sum 
over the paths departing. Let M,...Mny be quan- 
tities that make a complete set together with My. 

According to quantum mechanics 


WiMie ieee, Lat) 


& ( W (My... Mat | Ly... Lat) Mg... Mn (6) 


=| G (My... Mat | Ly... Lato) 2 Mg... dMn; 


G is the propagation function in the mixed L, M 
representation. Since G is the sum over all paths 
going from t) to t, and G™ is the sum over all 
paths going from t to tp, W(M,t|L,...Lyty) is 
the sum over all closed paths (in the x,t space), 
for which at the time t) Lj(x,p) = Lj and at the 
time t M,(x,p) = Mj, that is, 


WCW Lee Lf) \ cos Sdl = (UVt 2, het a) 


Mt cgtlak 


This formula makes it possible to solve both scat- 
tering problems and problems relating to stationary 
states. In the latter case W does not depend on 

t and ty. 

The closed paths in Eq. (7) have no special 
physical meaning; their appearance can be under- 
stood if one traces through the proof of Eqs. (7) 
and (1) presented in Sec. 4. The expression (7) 
does not mean that the particles move along closed 
paths. 

There is one further relation, similar to Eq. (7) 
and interesting from the point of view of a causal 
description. A comparison of W(x,p,t) and 
W (x,p,t’) as calculated from Eq. (1) gives 


Wie pal) = \ (tpi =X pty WAL ep. § Ox Op = 00) 


4. EQUIVALENCE TO THE USUAL FORMALISM 


The expression (1) is an obvious analogue of the 
Gibbs distribution; the number N (cf. Sec. 1) plays 
the role of the number of particles, but the depend- 
ence of the expression (1) on N for N~ © is 
completely different from that existing in statisti- 
cal physics. Because of this fact, problems arise 
in quantum mechanics that do not have to be solved 
in statistical physics. 

Let us go back to Eq. (1). Suppose that meas- 
urements of some kind are carried out; we must 
find the relation between them. The probability 
for each measurement to give a prescribed result 
is defined by Eq. (1), and at first sight is not re- 
lated in any way to the results of the other meas- 
urements. In actual fact, however, the integral 
on the right side of Eq. (1) is not completely de- 
fined. The time ranges from t=— to t=+»o, 
and the integral is infinitely manifold even for 
discrete time, so that it can be defined only as a 
limit of an N-fold integral for N— ». It is easy 
to show by examples, however, that such a limit 
does not exist; the result depends on the assump- 
tions that are made about the positions of the final 
and initial points of the path. For example, one 
can assume that at. the initial instant the particle 
is at the point 0, or that the particle can be at any 
point. 

In the general case the behavior depends on 
two functions which give the distributions of the 
initial and final points for the two possible direc- 
tions of motion: 


W (a) =\\ uly, —Te x’, T) u(x')dxdx’ (9) 


+ \\ O.(4) (4%, = 1 eT) Ox \dxdxe 


Part of the measurements serves to determine 
the behavior as T goes to infinity, i.e., to deter- 
mine u and v, and the probability of the other 
results is calculated just from this limiting be- 
havior. The connection between the mean values 
with this approach agrees with the quantum-me- 
chanical results (see below), but the hypothesis 
that the behavior of the paths for t ~ + affects 
the results of measurement is, generally speaking, 
an abstraction. This is the quantum-mechanical 
form of Laplace determinism. 

In actual fact the past and future histories of 
the particle are unknown to us; from this point of 
view, the behavior at infinity is unimportant and 
one can fix on some single rule, for example the 
hypothesis that all particles appear from the point 
0 at the time —® and disappear into this point at 
the time ©. In this case the probability of an event . 
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is found to depend on unknown past and future 
forces. For definiteness we may Suppose that a 
prescribed external field acts on the particles 
during the time interval (—T, T), an unknown 
field X during the interval (-0©, -—T ), and the 
field Y during the interval (T, @): 


W (a) = (0, —@z 0, 8); 


i) —T rr cs) 
Se Wel ( L(X)dt + \ Ldt +\ L(Y) dt. (10) 
=) —o —T T 


To find the connection between observed quan- 
tities, one must use Eq. (10) to express them in 
terms of the unknown fields X and Y, and then 
eliminate X and Y from the resulting system of 
equations. The result again agrees with that of 
quantum mechanics, though the dependence on 
future forces seems rather strange. This depend- 
ence exists also in the classical principle of least 
action; if the coordinates of a particle are given at 
the times t; and t,, then the value of a coordinate 
atatime t (t,;<t<t,) depends both on the past 
and also on the future history. 

This formalism can be somewhat simplified if 


we equate to zero the density of “sources” at t= ©. 


There remains only the sum over paths beginning 
at t= -© and ending at t= —@. In this case the 
probability depends only on the past history: 


W (a) =(0, —Oz 0, —9) 
oi ip =6 


se \ L(X)at + \ Tides \ L(X) dt. 


=) —L —T 


(11) 


Thus the sum in Eq. (1) must be taken either 
over paths with prescribed behavior for T > +, 
or else over paths in a field of unknown past and 
future (or only past) forces. 

The agreement of the consequences of Eqs. (9), 
(10), and (11) with quantum mechanics can be shown 
easily by relating u, v and X, Y with the wave 
function. In Eq. (9) 


aa \ ae dein, I)ifin(x.) 4 10 (x) dx. 


p(x, —T) =u (a) + 10 (x) 


In Eq. (10) 
v(x, —T)=(0, —9—x, —T) 


+ |, — Tox, T)(x', T 0, Ody 


In Eq. (11) 
Meare, @ 384, 27"). 


Unknown forces and “densities of sources” 


exist also in statistical physics. For example, 
the statistical sum for a gas will be different for 
the cases of free and fixed piston. In statistical 
physics, however, the forces acting on the piston, 
or the probability of a given position of the piston 
are usually known, whereas in quantum mechanics 
they have to be calculated from the results of 
measurements. 

The operation of eliminating u, v or X, Y is 
in general complicated, but it is no more com- 
plicated than the elimination of » in quantum me- 
chanics. For example, the problem of finding the 
coordinate distribution at time t’ for given coor- 
dinate distribution and momentum distribution at 
the time t is difficult also in the usual formalism 
(it is hard to find ~ at the time t). Just as in 
the usual formulation, the problem is considerably 
simplified if part of the measurements gives a 
complete description of the state (this case in- 
cludes all known problems of quantum mechanics ). 
Let us consider this case (for simplicity we take 
a one-dimensional problem). 


It is required to determine W(M,t) = if cos S dI 

if it is known that Mit 
W(L’, t,)= \ cos Sat =3(L’—L). 
jit, 

To find W(M,t) we go back to Eq. (1); this for- 
mula, however, depends on the unknown past and 
future history [or only the past, if we use Eq. (11)] 
of the particle, i.e., on X and Y. We need some 
sort of information about this history. We get this 
information from the condition W(L’,t)) = 6(L’-—L). 

In other words, we have two equations 


W (M, t)= \ Pee ie a \ cos SdT 
M, t IDE he 

[with S taken from Eq. (10) or Eq. (11)] from 
which we must eliminate the unknown forces X 
and Y. We obtain the conditional probability 
W(M,t|L, to). 

We shall show that W(M,t|L,t)) agrees with 
the expression (7). Let ~(x,t)) be the sum over 
all paths that arrive at x,t). According to Sec. 3, 


W (L, t) = \ bt (x, £)8(L—L) v(x, 2) dt. 


From the condition 
Wie \ gra(L’ — L) bdx =8(L’ —L) 
(this is a condition on the unknown forces or be- 


havior for T— +), we get: ~(x,ty) = vy, (%, to), 
an eigenfunction of the operator L. Similarly, 


90 Gaye 
W (M, t) = (ye (M — M) bdx 
a \ y's(M — M’) ddM’ =| $(M, 2))?. 


Since 


b(x, = \ (xt <—x’ty) b(x’, ty)dx, 


TCR (YT) GCs icra). 
In the M-representation ~(M,t) = G(M,t|L,t)), 
so that 

W(M, t)=|G(M, t|L, t,) 2. 


In just the same way one obtains Eq. (8). Ac- 
cording to Eq. (1) W(x,p,t) and W(x,p,t’) de- 
pend on the unknown past and future history. Com- 
paring these dependences, we get the relation (8). 
One has to write out detailed expressions for 
W(x,p,t) and W(x,p,t’), draw the correspond- 
ing paths, and note that for t >t’ the contribution 
to W(x,p,t’) from the paths —-w—>t’—-t— 
is the same as that from the paths 
t+. These last differ from the paths 
%, which occur in W(x,p,t), by the loop t >t’ 
—t. This loop gives (xpt ~ x’p’t’) in Eq. (8). 

In practice, however, there is no need to use 
the general scheme; Eq. (7), which contains no un- 
known forces and densities, is sufficient. 


—o-t—t — 


—o —> { > 


5. EXAMPLES 


The equivalence of the expression (7) to the 
usual formalism can be verified by examples. 

(a) A scattering problem. 

Let us calculate W(p,t|x,t)) — the probability 
for the particle to have the momentum p at the 
time t, if atthe time t) it had the coordinate x. 
According to Eq. (7), 


We Wiad) = lim | (ye 2 yt Es) 
=>0 p 
x (y't + — Xt) (Xt9 = yt) dydy’ 


G (y't | xty) G* (yt | xty) dydy’ 


ef P(y—9’) 
ae ( es ae 


=|(2n)-'» | ef 0G (yt | xt) dy). 


(b) The distribution of the coordinate in the 
stationary state with energy E, W(x|E). 

It is more convenient to consider a more gen- 
eral quantity, W(xt| Et’). This is the sum over 
all paths that pass through the point x at the time 
t and have the energy E atthe time t’. 

Prescription of the energy means prescription 
of the average energy in an infinitely small neigh- 
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borhood (t;, ty) of the point t’. We denote the 
coordinates at the times t,; and ty by x; and 
XN: 

The more precisely written expression for W, 
with meaning clear from the notations, is 


Wxt FL)= \\ (xf, => awtw) 
Boe 


x (xytw — xt) (xt > Xt) dxydxy. 
Inside the interval (t;, ty) we choose N — 2 
instants of time 


to, ts, see y tn—1 (tr = thy = ep); 


and replace the continuous paths by broken lines 
with vertices at xX,, Px: 


i= ( exp f pa (PrAxrn — Hien) 


E=E 


d. 
xT] SAE Cone Sat) ee 
k 


The condition 
N 


A, = pa (PrXrn) = E 


if 


j Dp 


ae 


is now replaced by a factor (27)~* fexp{ir( E-E)}dr: 


v= \ exp {isk +i pa [prAxn — Hp (tr + “/N)I] 


dx,d, 
x is 2 _ (xntn —> xt) (xt — xt) = 
k 


= { eF (xyts > ant + +) (xvtw > xt) 
x (xt > Xt) dx,dxndz/2z. 
Substituting in this the relation 


(xt > x't') = G = D) oF (x) ge (x') et, 
Ee 
we get: W = |p (x) |’. 

(c) Diffraction from two apertures. 

We have to calculate W(x|x,)) — the probabil- 
ity of finding the particle at the point x if the 
source is at the point xy behind the screen. This 
is the sum over all closed paths passing through 
x and x, (Sec. 7), each with the weight cos S. 
The paths for which the time direction does not 
change at the points of integration can be omitted, 
and there remain only paths for which the sign of 
the time changes at the points x and xp. 

The sum over paths falls into three parts: 

(X9~ x) = 


1 2 1 
(X= x) + (% <x) + {(%> = x) + oe 


The arrows represent the path, and the numbers 
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1 and 2 refer to the apertures. These three terms 
correspond to the three terms of the quantum- 
mechanical expression for the probability: 


W=|it bP = orb, + op + (ob. + ofd,). 


6. THE PAULI PRINCIPLE 


We shall show that imposition of the Pauli prin- 
ciple is equivalent to the exclusion from the sum 
over paths of paths that have a common part tra- 
versed in different directions. 

Let us consider W(x,y,t|x’, y’, t’) — the prob- 
ability of finding two particles at the points x and 
y atthe time t, if at the time t’ there were two 
particles at the points x’ and y’. There are two 
possibilities: the transition x’==x, y’=y and 
the transition x’ ==y, y’ = x. The sum over 
paths breaks up into two parts, each of which sep- 
arates into the product of two sums over paths, 
i.e., 


Wx, yx, y)=Wxjix)W(yly) + W (xy) Wy] x’). 


From this we must subtract the sum over all 
paths that have a common part. Suppose the two 
paths coincide on the transition &’7T’ — érT. 

IS SUN ee er Ber) EO eget esr Eh 
—&-—y’ must be subtracted from the sum over 
paths. But this path comes in with the same con- 
tribution as the path 


, , 


x’ Xs y myx’. 


(This becomes clear if one draws the correspond- 
ing paths.) 
Symbolically we can write: 
ere ere eae. Ye eh (12) 


t, 


x > xy eye x — xX yoy oxox’. 


Since the sum over each of the transitions rep- 
resented by an arrow is the same as a quantum- 
mechanical propagation function, 


W (x, y|x’, o') =|G(x|x')G(yly)—G(xly) GY] *)/. 


This is the same as the quantum-mechanical 
expression (for Fermi particles). 

When we consider Bose particles the last two 
terms in Eq. (12) must be taken with the plus sign. 
If a boson is a bound state of two fermions, this 
rule can be explained. The forbidden paths will be 
subtracted for each of the fermions, and the twice- 
forbidden term comes in with a plus sign, but since 
the paths of the two particles must coincide, only 
this term remains in Eq. (1) (in addition to the 
main term). The minus sign in Eq. (12) is re- 
placed by a plus sign. 


7. COMPARISON WITH THE FEYNMAN FORMU- 
LATION 


The approach that has been presented differs 
from that of Feynman primarily as to results. The 
Feynman formula for the transition amplitude re- 
places only the Schrédinger equation, whereas 
Eq. (1) contains within it, in addition to the Schré- 
dinger equation, relations of the types W = dd, 

p = —ihd/dx, and the whole theory of representa- 
tions. Equation (1) makes it possible to solve any 
problem, whereas the Feynman principle is insuf- 
ficient, for example, for the problems (a) and (b) 
of Sec. 5. 

We note that Eq. (1) cannot be obtained by sim- 
ple multiplication of the Feynman expressions for 
the amplitudes, since, firstly, a general expression 
for the amplitudes is not known, and secondly, even 
in the special case in which the amplitude is equal 
to ~(x,t), multiplication of ~(x,t), written ac- 
cording to reference 1 as a sum over paths, by 
yr (x,t) does not give the sum over all possible 
paths as is required by the meaning of Eq. (1) 
(see below). 

The limited nature of Feynman’s results is 
due to a lack of consistency in the description of 
the “quantum microscopic world”, i.e., of such 
events as the passage of a particle along a pre- 
scribed path. Dirac? has shown how, without con- 
tradiction, one can associate with each path a 
formal probability, and how this probability dif- 
fers from the square of the absolute value of the 
Feynman amplitude [this contradiction has been 
noted in a paper by Stratonovich,°® where there 
are some indications of the existence of the for- 
mula (1)]. It can be shown (as will be done in 
another place) that the difference is due toa 
different definition of the concept “path of the 
particle,” and that in sums over paths a path 
must be taken just in the Dirac sence, not in the 
Feynman sense. 

Thus it is necessary to abandon the belief in 
the deep physical meaning of the concept of am- 
plitude, as it exists in quantum mechanics and in 
reference 1. According to Eq. (1), not all proba- 
bilities separate into products of amplitudes. 

Another lack of consistency in Feynman’s 
treatment is the absence of paths with change 
of sign of the time, whereas the basic idea is to 
include all conceivable possibilities. No limita- 
tions at all are to be imposed on the path; they 
appear only after the averaging. It can be said 
in advance that in the majority of cases the paths 
with changing sign of the time will make no con- 
tribution in the nonrelativistic region, but inclu- 
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sion of both signs turns out to be necessary, for 
example, to get the right value for the average of 
any function that depends on the velocity (if purely 
spatial paths are taken). Because paths with both 
signs of the time are absent in reference 1 the 
product of the Feynman 7% and yt does not give. 
the W of Eq. (1), but the ~ defined in Sec. 3 dif- 
fers from that of Feynman, since in addition to the 
paths coming from t= -—® it contains paths com- 
ing from t=+., 

Whereas in reference 1 ~(x,t) =(—-~°%—xt), 
in Sec. 3 


oo —> xt) + (xf < ov). 


p(x, £) = ( 

A further necessary addition to reference 1 is 
the refinement made in Sec. 4 of the concept of the 
sum over paths for paths going out to t=+0. In 
quantum mechanics wave functions are prescribed 
by the value of a complete set of quantities, and 
from this point of view it is not clear what wave 
function appears in the Feynman relation ~(x,t) 
=(-—«0-—xt). This is a purely symbolic expres- 
sion. In Sec. 4 it is assumed that such expres- 
sions depend on the way in which T goes to in- 
finity (or on an unknown history); this is equiva- 
lent to the quantum-mechanical dependence on a 
complete set of quantities. 

Furthermore, we get a logical source of the 
Feynman rule that in calculating Vv" (v is the 
velocity ) all the factors must be taken at times 
arbitrarily close together, but still distinct. By 
the meaning of Eq. (1), the sum must be taken 
over paths with arbitrary values of the higher 
derivatives at the point x,t, and sucha sum is 
not obtained by the use of broken paths. In order 
for this not to affect the results, the instantaneous 
value of a physical quantity along a broken path 
must be defined as the average in an infinitely 
small neighborhood of the point t (just such quan- 
tities are measured in experiments). With such 
an approach a particle has at the time t botha 


coordinate x anda momentum p [p oes f p dt, 
€ much smaller than the characteristic time of 
the system, but much larger than e€, in Eq. (2)]. 
As can be shown, the sum over the paths with pre- 
scribed x and p gives the Wigner? distribution 
W(x,p). This distribution cannot, however, be 
used for the calculation of the average value of 

an arbitrary quantity f{(x,p), since generally 
speaking f(x,p) # f(x, p). This is one of the 
objections against the statistical interpretation 

of quantum mechanics (cf. reference 4); it is re- 
moved if we suppose that what is measured is 


always f(x,p), and not f(x, Dp). 

Thus, unlike the situation in reference 1: 

(1) the probability of any event is written as the 
sum of formal probabilities (and not the ampli- 
tude as a sum of amplitudes, see beginning of 
paper); (2) paths with changing time direction 
are taken into account; (3) the peculiarities of 
paths receding to infinity are taken into account; 
(4) the special features of broken paths are more 
consistently treated. 

We note that certain amplitudes agree with the 
formal probabilities. For example, the probability 
amplitude for a particle to pass through x,t agrees 
with the formal probability for the particle to ar- 
rive at the point x,t. Just for this reason the am- 
plitudes have the properties of probabilities and 
the Feynman approach (see beginning of paper ) 
is correct in a certain region. 

The present treatment is also directly related 
to references 2 to 5, which are devoted to the sta- 
tistical interpretation of quantum mechanics, but 
its purpose and ideas are quite different from those 
of these papers. 

In references 2 to 5 it is shown how one can, 
within the framework of quantum mechanics, ‘re- 
store” the classical picture, if it exists. The dis- 
tribution of paths has been defined, firstly by the 
principles and rules of quantum mechanics, sec- 
ondly by the prescription of the wave function or, 
what is the same thing, by the prescription of a 
complete set of physical quantities. The idea of 
a universal distribution is absent (if the history 
of the particle is known). 

Above, unlike in references 2 to 5: (1) the sta- 
tistical interpretation is used for the derivation of 
the principles of quantum mechanics (the approach 
is in a certain sense an inverse one to that of ref- 
erences 2 to 5; (2) the difference of the quantum 
distributions from the classical (see beginning of 
Sec. 4) is interpreted in the framework of the 
statistical picture. 

Two considerations — the possibility of “in- 
verting” the exposition of quantum mechanics 
(with the Gibbs distribution as a model), and the 
calculation of conditional probabilities by elimina- 
tion of the unknown history of the particle — are 
basic to the present communication. 


8. CONCLUSION 


Equation (1) is of interest from various points 
of view. 

First of all, the logical structure of quantum 
mechanics is simplified and clarified. Beyond 
this, the reduction of all the principles of quantum 
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mechanics to Kq. (1) and the possibility of deriving 
Eq. (1) from simple and general assumptions about 
the physical world (this question is not discussed 
in the present paper) may be of importance for 
possible generalizations of quantum mechanics to 
new domains. 

It can be expected that in the relativistic domain 
the language of possible classes of paths will turn 
out to be the only mode of description (like the 
Gibbs distribution in statistical physics). For ex- 
ample, it may happen that there is a retarded in- 
teraction between particles that is not reducible 
to a field (cf. reference 1). In this case the proba- 
bility does not separate into the product of wave 
functions, the Schrédinger equation cannot be writ- 
ten, and problems can be solved only by means of 
Eq. 1)> 

On the mathematical side, Eq. (1) broadens the 
domain of application of the functional integration 
(as compared with reference 1), and there is a 
hope that in time simplicity and generality will 
appear not only in the way of writing the general 
principle, but also in the methods of solving all 
concrete problems. At present there are a few 
problems that are solved very simply by means 
of Eq. (1). 

Also of interest is the possibility of using 
Eq. (1) to carry over accustomed classical ideas 
into the microscopic world. True, a simple im- 
position of the probabilities on the the classical 
picture is somewhat hindered by the “negative 
probabilities,” but everything that has been pre- 
sented can be translated in the most varied ways 
into the language of ordinary probabilities. It can 
be shown that the “negative probabilities” are in 
no way connected with the formalism of wave func- 
tions and operators and are not the cause of the 


sharp difference between classical physics and 
the canonical quantum description. The difference 
exists only in the means of describing mathemat- 
ically analogous objects (for example, ensembles 
of configurations in classical statistical physics 
and ensembles of paths of particles), and in the 
problems that have to be solved. 

It can also be shown that Eq. (1) bears the same 
relation to the canonical formalism that the Gibbs 
distribution does to thermodynamics (there is a 
precise and far-reaching analogy). Therefore the 
success of the atomistic (not phenomenological ) 
approach may possibly repeat itself for Eq. (1). 

It is interesting that Eq. (4) can be united with the 
Gibbs principle, if one introduces a formal integra- 
tion over paths with a complex time and takes the 
change of the time equal to ih/kT (k is Boltz- 
mann’s constant and T the temperature). Equa- 
tion (4) will contain both the Gibbs principle and 
Hamilton’s principle. 

In conclusion I thank V. Ia. Fainberg for direct- 
ing this work and for helpful advice. 


1R. P. Feynman, Revs. Modern Phys. 20, 367 
(1948). 

2p, A. M. Dirac, Revs. Modern Phys. 17, 195 
(1945). 

3. Wigner, Phys. Rev. 40, 749 (1932). 

4 J. E. Moyal, Proc. Camb. Phil. Soc. 45, 99 
(1949). 

5 R. L. Stratonovich, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 32, 1483 (1957), Soviet Phys. JETP 5, 
1206 (1957). 


Translated by W. H. Furry 
17 


SOVIBIRPHYSIOCS elle VOLUME 35 (8), NUMBER 1 JANUARY, 1959 


ON THE CASCADE THEORY OF SHOWERS 
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The equation for the average number of particles with energy greater than a given value, pro- 
duced in a layer of finite thickness, has been solved with account of collision losses. The solu- 


tions obtained are compared with those of the usual cascade theory. An expression has been 
obtained for the mean energy of particles of a cascade shuwer at any stage of its development. 


Eicnneutee for the distribution function of the mean number of particles produced in a layer of 

number of particles produced in a layer of matter thickness dt, taking the ionization losses into ac- 

between t and t+dt with energy between E and count, and to compare the results with those of the 

E+dE, and their solution for the mean number of usual cascade theory’ dealing with the number of 

particles ¢€ {P (Eo, E; t)} neglecting ionization particles P(E p, E, t) with energy between E 

losses, have been given in reference 1. and E+dE atthe distance t to t+dt from the 
It is interesting to solve the equations for the considered layer. 


The equations in question are (we consider a shower initiated by a primary electron with energy Ej): 


Fo Ey 
CRP CHE, t)} = 2\ Coe LW pls ENGeen Ven tee, ine te \ PE Et) Wah ek wee ii (1) 
E E 


where I denotes the corresponding photon distributions. Equation (1) can be solved easily by means of 
the Mellin transformation. For further calculations it is convenient to use the Laplace transforms of the 
solutions of Eq. (1). We obtain the following expression for the number of electrons produced in the layer 
between 0 and t with energy greater than E (at the place of production): 

8t+ico  d-+ico 


f! 
= \ ds \ dhe {P (Ey, 8, 4)} E-5 (e* — 1)/sh, (2) 


¢{Np(Eo, E, t)} =— Fe 
8—Lco d—ico 


where 
et P (Eo, S34) } SL (Bo Sih) DAS) yas Wee aa Sanya mse NS 


the values of B(s), C(s), and P(E9, s,A) have been determined in reference 2. The explicit expres- 
sion for «{N (Eo, E, t)}, accounting for ionization losses, can be written in the form* 


o+ loo 
2 (Np (By, E, )) = — 5 \ ds2o,D (s) Hy’ (s) exp {A (8) t +-ys—In (—A,(s)} (3) 
4 o+i00 
x Ga (s, 8)/8 + 5 \ ds2c,D (s) Hy'(s) exp (ys — In (—y(s))} Ga(s, &)/s. 


Here 


H, (s) = 1/Qx(s)—22(s)); © = Ef (4 (s))/B; Gals, alert enely (= Lyin nyo el ae 


0 n=0 
n+l 


C is the Euler constant, and other values are given in reference 2. 
For ¢€>1, the function Gx(s, €) can be written in the form 


*We use the simplified expressions for B(s) and C(c) given reference 3. These do not differ by more than 3% from the more 
accurate values, and greatly simplify the calculations. 
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Gi (s, a fash eS (ss ston. set if, <a Le)/nl (1 —n)(s +n) + (C = 1)s-*F (s,s. + 2; 5 4 2, — 1/s)/(s + 1), 
nel (4) 


where nti a,b, c,x) is the hypergeometric function; the integral can be evaluated numerically for ¢€ <1 
and noninteger s. It should be noted that the expression written is true for y =In (E,/8) >1 and t>1. 
The corresponding formulae, obtained neglecting ionization losses, aré 


o+ico 


©(Np (Eo £, t)}=— 5 | ds2oyH;(s)exp (2 (s) t + ys (5) 
' o+ico 
—In (— A, (s))}/s? (1 + s) + a \ ds2o,H, (s) exp {ys—In (—A,(s))}/s*(1 +3). 


The function ¢€ {Np (Ep, E, t)} should not be compared with Np (Eo, E, t) of the usual cascade 
theory, as it has been done in reference 2, but with the function 
t 
° 
UVES eee rat a ee \ Ne Eade, (6) 
0) 
which represents the area under the curve Np (Eo, E, t) from 0 to t. Carrying out the necessary com- 
putations, we obtain (neglecting the ionization losses ): 
O--L 00 o+ie0 


1S Calm oe j= \ dsH, (s) exp {h, (s) t + ys — In(—),(s))}/s ae \ dsH,(s)exp {ys —In(—A,(s))}/s_ (7) 


Lt 
a—ic o—Lco 


and, taking the ionization losses into account: 
' o---L00 
Nps (Eo E,t)=—zz, \ dsHy(s)D(s)exp (i(8)¢ + ys —In(—A(s))} (8) 


G—lco 


o+loo 


x G(s, ©)/s + ne \ dsH,(s) D(s) exp {ys — In(—A, (s))} G(s, ¢)/s. 


o—co 


where 


e+] 


Ss gy 
(1 — =) C=*ax, 


and other values have been given in reference 2. 
The values of the function G,(s, €), calculated 
according to Eq. (4) for several values of s and 
€, are given in Table I. 

It should be noted that the second term in 
Eqs. (3) and (5) gives the number of particles 
produced in the layer (0—) and the first term 
gives the number of particles produced in the 
layer (t— ©). In Eqs. (7) and (8), the second 


G(s, e) =e° 


Me af 


term represents the area under the cascade curve 
from t=0 to t=», and the first term — from 
t to »~. The results of computation of the func- 
tions Nog (Eo, E,t) and ¢{Np(Ep, E, t)}, neg- 
lecting and accounting for ionization losses, given 
in Table II, represent, therefore, the area under 
the cascade curve and the number of electrons 
produced in the layer t to ~», respectively. For 
the functions calculated neglecting ionization losses, 
y =In(E)/E); for those accounting for ionization 
losses, y = ln (E)/8). In the latter case, particle 
energy is measured in units of B/f(A;(s)). 

If the range of electrons is determined solely 


TABLE I. The function G(s, €) 


‘ 16 3.18 | 6.36 12,7 25.4 
1.00 0.329 0.180 0.0950 0.0489 0.0248 
1.04 0.303 0.162 0.0835 0.0418 0.0207 
1.10 0,268 0.139 0.0690 0.0332 0.0158 
oS) 0.244 0.423 0.0590 0.0275 0.0126 
1.25 0.200 0.0958 0.0434 | 0.0190 0.00815 
1.39 0.167 0.0754 0.0321 0.0132 0.00530 
1.45 0.139 0.0597 0.0240 0.00918 0.00347 
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by radiation processes, then the values of Nps(y; t) trons is determined by radiation and ionization 


and ¢€ {Np (y, t)} should be equal. It can be seen processes, it is necessary to assume that 
from Table II that, within the accuracy of calcula- € {Np (Eo, Bet ee Npg (Eo, E, t). For instance, in 
tions (< 5%), such is the case. It can therefore the limiting case E—0, we have ¢€ {Np (Eg, E, t)} 
be maintained that if ionization losses are taken => ©. while Nps_ remains finite. For €= 1.5, we 
into account, the functions Nr, and e{ NT,(Ep, E, t)} have «{Np} ~ 2Nps, and for ¢€= 25.4, «€ {Np} * 
for photons should coincide as well. 1.3Nps. It is, therefore, necessary to bear in 

In the energy region where the range of elec- mind the difference between the functions 


TABLE II* The functions Npg(Ep, E, t) and ¢{Np(Ep, E, t)}, 
with and without account of ionization losses, giving the area 
under the cascade curve, and the number of electrons produced 


in the layer from t to », respectively. 


y=15.9 
ye I ee Se ee ee 
t 
0 4.8 He) 12,7 18,4 23,2 21,8 
N ps (Y,; 2) 3.61(6) | 3.36(6) | 3.07(6) | 2,.29(6) | 9.88(5) | 3.09(5) | 7.06(4) 
e{lV p(y, th 3.57(6) | 3.34(6) | 3.02(6) | 2.23(6) | 9.58(5) | 2.99(5) | 6.85(4) 
N ps 0 8.45(6) | 7.93(6) | 7.30(6) | 5,53(6) | 2.48(6) | 8.02(5) | 1.90(5) 
Nps 1.5 2.26(6) | 2.12(6) | 2.10(6) | 1.53(6) | 6.26(5) | 1.85(5) | 4.02(4) 
elN p 1.5 5.31(6) | 4.89(6) | 4.44(6) | 3.25(6) | 1.36(6) | 4.10(5) | 9.12(4) 
N ps y iS 1.64(6) | 1 a 4.36(6) | 9.68(5) | 3.85(5) | 41.10(5) | 2.28(4) 
eN : 2.81(6 2.06 2.30(6 1,70(6 6. 49(5 1.86(5 3.91(4 
Nos 6.36 98445) 8 345) = 30153 H) 615) 3208) 6 omtay 1334) 
el p 6.36 | 1.42(6) | 1.30(6) | 1.14(6) | 7.87(5) | 2.94(5) | 7.91(4) | 1.97(4) 
N ps 1207 5.18(5) | 4.68(8) | 3.98(5) || 2.70(9) | 9. 71(4) 2.93(4) 4 .84(3) 
eN p 12.7 7.04(5) | 6.26(5) | 5.54(5) | 3.67(5) | 1.28(5) | 3.25(4) | 6.01(3) 
Nps 25.4 2.60(5) | 2.30(5) |. 2,00(5) | 4.34(5) | 4.45(4) | 41.09(4) | 1.97(3) 
eNp 20.4 3.43(5) | 3.03(5) | 2.61(5) | 1.69(5) | 5.52(4) | 1.30(4) | 2.27(3) 
Ui — ale 
t 
0 2,94 7.36 12.3 16.1 197 
N ps (Y, £) 5.30(4) 4,99(4) | 3.98(4) | 2,06(4) | 8.25(8) | 2.61(3) 
={Np(y, bt} 5.27(4) 4.90(4) | 3.89(4) | 2,00(4) | 7,98(3) | 2.54(3) 
Nps 0 1 .26(95) A) 49(5) |) 9R63(4) | Se47(4) WN 2 14(4el 7,033) 
Nps 1.9 3.69(4) 3,42(4) | 2.66(4) | 1.30(4) | 4.95(3) | 1,49(3) 
eNp dies) 7.80(4) 7,22(4) | 5,66(4) | 2.83(4) | 1.09(4) | 3.38(3) 
Nps 3.48 | 2,37(4) 2,21(4) | 41.68(4) | 8.02(3) | 2,98(3) | 8.44(2) 
eNp 3.18 | 4.08(4) 3.74(4) | 2,.85(4) | 1,35(4) | 4,96(3) | 1.45(3) 
Nps 6,36 | 1,.42(4) 1.30(4) | 9. 79(3) |" 4.58(38) | 4 62(3) i" 4,932) 
eN p 6.36 | 2.07(4) AS 86(4) al A374) a). 6,42(8) 0 Qed (Se tn 822) 
Nps Wet 7. 20(3) 6.48(3) | 4.70(3) | 2,02(3) | 6.75(2) | 1.79(2) 
eNp WET 9 ,98(3) 8.90(3) | 6.39(3) | 2.68(3) | 8.67(2) | 2.23@) 
Nps 25.4 3.66(3) 3.20(3) | 2.29(8)i  9.28@2)-) 2.912) 7314) 
eNp 29.4 4.84(3) 4,24(3) | 2.94(3) | 1,15(3) | 3.4872) | 8.41(1) 
25) 
t 
0 4,20 8,68 Ae 14,8 
Nps (y; b) 4 ,27(3) 3,59(3) 2.06(3) 9.64(2 3.71(2 
ee (y, f)} 4.19(3) 3,47(3) 2,00(3) 9 33(3) 36019) 
ps 0 1.01(4) 8.60(3) 5,18(3) 2,950(3) 9,98(2) 
NV ps sie) 2,92(3) 2,37(3) 1 ,31(3) 9. 78(2) 2,12(2) 
el p Al) Golz) 5.06(3) 2,,83(3) 1.28(3) 4,79(2) 
Nps 3.18 1 .88(3) 1,50(3) 8.03(2) 3, 43(2) 1.20(2) 
Nz 3.18 3,20(3) 2.54(3) 1 .35(3) 5.80(2) 2.06(2) 
N ps 6.36 4.11(3) 8,75(2) 4,59(2) 1, 96(2) 7,00(1) 
eNp 6.36 1.59(3) 1,47(3) 6.13(2) 2.47(2) 8. 26(1) 
N ps WT 5.03(2) 4,19(2) 2,.03(2) 7,89(1) 2,00(4) 
eNp Pi 7.65(2) 7,34(2) 2,68(2) il 04(2) 3.16(41) 
Nps 29.4 2.08(2) 2.04(2) 9 .29(4) 3,40(1) 1.04(1) 
eN p 25.4 3.63(2) 2.62(2) 1,15(2) 4,07(1) 1.19(1) 


ON THE CASCADE THEORY OF SHOWERS 


97 


TABLE II. (Continued) * 


y 15/04 
t 
& 
0 3,84 6.32 8.43 
Nps (y, t) 4.45(2) 9.94(1) 5,79(4 2.75(1 
e{N p(y, t)} 1,48(2) 9.63(1) 5) ait 3 ent} 
Nos 0 3.54(2) 2..50(2) 4 ,50(2) 7.41(1) 
We 4.5 9, 68(1) 6 .29(1) 3.47(1) 4.57(4) 
eN p 1.5 2.06(2) 4 .36(2) 7.69(1) 3.56(1) 
Nos 3.18 6.14(1) 3.87(1) 2..06(1) 8.88 
eN p 3.18 4 .04(2) 6 .52(1) 3.48(1) 4.53(1) 
Nos 6.36 3.57(1) 2.24(1) 4.47(1) 5.19 
eN p 6.36 4,99(1) 29.93 14.84 6.135 
Nas 17 1.74(1) 9.76 4.74 1.89 
eN p 42.7 2.33(1) 4.29(4) 6.09 2.34 
Nps 29.4 8.33 4,48 2.04 0.769 
eN p 25.4 10.70 5,00 2.49 0.89 
y = 3.32 
t 
0 1.89 3.35 
Nps (y, t) 9,15 6.50 4.45 
e{N p(y, t)} 8.87 6.30 4.03 
Nps 0 23.0 16.9 Te 
N ps AG) 5,80 3.90 2.37 
EN p 1.5 12.6 8.64 Dred 
Nags 3.18 3.56 2.31 1.34 
eN p 3.18 6.04 3.94 2.30 
Nps 6.36 2.04 1.32 0.78 
eN p 6.36 RTP AROM 0.92 
Nps atl 0,900 0.53 0,28 
eN p 127 1.49 0.68 0.35 


*The number in parenthesis indicates the power of 10, a factor by which the 
corresponding value should be multiplied. 


Nps (Ep, E, t) and €{Np(Ep, E, t)} in the in- 
terpretation of emulsion and diffusion-chamber 
measurements. 

It should be noted that while Nps (Ep, 0, t) > 
ig 6. tort — 02 | direct computations according 
to Eq. (2) yield a value differing from E)/f by 
less than 5% for y >5, which makes it possible 
to appreciate the influence of the approximations 
made in the calculation. For y = 3.32, the value 
of Nps(0, ©) differs from E)/B by 20%, which 
indicates that the integrals should be computed 
more accurately, i.e., the integrand should be ex- 
pressed in the form exp{@(s, y,t)} and the in- 
tegral evaluated by the saddle-point method. 

It should be noted, furthermore, that the ex- 
pressions for the function Nps (Eo, E, t) make it 
possible to find easily the mean energy of shower 
particles at a given depth: 


E (£) = Nps (Eo; 0, t)/Np (Eo; 9, #)- (9) 


Analogous expressions for the distribution function 


of electrons in showers initiated by a single pri- 
mary photon, as weli as for the photon distribution 
function, can be obtained easily. 

The author wishes to thank T. V. Klopkova for 
help in the computations. 
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The neutron-deuteron scattering lengths were computed by a variational method, taking into 
account deformation of the deuteron. The radial dependence of the nuclear force potential 
was chosen to be a Gaussian, with parameters adjusted to agree with low energy data on the 
n-p interaction. The computation was done only for Serber-type exchange forces. The val- 
ues of the scattering lengths agree with the experimental values within the experimental 


errors. 


Ar low energies, the scattering of neutrons by 
deuterons is characterized by two scattering 
lengths: a, for total spin S=%% and a, for 
S='/. Analysis of the experimental data gives 
two possible sets of values of a, and a,:' 


Oh Ono MOR? Cicrieady = Wie Oy eieet 


(1) 
or 


Gpee DAA Cm a — 6.0>1078'em: 


(2) 


The scattering lengths have been calculated by 
different methods in various theoretical papers.?~' 
In calculating the s -phases of low energy n-d 
scattering, Christian and Gammel? used the Hul- 
then® variational method and assumed that the deu- 
teron is not distorted by the incoming neutron. The 
appropriate Euler equations were then solved and 
values of a, =5.9 x 10° cm, Ay = 1D 10 cn 
were found for the scattering lengths. 

Burke and Robertson!’ made use of the approxi- 
mation of an undistorted deuteron directly in the 
Schrodinger equation and computed the scattering 
lengths for several values of the radius of nuclear 
forces. Their results are in poorer agreement 
with experiment than those of reference 5. The 
solutions found in references 5 and 7 require com- 
plicated calculations which have to be done on 
electronic computers, but the values found for the 
scattering lengths are not in sufficiently good 
agreement with experiment. 

Verde’ and Clementel* used the direct varia- 
tional method, which leads to less complicated 
calculations. However, their results are not sat- 
isfactory, apparently owing to too crude an approx- 
imation to the deuteron wave function and to the 
assumption that the deuteron is not deformable. 
Even though Verde’s results are in agreement 
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with the experimental values (2) for the scatter- 
ing lengths, from later work?’ and from consid- 
erations of symmetry of the wave function which 
are presented in reference 9, it appears that the 
set in (1) are the correct values. It is therefore 
of interest to obtain the correct values of the scat- 


tering lengths by a direct variational method taking — 


into account the deformation of the deuteron. In- 
stead of using Hulthén’s method,® it seemed to us 
more effective to start from the variational prin- 
ciple for nucleon-nucleon scattering phases which 
was given by Rubinow.!? According to Rubinow, 
the variation of a certain functional is zero for 
the solution of the wave equation, and its extremal 
value determines the scattering phase. The func- 
tional depends only on “interior” wave functions 
which are different from zero only within the 
range of action of the scattering potential. Such 
functions are easily approximated by damped ex- 
ponentials. The generalization of Rubinow’s vari- 
ational method to n-d scattering is presented 
below. 

Let the index 1 refer to the incident neutron, 
and 2, 3 to the neutron and proton forming the deu- 
teron. rj is the radius vector to the i-th nucleon; 
M is the nucleon mass; E is the kinetic energy of 
the neutron in the center-of-mass system, Eg the 
binding energy of the deuteron; S is the total spin 
of the system, equal to de or ee oj are the spin 
variables, which take on values +¥%. The nucleon- 
nucleon interaction is assumed to be central and 
charge-invariant: 


V (ik) = U (ik) (w+ OBin + MM in + AH in), (3) 


where U(ik) is a function of the distance |r; —r,| 
between the i-th and k-th nucleons; w, b, m, and 
h are respectively the fractions of Wigner, Bartlett, 
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Majorana, and Heisenberg forces, w+b+m+h-= 1, spin variables, we get for ~(r,q) the equation 


Bik, Mik, and Hix are the corresponding exchange 


operators. Introducing the coordinates 


C= (V 3/2) (fg Te), d= —1r, + 1/5 (r2 + rs) 


the Schrédinger equation takes the form 


ke = 4ME/3k2, k2 = 4ME. /3h?, 
W = V (12) + V (13) + V (23), 


Ay and Ag are the Laplacians with respect to the 
variables r and q, respectively. 

The functions #(S) are assumed to be every- 
where finite, continuous, and antisymmetric under 
interchange of the neutrons, and to have the follow- 
ing asymptotic form as q—o: 


wpe) — ee (21, 3g, 93) (feots, + g), 
eh) xy") (a1, Gy, 3) (foots, + g), 


where 6, and 6, are the s-scattering phases in 
the states with S=*%% and S='%, respectively; 


(5a) 
(5b) 


1 hee 4 st 
Me 5, Pa (r) 7 sin Mee Sar Pa (r) 7 608 kg, (6) 
yq(r) is the wave function of the deuteron, 
xh) = Oy (1) & (S2) &3 (93), 
71) = {0 (91) [%2 (S2) Bs (92) + Be (F2) % (93)] 
— 28; (93) %2 (G2) 3 (33)} /V6. 
a and £8 are defined as usual: 
a (4/2) = 1, «(—4/2)=0, B(*/2)=0, B(—*/2) = 1. 


We expand the functions w(S) in eigenfunctions 
of the total spin S andits z projection Sz. These 
functions have the form: 


for S = 8), Sz = 3/a, xP) = a (91) 2 (52) %3 (9s); (7) 
| for S= "es Sz = 1s, 
1 = [B, (24) a2 (42) — ee (21) Ba (62)] #5 (25)/V'2; (8a) 


ioe = {[o, (91) Bs (G2) + Br (91) %2 (¢2)] %3 (23) (8b) 


— 2a (93) & (32) Bs (33) }/V 6, 


where the function (8a) is antisymmetric and (7) 
and (8b) are symmetric in the spins of the two 
neutrons. Then 

pl) = Mh (fs q), (9) 


ype) (*2) (1 0) 


= x! (r, a) + 2/2 (Fr, 4): 
Substituting (9) and (10) in (4) and separating 


(c+ Ws) h =0, (11) 
where 

c= AS + AC + ke — ke WV, = (yh), Wy), 
while for ~,(r,q) and (Yr, q) we have the 
pair of equations 


(T+ Ws) =0, (12) 


where 


To construct total wave functions (8) which 
are antisymmetric under interchange of the two 
neutrons, we need the following combinations of 
the functions f and g defined in (6): 


F,=(1 —P,,)f, G4 = (1 — Py) g, 


FY = —(V3/2)(1 + Pus) f, G3? = —(V3/2) (1 + Pus) g, 
i == 4ja(1— Pie), Gy —#*e(l — Pi) gy (13) 
where Pi. is the exchange operator for the coor- 
dinates of the two neutrons. 
If in place of %, gy, @_g Wwe introduce new func- 
tions Y,, y!) and yl). 
p = Fycots, + G,—Ya, (14) 
1 = Fy? cots, + Gy? — Yq, o = Fy’cotd, + Gy — Y,” 
and impose the conditions: 
Pu, 2 Va, Pits =e Pals = ee) 


we find that all the functions Y and G are finite 
and continuous, and all the Y’s go to zero for 
q—o, so that it follows from (7) to (10), (13), and 
(14) that w(/2) and v'/2) are finite, continuous, 
have the required symmetry and take on the form 
(5) as q—~. 

Substituting (14) in (11) and (12), we get the 


equations for Y4, yf) and x), 
(t + Wa) (Ya — Ga) 
—cotd, [WaFs — (1 — Pys) U (23) f] = 9, 
(FAW (Vg = G,) cles (WU) a0 


FH\ a ens) a yo 


(V 3/2) (1 — Py2) U Bo 
1/4 (1 + P42) U (23) : 


(16) 


Here 


ie Cs + Pyx) U (23) 
(1/2 V3) (1 — Paz) U (23) 
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and U(ik) is defined in (3). In deriving (16) we 
used the fact that F, and F, satisfy the equations 


oF, + (1 — Py) U (23) f =0, (T+ U2) F2= 0, (17) 


which follow from (6) and (13). 

The set of equations (16) and (17) enable us to 
find the phases 6, and 6, by using the variational 
principle’? which states that the solutions of equa- 
tion (16) annul the variation of the functional 
L(Y—-G), while <L>extr, =k cot 6. The func- 
tional L has the form: 


L=kcoty(1 + B)?—C, (18) 


where 7 is the s-phase shift in Born approxima- 
tion; the quantities B, C for S= UE are given by 
the formulas: 


B =x, \a(Vs — Gy) {WaF, — (1 — Pye) U (23) f}, 
Pe z\ (Ya — Gy) (t+ Wa) (Y4—- Gi), (dt =adrdq), 
and for S= ip by 
4 . 
B= sg (Ys EW Oma: 


C= y\d((¥2—G,), (T+ W,) (Y2—G.)) 


where 


Msi e Aa. if = pa Me ba 
As, \By 
The computation of the scattering lengths was 
done with the potential used in reference 5: 


U (r) = U, exp(— 222), U, = 86.4 Mev, (19) 


Net al 332210 13° cm. 
and the Serber exchange force. The potential (19) 
was chosen to agree with the data on the n-p in- 
teraction at low energies. For the potential (19), 
the approximate deuteron function has the form:> 


Oa (X) = 0.02133e—0-03** + 0.0858 2e—0-16* + (0.181 15e—0-76%*, 
(20) 
where x =Ar. 

The minimum of the functional (18) was found 
by the direct Ritz method, using trial functions 
satisfying the conditions (15). For S = hs we 
chose: 

(1) in first approximation, neglecting deforma- 
tion of the deuteron: 


Ys =(1— Py) ea (r)[exp(—a4gh/2e"q (21) 


N 
+ > Cr exp (— neq?) | : 


n=l 


(2) in second approximation, including deforma- 


tion of the deuteron: 
ar = (1 — P,) 0, 


where P,. is the operator which interchanges the 
coordinates of the neutrons, 


® = oq (r) exp (— X2q”)/2a'leq 


= > Con eXp (— pr — neg?) (22) 


p,n 


DH ty 28 it eee 


Vy = 0108) Yo = Onl Oya —= UO 

For each n, the sum over p in (22) contains the 
same exponentials exp (-Ypx") as in (20), but 
the coefficients are varied. 

For S=¥, the trial functions took into account 
deformation of the deuteron: 

(1) In first approximation, the deformation was 
included as in (22) 


YP =—(V3/2)(1+ Py) ®, YY! =—%s(1— Pi) ®. 


(2) In the second approximation, in the spin 
state (8a) we added an unknown multiple of a func- 
tion which is symmetric in the coordinates of all 
the nucleons. The introduction of such a function 
takes account of the fact that in the state (8a) the 
neuteron penetrates deep into the deuteron and all 
three nucleons interact strongly with one another. 
We chose this function in the form 

M 
v= S) Amexp[— mid (r° + q?)/2]. 


m=1 


(23) 


Thus in this case the trial function had the form 
YY oases e=s 
YS eee eee 


The computational results for the scattering 
lengths a, and a, are given in the table, in which 
the values of M and N indicate the number of 


Dependence of a, and a, on number of 
terms in the trial functions (21), (22) 


and (23). For each n in (22), p runs 
through the values 1, 2, 3. 
First ap- Second ap- 5 
proximation prowinmacion Experiment! 
Nie lied Ae Se eV fe 
ageOlcme) Ni 2p col Ni ==, (Oko) EOE One, 
Nz 3.9750 LN ==0) 613 Fe 
Ne Aa NE e ‘4 
aa:108em-1 |N=2 1.7 va ‘ 0.8-40.3 
N=2 \4 1 
NG =i} |j ~© 


terms included in the sums which appear in the 
trial functions (21), (22), and (23). It is clear that 
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A treatment is given of the kinetic equations for impurity semiconductors, which describe 
transitions from the impurity levels to the conduction band. On the assumption that the dis- 
tribution function of the free electrons (or holes) has the form of an equilibrium distribution 
function with a certain effective temperature that can be determined from the equations, ex- 
plicit expressions are given for the energy and kinetic coefficients for cases in which the life- 
time of the electrons in the conduction band is determined by photorecombination and triple- 
collision recombination processes. Nonradiative transitions other than those occurring in 
triple recombination are included by a phenomenological method. In this case the kinetic and 
energy coefficients can be expressed in terms of the lifetime of the electrons against such 
transitions in the equilibrium state. The equations obtained make it possible to determine 
the electron temperature and the number of electrons in the conduction band in various non- 


equilibrium processes. 


1. THE KINETIC EQUATIONS FOR THE FREE (3.1) ff. in reference 1) 
ELECTRONS, INCLUDING EFFECTS OF RE- 
COMBINATION AND IONIZATION oe He y ae I. a 2 (iS) Para Oo 


it ieee (1.1) 
HE kinetic equations for the distribution function 

n of electrons or holes, including effects of their am 
possible heating up, have the form [cf. e.g., Eqs. at 


+ vyn, + eEo % 4 © [Hxm)] +m =0. (1.2) 
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Here 


S, =1/3eE-n,v — S (1.3) 


Sen eE-n,v — (2mv5ev/L) [Np (1 — No) (kT -L On,/O2) 


is the energy flux density in the energy space. The 
notations are as follows: np is the part of the dis- 
tribution function that is symmetric in the momenta 
(the average number of electrons in a given energy 
level); v-n,/v is the part added to the symmetric 
part of the distribution function — together these 
two parts give the total function n; ¢€ is the en- 
ergy, v = 0e€/dp is the speed, m the effective 
mass, e the charge of an electron (or hole), Vg 
the velocity of sound, and T the lattice tempera- 
ture. The reciprocal of the mean free path L in 
which the electron loses its momentum is given by 


DEA Tiles Ul Pe lites (1.4) 
where /=1,) is the mean free path against loss 
of momentum by scattering by phonons, J,; by 
scattering by impurities, and Jeg by electrons 
and holes. E and H are the external electric 
and magnetic fields, c the speed of light, and 
Ne the doubled (because of spin degeneracy ) 
density of electron (or hole) levels. The ex- 
pression Zee describes the interaction between 
the electrons in the conduction band. The term 
gy (¢€) in Eq. (1.1), which was not included in ref- 
erence 1, describes the change of the average 
number of electrons (or holes) with the energy 
€ on account of transitions between the conduc- 
tion band, the valence band, and the impurity 
levels. We neglect the analogous term in Eq. (1.2). 
Together with the normalization condition 


n= \ neds (1.5) 
the system of equations completely determines the 
distribution function 


nh=ny+v-n,/v. (1.6) 


We shall choose the concrete form of 9g («) 
for impurity semiconductors for conditions such 
that transitions from one band to another, and also 
between a band and local levels far removed from 
it can be neglected. Thus for semiconductors with 
electron conductivity we include only transitions 
between donor levels and the conduction band, and 
for semiconductors with hole conductivity only 
transitions between acceptor levels and the valence 
band. The construction of the scheme for semi- 
conductors with hole conductivity does not differ 
at all in principle from the treatment of electronic 
semiconductors. Therefore for definiteness we 
shall speak hereafter about an electronic semi- 
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conductor in which in addition to the donors there 
are N, acceptors. In the ground state the ac- 
ceptors will be filled up with electrons which have 
gone to them from the donor levels. We shall de- 
note by Ng the number of donor levels that are 
filled in the ground state. Thus we arrive ata 
Neiburov scheme of a semiconductor with Nd 
donors and Ng acceptors, located at the distance 
€) below the bottom of the conduction band. 

Ejection of electrons from the donor levels into 
the conduction band cannot be accomplished by the 
phonons, because their maximum energy is con- 
siderably smaller than ¢€). Thermal fluctuations, 
under the action of which impurity electrons get 
ionized, can occur in the form of photons of black- 
body radiation. The dispersion formula for this 
excitation branch is given by the equation Bie 
wk + v,yK®, where v, is the speed of light of fre- 
quency v inthe medium, K is the wave vector 
of the photon, and wy = (4mme?/m )!/ is the Debye 
frequency determined by the total number n of 
free electrons. For semiconductors in which n 
is small compared with the value in metals, the 
quantity wy can be neglected for frequencies 
that can produce transitions (w 2 €)/h). In addi-. — 
tion to the processes of ionization by black-body 
radiation, ionization can be produced by fast elec- 
trons with energies larger than € . The inverse 
processes are those of photorecombination, accom- 
panied by the emission of a photon, and of triple- 
collision recombination, i.e., recombination with 
an empty impurity by one of two electrons collid- 
ing with it simultaneously. For a number of semi- 
conductors in which the numbers of free electrons 
are small, and for which it is known that in equi- 
librium one can neglect processes of ionization by 
collision and of radiationless triple-collision re- 
combination, radiative recombination alone cannot 
explain the short lifetimes of electrcns in the free 
state that are observed experimentally. The 
source and character of the perturbations that 
cause the nonradiative transitions in these semi- 
conductors have not been ascertained as yet. We 
shall for the time being leave this class of semi- 
conductors to one side, so that we confine our- 
selves to the consideration of semiconductors in 
which the lifetime of the free electrons in the 
equilibrium state is fixed either by radiative re- 
combination or by nonradiative triple recombina- 
tion. 

Let «Zit eat (€) denote the increase of the 
number of free electrons with the energy ¢€ per 
unit volume and unit time owing to processes of 
photoionization and photorecombination, and Z (e€) 
— Z’(€) that owing to processes of ionization by . 


NONEQUILIBRIUM PROCESSES IN IMPURITY SEMICONDUCTORS 103 


collision and triple recombination. Then 


e()=—Z4+2—Z+7.. (a) 


We confine ourselves to the consideration of 
semiconductors of relatively small conductivity, 
in which the number of electrons is so small 
(n<6x10“T3/2) that they obey classical statis- 
tics. Then for the photoprocesses we have 


Z (2) =(Nq—n) x0, aD, / dP, (1.8) 
Z’ (8) = (Na+ n)x0(1 + My) a, 


where n is the average number of free electrons 
in the level in question, n is the total number of 
free electrons, dI'g = Ne(«)de is the number of 
electronic levels with the energy ¢, dI) is the 
number of photon levels, Ky, is the cross-section 
for photoionization by a photon of frequency given 
by hvy=e€)+€, and kg is the cross-section for 
photorecombination. The cross-sections x, and 
Ke are connected by the relation 


(1.9) 


alates 


(a 


cp teanaas 


Hy (1.10) 
In Eq. (1.9) the factor (1+ Ny); where N, is 
the average number of photons with the frequency 
v, includes the effects of both spontaneous and 
stimulated emission. 
Taking account of the effects of dispersion, we 
have for the number of photon levels 


dint 
diny 


dP, = 8nK2dK =" ¢8 dy, 


where the photon wave vector K=¢v/c, and ¢ 
is the index of refraction. The speed of a photon 
in material with the index of refraction ¢ is 


v, = dy/ dK = (c/%)dInv/ dint. 


The quantity v,dI,, itself has the simple form 


vy AD, = (8nv? / c?) Ody = v,8nv? dy / v5, (Lat) 


just as if there were no dependence of ¢ on pv. 
For frequencies hv ~ €) in the majority of semi- 
conductors the relation €q ~ ¢* between the index 
of refraction and the dielectric constant holds with 
good accuracy. 

To describe the processes of ionization by col- 
lision and triple recombination we introduce the 
cross-section S$}? (€,, €2) for the process in 
which an electron with energy ¢€, produces ioni- 
zation by collision with the ejected electron going 
into an energy interval at €, and the original 
electron left still in the conduction band (the in- 
dices 1, 2 on S mean that at the start of the proc- 
ess there was one electron in the conduction band, 
and at the end there are two). The cross-section 
Satie €1, €2) describes the inverse process, in 
which one of the two electrons recombines (namely 
the first one) while they are both interacting with 
the impurity. The change of the number of elec- 
trons with energy ¢€ owing to ionization processes 
S'»? consists of three parts: (1) the electron ion- 
ized from the impurity goes into the interval de, 
(2) the electron producing the ionization goes into 
the interval de, and (3) an electron that itself has 
the energy ¢€ produces ionization and leaves the 
interval de. Corresponding to these three proc- 
esses we have: 


c G MCE SaG Lite 
aes He Ne eee 


+ | o@)42 9! a.ae—ed Ne (es) dey (1.12) 


a Ne(e) 


c me) “S!2 (eye 
a \ ot) oe N a Ne (4) de ; 


i2 


In a similar way we find for the decrease of the number of electrons with the energy € owing to the 


inverse processes S”!; 


2'()=(N acer) {V0 200 (ey BD 56, e) Me (21) des +o te AE) (6,) 2) 524 (e,, 2) Ne(2x) dey 


0 


loo} 


0 


Furthermore, as follows from the principle of detailed balance, or from the equation Z = Z’, 


(1.13) 


n(e—e1—€ ne) 62, 
—\v—4—4) 2-3 a (2,) 2s *(e1, e—e— ey) de, 


for equi- 


librium [cf. Eq. (2.1)] we have the following relation between the cross-sections of the direct and inverse 


processes 


v(&te2+e) Ne ae 


2 + £0) 


Se aes: &2) = = 


U (€;) U (Ea) 


The cross-section q(¢€) for ionization by col- 
lision is defined in terms of s!»2 in the following 


way: 


Ng (€1) Ng (€2) 


S' (2, + €9 + 0, &). (1.14) 


E—£, 


g(e)= | Sie, 2) de, 


0 


(1.15) 
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and the concrete expression for gi.4. for example 
as given by the classical Thomson formula, is 


S™ (c, <3) = met /e (ex + 6). 


As will be seen from what follows, it is neces- 
sary to take into account all three possibilities for 
ionization and recombination. Usually only the 
first term is used in calculating the ionization. 
This would, however, lead to an incorrect result 
in calculating the change of the total energy of the 
free electrons. 

Equations (1.1) to (1.3), with the g(e) deter- 
mined by Eq. (1.7) and the equations following it, 
describe the change of the distribution function n 
of the electrons in various sorts of processes, on 
condition that the distribution N, of the photons 
at each point of coordinate space is a known func- 
tion. Ny is determined by the equation of diffusion 
of radiation and the appropriate boundary condi- 
tions. This equation clearly has the form 


oN, ne 9) 
+ v, Vy (9, 9) + (Na — 1) x00, (9, 9) (1.16) 


4 Fea 
are (Na a n) XV (ze an Ny (3, oat dl, = 0, 


where N,(, @) is the number of photons of fre- 
quency v inthe direction 3, gy, so that 
JNv¢ (3,9) sind dddg = Np. 

Using Eqs. (1.12) to (1.14), and also (in the in- 


termediate steps) the concrete expression for Si. 


we calculate the integral of Eq. (1) times Nede. 
As the result we get the equation of conservation 
of charge in the form 


on 


ap —(Na—n) B+(N 2 +n) nf’ —(Ng—n) nB (1.17) 


+ (V,+ n) n?8’ + div j/e=0, 


where the ionization and recombination coefficients 
are 


6 x \ x Nyvy aly; (ens) 
Vp=£,/2 
B= —-\ x01 4 Ny) ndt, =—-\ (1 + My) no, ay 

0 Vo (1.19) 

1 @ - E—£p if 
B = —-\ 0()A(@) Ne(e) de \ S'*(e, e:)de,, (1.20) 

Ep 0 
ee a eae og ae 

8 = ae \ 0 (0) Ne) de \ 1 (01) (== 8 2 ey )tS)" (em ey) dey, 
e0 0 (1.21) 


and the electric current density is 


j=-y-\onW. de. (1.22) 
10) 

By integrating the product of Eq. (1) times 
€Ne(¢€)de we can obtain the equation of conser- 
vation of energy. Here the integration of the ex- 
pressions (1.12) and (1.13) for Z and Z’ gives 
a negative quantity, unlike the case of integration 
of Z and Z’. This corresponds to the physics 
of the situation: when recombination occurs the 
electronic system receives the liberated binding 
energy of the electron and impurity. On perfor- 
ming the integration we get the equation of con- 
servation of energy 


Oz, /Ot SF div W. ere E:j ae OP = Oy = OP — 0. (1.23) 


Here the average energy of the n electrons is 


és = ne = \ nN ede; (1.24) 
the electronic thermal flux is 
We= \ con, Nde: (1.25) 
the energy transferred from the electrons to the 
lattice on account of emission of phonons is 
On | SWede, (1.26). 


where S is to be taken from Eq. (1.3); the energy 
lost by the electrons in interaction with the photons 
is 

Qep = (Na +) 2(y' — e68") — (Ng — 10) (y— 298) (1.277) 
and that lost in processes of ionization by collision 
and of recombination is 


Qez = — 89 (Nz + 2) 8" + 89 (Nz — ny) v8, (1.28) 


where the quantities 


Y= \ x,N hvoydly, (1.29) 
sy it NV 
vee a xy (1 + W,) nhvo,dD, (1.30) 


differ from B and B! by the factor hv in the in- 
tegrands. 

The first term in Qep is the energy lost by the 
electrons in the conduction band in photorecombina- 
tion; the second term in Qep is the energy re- 
ceived by the electrons in the absorption of radia- 
tion. Here (Ng+n)ny’ is the radiated energy, 
and (Ng- n)y is the absorbed energy. The terms 
E of and 08 allow for the change of the binding 
energy. 

The conservation equations (1.17) and (1.23) are 
not a complete system unless supplemented by the 
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equation of conservation of energy for the photons, 
which is obtained by integrating the product of 
Eq. (1.16) by hy sin ddvde: 


dep/Ot + VWp + (Ng—n)y—(Na +n) ny =0, (1.31) 


where the energy of the photons producing ioniza- 
tion is 


co 


— \ hyN. dV, (1.32) 
the radiative energy flux is 
We Jovy, (9, 9) sin $d9do dP, (1.33) 


and the last two terms in Eq. (1.31) represent the 
energy going into ionization. 

The energy transferred by the electrons to the 
lattice either goes to increase the lattice energy, 
or else is carried away owing to the thermal con- 
ductivity of the lattice, which is described by the 
equation 


Oc1/0t + div W;— Qe: = 0, (1.34) 


where ¢7 is the average lattice energy and Wy, is 
the thermal flux transferred by the phonons. 

We shall not write out the differential equation 
corresponding to (1.34) for the distribution function 
of the phonons since, owing to the strong interac- 
tion between phonons at temperatures above the 
Debye temperature, the equilibrium distribution 
for the temperature T, determined from Eq. (1.34) 

-and the boundary conditions, is not upset by the 
action of the external field and illumination. Thus 
the problem is the following one. For concrete 
physical conditions we have to determine the dis- 
tribution functions of the electrons and photons, 
Eqs. (1.1), (1.2), and (1.16), and, knowing these 
distribution functions, we must use the conserva- 
tion equations (1.17) and (1.23) and the transport 
equations (1.22) and (1.25) to describe the various 
nonequilibrium processes. 

It is convenient, particularly for thin specimens, 
to separate the radiation into an internal part, 
which will be denoted by Ny, as before, and an ex- 
ternal part Next 

Then, introducing the notations 

Bet = xy NE*ty dV y, 


Yo 


(1.35) 


Yext* = \ Xy N&* hyo, ary, 


Vo 


we have instead of Eqs. (2.16) and (2.22) 


(1.36) 


S — (Na—n)(B + Bost) + (Na + 1) 08" — (Na — 1) 18 


4+ (Na+ n) 128" + div+ = 0, (1.37) 


dc 


e 


OL -- div W,.— E-j —+- Qet ae Qep ae Qer == Ge (1.38) 
where the energy received by the electrons as a 
result of the irradiation is 


ext’ 


Qo = (Na A n) GAAS eB ext): (1.39) 


Here we do not necessarily mean by Bex; ir- 
radiation by light; it may also be any other agency 
that produces ionization of the electrons, for ex- 
ample an electron beam, etc. 


2. THE CONSERVATION EQUATIONS FOR AN 
EQUILIBRIUM DISTRIBUTION FUNCTION OF 
THE ELECTRONS WITH AN EFFECTIVE 
TEMPERATURE 


In the presence of external fields and irradiation 
of the semiconductor the distribution functions of 
the electrons and photons will be of a nonequilib- 
rium nature. Owing to the slowness of transfer 
of energy from the electrons to the lattice, as 
compared with the transfer of momentum, in 
strong electric fields the electron gas gets heated 
up.* The energy distribution of the electrons of 
this heated gas will be mainly determined by the 
interaction with the phonons, since the character- 
istic times for exchange of energy between elec- 
trons and photons are considerably longer than 
the time for exchange of energy with the phonons. 

The first manifestation of the nonequilibrium 
nature of the electron distribution is a shift of the 
maximum of the distribution function toward higher 
energies. The nonequilibrium distribution function 
can be approximated by an equilibrium function 
with a certain effective electron temperature, 
which is determined from the equations. The 
kinetic coefficients found by means of this func- 
tion differ very littie from the coefficients found 
from the exact distribution function. Moreover, 
such an approximation facilitates the calculations 
and makes the meanings of the effects clearer. 
Therefore we shall assume that the distribution 
function of the electrons is an equilibrium function 
with the temperature Te. 


*Generally speaking, the electron gas will get heated up in 
a field also in the case in which the energy is transferred to 
the lattice in the same time as the momentum (as, for example, 
in ionic semiconductors, in which the mean free path / , against 
energy transfer and the free path /, against momentum transfer 
are of the same order). And this heating up will also manifest 
itself in effects for which it is of importance. For this case, 
however, the very method of solving the kinetic equation is, 
strictly speaking, not valid for arbitrary fields, because in suf- 
ficiently strong fields (for which the heating up is appreciable) 
the asymmetrical part of the distribution function becomes com- 
parable with the symmetrical part. 
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The energy distribution of the photons is de- 
termined on one hand by the electron distribution, 
and on the other hand by the penetration of the ex- 
ternal irradiation into the interior of the specimen. 
It is clear that far inside a massive specimen the 
distribution function N, of the photons will corre- 
- spond to the electron distribution; i.e., if the elec- 
trons have the temperature Te, then Ny, is the 
equilibrium function with this same temperature. 

In a thin specimen, where the additional radia- 
tion that appears because of the recombination of 
the heated-up electrons gets out of the specimen 
without being absorbed, the photon distribution is 
the equilibrium distribution with the temperature 
T. Just this case, which is the least favorable one 
for the increase of the total number of free elec- 
trons under the action of a field, is the one we 
shall now consider. Corresponding to the above 
statements, our assumptions are 


Pe Te? ON (TD (QumKT of?) (222) 


N ete (7) 
Ny = [ely kT ae [jas 

In the calculation of the quantities 8, Eqs. 
(1.18)to(1.21), we assume that the density of the 
electron levels is the same as for free electrons 
with the effective mass m, and that the cross- 
section q(¢€) for ionization by collision is given 
by the Thomson formula 


q (2) = (me}/s*) (¢/2) — 1), 


where e, is the effective charge of the impurity. 
Then, substituting Eqs. (2.1) and (2.2) into 

Eqs. (1.18) to(1.21), we get for the case kT/e,) « 1, 

ET 3/€) <1: 


(2.2) 


B= Be-sr, (2.3) 

BY = (B/Nese (T))(T/T.)" (2.4) 

BeBe T) esa 3 (2.5) 

BY = (B/Nees (T))T/Te, (2.6) 

where 

B = 8nngepegkT /c2h?, Ch 

B = (4ney/26) VkT / 2um. (2.8) 

Here K?, is the absorption coefficient of light of 


frequency vy) by a single atom, and €g is the 
dielectric constant (€q * ¢?), To first approxi- 
mation with respect to kT/€), kTg/e) the expres- 
sions (1.29), (1.30) for Y give’ 


~ 


y=2b Y= 208’, (2.9) 


so that according to Eq. (1.27) the energy Qep 
transferred to the photons is zero. In the next 
approximation we get 


~—eb = kT,  y' — 208’ = ATP’, (2.10) 


Qen = (Na+ n) nkT Bp’ —(Na—nyerp. . (2-11) 
The concrete form of the expression (1.39) for 
the energy received by the electrons in ionization 
by an external source depends on the spectral com- 
position of the irradiation. For monochromatic 
light of frequency Vext = €ext/h, or for a mono- 
chromatic electron beam with energy «ext = eVext 


Qext = (Va — 1) (fext — 2) Bext» (2.12) 
where for light 
Bext = (LA y/AY)v=vext = Zqu%v ext » (2.13) 
and for an electron beam 
Bext = Net (Sext) = Vext /2) 7 (fext)- (2.14) 


Here ngy and ne] are the numbers of quanta and 
electrons of energy €ex+ incident per unit time on 
one square centimeter of surface; I is the inten- 
sity of the incident light. 

The total energies incident and radiated by the 
specimen in the form of photons are obviously 
given by the expressions: 


(2.15) 
(2.16) 


ORS a (Na = n) SextPext , 
Qep = (Na +7) neop’. 

To evaluate the quantity B by Eq. (2.7) we must 
know the experimental values of the absorption co- 
efficient and the index of refraction of the light 
(or the value of the dielectric constant) for the 
frequency Vv». On the other hand, these quantities 
can be evaluated by means of the hydrogen-like 
model of the impurity, if one knows the depth €, 
of the local level, the effective mass of the elec- 
tron, and the resonance absorption cross-section 
of hydrogen. 

If we regard the impurity as a Coulomb center 
placed in a medium of dielectric constant €g, then 
the depth €) of the impurity level and the “radius” 


ry of the impurity are determined from the rela- 
tions 


er/z9 = same/m, fo = rHegine/m, (2.17) 


where ¢R is the Rydberg energy, ry is the Bohr 
radius, and me and m are the true and effective 
masses of the electron. The actual depth of the 
impurity level does not, however, correspond to 
the dielectric constant ¢€q in the way shown in 

Eq. (2.17) for all semiconductors. Therefore in 
estimating the impurity radius ry it is better to 


use the expression 
Ty = fu (¢am/eym)', (2.18) 


which is obtained by eliminating €q from Eq. (2.17). 
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The photoionization cross-section Ky is pro- 
portional both to r? and to the iL) ee 
interaction constant in the medium, i.e. Ky, ~ 
et /hvp = e’/heel,? 1/2 , where e; = eclf? is fee effec- 
tive charge. puniidting €q, we get* 


%y_ = *H (2R/ey) 4 (1712/m) ‘le (2.19) 
In just the same way, eliminating the effective 
charge e, from the expression (2.8) for B, we 
get: 


B = (4ne*/ey¢x) V RT 2am, (m./m)". 


If we introduce the maximum value of the colli- 
Sion ionization for hydrogen, which according to 
the Thomson formula is peed at energy 2¢€pR 
and is given by qijay = e'/4eR ~ 107% em, 
(which agrees with the experimental value), then 
we get the following expressions for B and B: 


(2.20) 


B = (8nmpkT eg 29/c2h?) (ep/2,) ' (tme/m)", 
B= 16q4_ (sp/2)) V RT /2nmz (me/m)". 


max 


(2.21) 
(2.22) 


If for example, we set €)=0.15 ev, m=Me 
and use the data for hydrogen, ep = 13.6, oRAS = 
107 om™, Ky = 6.3 X 10 “18 Gm?, we find that for 
i= 2007 we have B~ 4x10 °) Be"5 x 10°. The 
value €) = 0.15 ev Porreepond: to a dielectric con- 
stant €g = (ep/e€)/ ~ 9.5. 

The characteristic times for photoelectric and 
triple-collision recombination — lifetime of the 
electron in the free state — are connected with 
the quantities B and B in the following way: 


a = 1/(Na+ M%)B’ = Nees (T)/(Nat m0) B, (2.23) 


v= 1/(Na + Mo) MB’ = Nese (T)/(Na + Mo) HB, 


where ny is the equilibrium number of free elec- 
trons. 

For the distribution function (2.1) the expres- 
sion (1.25) for the energy transferred to the lattice 
by the electrons takes the form 


(2.24) 


ile ae Toe 
Qer = An > a (2.25) 
where we have used the notation 
T \'l, 2mve ¢ cvN, on 7 
As ea : ‘ eg) (226) 


If we assume that 2 does not depend on the energy, 
which is correct for atomic semiconductors, then 


A = (16mv?2/L) (kT /2nm)". (2.27) 


A 5 
For example, with m= me, Vg ~ 10° cm/sec, 


*The same result is also obtained on the basis of the 
Kramers formula for the photoionization cross-section of hy- 


drogen. 
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T = 300°, and 7~ 10-8 cm, we have the numeri- 
cal value A~ 5x 10-4, 

Let us now assume that there exists a type of 
nonradiative recombination in which the energy is 
in some way transferred directly to the lattice. 
This means that there are in the lattice excitations 
other than the photons of blackbody radiation that 
are capable of ionizing the impurity. Of whatever 
type these excitations may be — boson or fermion 
— for kT/e) «1 the probabilities of ionization 
through the action of these excitations and of re- 
combination with appearance of excitation will be 
of the forms (2.3) and (2.4), but with an unknown 
coefficient B, which we denote by Bp. The value 
of Bp can be estimated if we know the experimen- 
tal value of the lifetime for radiationless recom- 
bination, by the relation (2.23): 


th = Neg (T)/(Na + 19) By. (2.28) 


The next question is that of the rate at which 
equilibrium is established for the excitations that 
produce the nonradiative transitions, i.e., the 
question of the rate at which the transfer of the 
excitation energy by the phonons occurs. If the 
time for transport of the excitation energy by 
the phonons is smaller than the time for recom- 
bination with production of these excitations, then 
the temperature of the excitations will be the same 
as the lattice temperature. This natural assump- 
tion corresponds to the most favorable case for 
the increase of the number of free electrons under 
the action of the external factors. Then, just as 
for the interaction with the photons that get away 
without being absorbed, we have 


Bp= Boe, 8 = (Ba Vote CE Ta) 

In Eq. (1.387) one adds the term —(Ng-—n) fp + 

(N, +n)nfp. The energy Qg) transferred in unit 
time from the electrons to the lattice, which we 


have to put into Eq. (1.38) instead of the expres- 
sion (2.25), is given, in analogy with Eq. (2.11), by 


Teel eee ats 
Qer = An — (4) 


+. (Na + n) nkT Bp— (Na — 1) RT Bp. 
In the equation (1.34) for the transfer of energy by 
phonons, however, we must use instead of this 
value the total energy received by the lattice 


(2.29) 


(2.30) 


’ Pere ATE ; 
Osan ( 7 + (N, +n) neBp— (Vg — 2) eoBp 


Ge cake 
(2.31) 


[ef. Eqs. (1.31) and (2.16)]. 
Thus the conservation equations for the elec- 
trons have the form: 


108 
oF + div L — (Wa — 1) © + Bot 28 + Bent) 


+(Na+n)n(p'+Pp+n8’)=0, (2.32) 


de, ; TY PE 
=r + div We E:j+ An- F cS 


— (Nqg—n) [kTB + kT B_— neo + (ext — £0) Bext | (2-33) 
+(Naz+n)n [aT B’ + kT Bp — HP |iOe 


By solving this system of two equations together 
with the transport equations one can uniquely de- 
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termine Te and the non-equilibrium values of n 
for various processes. 
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PHOTOPRODUCTION OF ELECTRON AND w- MESON PAIRS ON NUCLEONS 


el DLA ELV, 
Submitted to JETP editor February 8, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 154-158 (July, 1958) 


Production of electron or ~-meson pairs on nucleons by high-energy gamma-quanta is exam- 
ined. It is shown under what conditions the cross sections for these processes can be expressed 
in terms of the electromagnetic form factors of the free nucleon. © 


l. An investigation of the cross sections of the 
radiation processes involving production of elec- 
trons and » mesons from nucleons at large angles, 
makes it possible to judge the electromagnetic 
properties of the nucleon (form factors . or, if 
these are known from other experiments, to deter- 
mine the limits of validity of modern quantum elec- 
trodynamics. 

It was indicated in reference 2 that the electro- 
magnetic form factor of the free nucleon can be 
written in the form (h=c=1): 

Tq?) = (9?) Yu +2 Beh ar qu), 
where q is the momentum transferred by the 
electromagnetic field to the nucleon (qe =.q?— ai; 
G= yyy), M is the nucleon mass, and a(q’) and 
b(q?) are real functions. When q? goes to zero, 
a(q’) goes to 1 or 0 for protons and neutrons re- 
spectively, and b(q?) goes to the anomalous mag- 
netic moment wy) (in nuclear magnetons). Sub- 
stantial deviations from these limiting values of 
a(q?) and b(q’) are expected when q 2 pu, where 
pw is the mass of the pion. We shall therefore be 
interested in recoils q 2 yp, i.e., as will be seen 
later on, in sufficiently large angles. Furthermore, 
to determine the form factor b/( q’) it is necessary 


to consider large recoils, since b(q?) enters into 
the formula together with the factor q(M)(1). 

2. We consider the production of electron or 
muon pairs on nucleons by gamma quanta. Graphs 
corresponding to this process are divided into two 
groups. In the first group (la) only one photon 
line goes to the nucleon line. Along this photon 
line the nucleon acquires a recoil momentum 
q=k-—p+-—p_ (p+ and p_ are the momenta of 
the pair components and k is the momentum of 
the incident quantum). These are graphs having 
the electromagnetic vertex part of the free nucleon, 
and can be expressed in terms of functions a and 
b of formula (1) by inserting Py from formula (1) 
when writing the matrix elements corresponding 
to graphs (la). In the second group, two photon 
lines go to the nucleon portion of the graph ( Figs. 
1b and 1c indicate the general form of such a graph 
and two simplest graphs for a nucleon interacting 
only with the electromagnetic field). It is impos- 
sible to account for the meson interactions for 
these by introducing simple form factors of type 
(1). 

As to the matrix elements of such graphs, it 
can be assumed that they are of the same order 
of magnitude (or less) as the matrix elements 
of the simplest graphs (1c), corresponding to the 
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process that takes place on a point nucleon inter- 


acting only with the electromagnetic field. The 
interaction with meson fields leads to a smearing 
of the electromagnetic charge of the nucleon which, 
apparently, reduces the matrix elements compared 
with the corresponding ones for the point nucleon. 
These considerations can be confirmed by direct 
examination of several very simple meson graphs. 
Consequently, under these conditions, when it is 
possible to neglect graphs 1c compared with la, 
the cross section of the process can be expressed 
in terms of the quantities a(q?) and b(q?) and 
this takes care of the influence of the meson fields. 

The matrix elements corresponding to graphs 
la and 1c are: 


Mg = —e° (2n)U (Ps) Tul (P;)u (p_) {eam t Mm _@ Jes De hy 
a ( T) ( 2) ue ( 1) u (p_){ Ga = pk V 20 ain V2 = ipo ito (p.)s (2) 
ha Fs i(Pjt+k)—M e@ 2.) = Yu 
Me =e On) 0 (Pa) lye ae ag tag ape toh UP), (3) 
pkR=p-w—so, P,=P,+q; q=p,+D5 
P; and P, are the momenta of the initial and final qp Pk 
nucleons, m is the mass of the light particles, and Ep pk gos (9) 


C= €yYy, where e, is the polarization vector of 
the gamma quantum. 
in order of magnitude 


e8 (2n)* e-p SOP ee 


Vo \ 
M. ~ 2 nt e:P / — 7?) . 
al Sanaa p/) @’ 


p is the momentum of any one of the light particles 
(we assume that their momenta are of the same 
order), P is the momentum of the nucleon, and 

E is its energy. 

From the Weizsidker? analysis of radiation 
processes it is clear that the principal contribu- 
tion to the total cross section will be made at large 
energies by Mg, since the principal contribution 
to the double cross section is introduced by the 
angles 3 < m/p, and at such angles Mg > Mp. 
We are interested, however, in large Q (q 2u> 
m), which corresponds to large angles (d=pu/p). 
It is therefore necessary to examine the ratio of 
M, to Mg at such angles. 

From (4) we see that Mg consists of two terms 
whose ratio is proportional to ~|q|/E. Neglect- 
ing the terms ~|q|/E means considering only 
small recoils |q| «<M, neglecting the energies 
transferred to the nucleon, and neglecting the term 
containing b(q’) in the expression (1). In order 
to be able to discard graphs 1c without making 
such approximations, it is necessary to satisfy 
the condition 


Recoils |q| = pu mean that the momenta of the 
light particles should be greater than pw (w, 
|p,|, |p_|>u>m). Then, when ¥ K1 (it will 
be shown below that only this case is of impor- 
tance), we have 


pk~ +i [m? + (p9)*], qp~p(E— M) + 0 (p?9?), 
gq? ~ O(p?8*), gi ~ 2m? +- O (p*9*), (6) 


P-k~ Mo + 0 (p92). 


From the energy-conservation law (the nucleon 
was at rest before collision) we have 


E—M = 0(p?9?/M). (7) 


Insertion of (6) and (7) into (5) gives the condi- 
tions under which it is possible to consider only 
graphs la 


<< M/p, p>M. (8) 


The first of conditions (8) imposes limitations on 
the energies acquired by the recoil nucleon during 
the process. It follows from (7) and (8) that the 
recoil energies are considerably smaller than the 
energies of the light particles (« = p): E<p. 

If the second condition of (8) is not satisfied 

(p £M), then Mg > Mg as before, but the terms 
with |q|/E in Mg, are of the same order as in 
Mc, and consequently all these, including those 
containing b(q’), should be discarded. We then 
obtain for the quanta with energy w {M and 
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angles ¥* «< M/w~ 1 the ordinary Bethe-Heitler 
formula multiplied by a2(q?) (q?=q? for |q|<« 
M, and the recoil energy of the nucleon is neg- 
lected). 

3. If conditions (8) are satisfied we obtain, by 
inserting expression (1) in lieu of I, into Eq. (3), 
the probability of pair production on a nucleon at 
rest. 


= (2n)*| Ma|? (2x) °° d’p,d3p_6 (M+o—e,— 
= Mi=-(O— pep ))A}?). 
Integrating (9) over the absolute value of the mo- 
mentum p_ and then averaging over the polariza- 


tion of the gamma-quantum and summing over the 
spins of the pair components, we obtain (a = van) ys 


eee. a do, do_ as (7°) [fon + aoe 42 h] 


(9) 


QP 
+ 2a (g%) 6 (g2) goa F-+0° (9%) gor [font aoe h— tI} 
where 
ae 16 p?. p> (p194)? 16 pp? (p_9_)? 


[mF (p.9,7)2 1 [m+ (pa_PP 


16 pp? (pi. + p”) (949_) 


[m? + (p494)?[ [m* + (p-8_)?] 
£49 49-1 100.8))? ee 8 pps 
8a [m? (p.94)?| [m? (p_9_)?| ’ (11) 
= — 80? [(p,9,)? + (0_9_)7] /[m? + (0,5,)?] [m? + (o_9_)"1; 
hh = 8m? (Pp, ei)? wo? / [m2 + (p,9,)?] [m? + (p_%)?]; 
q = (p,9, + p_d_) = 2M (w— p, — p_); (12) 


J, and #_ are the angles between w and p, and 
p- respectively (w-%:=0). The modulus of p_ 
should be expressed in terms of the remaining 
variables from the conservation laws. fp_y is 
the usual angular distribution of pairs at relativistic 
energies (Bethe-Heitler). The remaining terms 
of (10) represent either corrections to account for 
the recoil or pair production due to the magnetic 
moment. All these tend to zeroas M—o, For- 
mulas (10) and (11) are correct for all angles 
<« M/p, i.e., q?«< Mp. Consequently, there exists 
a sufficiently broad region in which these formulas 
are of definite interest from the point of view of 
investigating the limits of validity of quantum 
electrodynamics and a study of the nucleon form 
factors 


wsg<Mp, w/pPcvr<M/p. (13) 
If small q~y are considered it is possible to 

neglect recoil in (10). We then obtain the usual 

Bethe-Heitler formula for the angular distribution 


at higher energies, multiplied by a?(q?): 
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do = a? (q”) dop_u. (14) 


For lower energies, p S M, formula (14), as al- 
ready indicated, remains valid in the angle inter- 
val J «<1. 

However, if we do not neglect recoil, then for- 
mula (10) holds for angles ¥ ~ u/p, and the terms 
with f, canbe neglected for angles ¥ > p/p in 
production of a pair of muons, and for all angles 
(13) in production of a pair of electrons, since then 


lft |/|fe—a| ~ 2m? /(p)?? <1 


(lf:|/lfp-y| «1 also for |p, —p_|«ps). In 
all the above cases formula (10) becomes 


F pga sks ae do_-q (a? (q?) fa—n (15) 


(2z)? 
+ 2a (g2) b(q*) og f + 0g?) a lfe—a— f)} 


By determining the angular distribution at various 
energies it is possible, in principle, using formulas 
(10) to (15), to obtain the values of the form factors? 
or, if these are known, to check how substantially 
the electromagnetic interaction varies at high en- 
ergies. 

4. If we integrate the 6 -function in (9) over the 
angle between the projections of the vectors p+ 
and p_ ona plane perpendicular to the direction 
wW (py, and p_J_), and then integrate over the 
angles 3, and J_ toacertain Jmax (%max « 
M/p) at constant p, and p_, i.e., at constant 
q’?(12), we obtain the energy distribution of the 
pair particles that travel in the cone 3. © dmax- 

The integration should be over the region 
bounded by inequalities 


| 9? ye <2 xy; Sasa sa ga ky, 


x= p> ~ JS p>; Ae = DP.) max; Nope P.9max- 
Integration over region (16) can be performed rig- 
orously poly if |p, - D4 Donk ¥.09/ 09 oe or approxi- 
mately if NG > (p+ = p— in the formulas that 
follow). 

For the case A? > q’? we get 


(16) 


ee dp. 2M 
Ne SG Le 2 > {a* q?) [n+ zoe a -®,| 
2 2 2 
+ 24(9°) 6 (9?) zig © + 0 (0°) Gir [Pant ae P1 — O]}; 
(17) 
Opn = (p? 2) ad eee me 
Bin ule ) arpa 7 ead as ca [! " Vgib agian as ti 
ope pasa) {2 P9max m? ie 
eo?) 2. In — Bi pre ye uae : 
(18) 
epi a 2a m? 


? 


Pian) eV qoaedguae 
[VE aah — 9?) m2 


L= In 
V qt + 4q?m? (q? + m2) + g? (g? + 3m?) * 
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For q? «<M? (q’< yp?) we neglect all the terms 
in (17) eee for the first one, containing @p_y. 
For @ >m? it is possible to neglect , entirely, 
the remaining functions assume the simple form 


Pp_u= (0% +p?) PL /V gt + 4q°m® — 2p,p_; 
(19) 
® = — 407 In (p,9max /m). 

We leave L inits previous form, in view of 
the large coefficients in the terms with m”. 

Formula (17) can still be integrated over 
dp, for p, + Saye = const ¥ w (q?= const) and 
2Mdp_ = —dq’. Then, for gq? > m?: 


(2 9") Ga 4q?m? BH : | 


2 od = 
3 q max 
ab M2 [In 2m 1| 


ds = — 03 


to 


(20) 


9 92 PL 9 nox 13 
ae am lV 4q?m? + 61n oe eal $ 


Analogous results can also be obtained for 
bremsstrahlung. For this purpose it is necessary 
to replace in the matrix elements (2) 


Dip ena oee Ply 81, | PL, &_—>'p2, £2; 70,0 — 0, —@® 
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ea 


and in formulas (9) to take d*p.d’w/(27)* instead 
of the statistical factor d’pid%p_/(27)*. The re- 
sults can be obtained from formulas (10) to (15) 
by substituting 


Lil 
Pate do,do_— fe — = 1p. 40w: 


$39; > 9—, p,>— pr 


(3, is the angle between p, and p,). 

In conclusion, the author expresses sincere 
gratitude to I. M. Shmushkevich for suggesting 
the topic and for valuable advice. 
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A discussion is given of the correlation of the polarization of internal-conversion electrons 


with the direction of emission of the electrons in the preceding 6 -decay. 


If one neglects the 


Coulomb field of the nucleus, then in the case of a magnetic multipole the polarization is lon- 


gitudinal and does not depend on the energy. 


In the case of an electric multipole both longi- 


tudinal and transverse polarizations occur, with dependence on the energy. 


i Owing to the nonconservation of parity in B- 
decay the daughter nucleus is polarized in the di- 
rection of the emitted 6 -decay electron (the par- 
ent nucleus is supposed unpolarized, and the direc- 
tion of emission of the neutrino is not observed). 
Therefore if an internal-conversion process occurs 
after the 6-decay, the conversion electrons must 


possess a preferred polarization.* This effect can 
be used both in studying $-decay and also in study- 
ing the properties of nuclear levels, since (as will 
be shown below) the character of the polarization 


*Our attention was called to the existence of such an 
effect by A. I. Alikhanov and V. A. Liubimov. 
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of the conversion electrons depends in an essential 
way on the order and type (electric or magnetic ) 
of the multipole involved in the nuclear transition. 

The general expression for the polarization vec- 
tor <o> of the internal-conversion electron, for 
the case of an allowed 6 -decay transition, has the 
following form: 


a (v-n)n + b (v—(v-n) n), (1) 


where a and b are constants depending on the 
angular momenta of the nuclear states and the en- 
ergy of the transition, cv is the velocity of the 6 
particle, and n is the unit vector of the direction 
of the conversion transition. 

In fact, Eq. (1) is a general expression with the 
following properties: (1) it is a polar vector, cor- 
responding to the fact that the polarization appears 
only as a result of the nonconservation of parity in 
B-decay (<o> is an axial vector); (2) it is in- 
variant under replacement of n by —n, which 
corresponds to the conservation of parity in the 
internal-conversion process; (3) it is proportional 
to the velocity vector of the 6 particle, which de- 
termines the polarization of the daughter nucleus. 

2. Let us find the density matrix characteriz- 
ing the polarization state of the nucleus formed as 
a result of the B-decay. If this nucleus is ina 
state with angular momentum j, and if the initial 
nucleus was unpolarized and the direction of the 
neutrino was not observed, then the general ex- 
pression for the density matrix that determines 
the distribution of the angular-momentum compo- 
nent m, must have the following form: 

4 Owe ee 
P am, ~ 2je-F 4 se sf ane Ce oth : 2 

where v = (-—1)# V-y are the components of the 
vector (v’=vz; vtl=F (vx = ivy)/2'/7), and 
C::. are the coefficients of vector composition 
(Clebsch-Gordan coefficients), which differ from 
the matrix elements of the angular-momentum 
operator J only by a normalizing factor: 

(jem | J. | jr’) = (jmn’ | J*| jm) = VG VY) Che, au 

The constant ¢ can be expressed in terms of 
the constant that appears in the expression W for 
the angular distribution of the 8 particles from 
the decay of polarized nuclei. 

For this purpose let us consider the £ -decay 
of a polarized nucleus with angular momentum j, 
into a nucleus with angular momentum j;. The 
probability for the decay can be written in the 
form 

W =SpeUtu, 
where U is the operator describing the transi- 


tion jp — j3 and p° is the density matrix of the 
state j,. If the state of polarization is defined by 
the average angular momentum vector <J> , 
then 


3 J jnmMe 
1 


4 nN 
0 = ig eee 
Cates 2eaet | MyM, a Vita asa JoM'2, 


The matrix U‘U is proportional to the expres- 
sion (2). Indeed, the density matrix (2) is deter- 
mined by the transition j3;— jy, and since the 
state j3 is not polarized, 


2 (USU) ey Sb Ce: 


Pam's 
Consequently, apart from a common factor 


3 Jy? j2me \ 
jom’s, 1 v) 


W —_ 6 # es 
Oe TV) 


> > je +1 ‘le fame u 
ee ie wee ) CC rela) 


Performing the summation over m, and m5, we 
get 
W=1+4¢0v/;}.. (3) 


Thus we can omit consideration of the B -decay 
stage of the process, and determine the constant 
¢ in Eq. (2) from a comparison of Eq. (3) with 
the known expression for W.'*? In particular, for 
an allowed f transition in the case of S, T, A, 
and V interaction variants (with neglect of Cou- 
lomb forces) ¢ is given by 


C=2Re \(esee + cc — 0,03 — cc’) 


—€,C;) A | Ms. ie} 


dais 


j2 nlZin * 1% 
x (#4) 0; MeMer + (crc. 
x ((lesP? + es? +e, ? +e, )| Me P 


+ (len)? - lee P ir ent ea Vieni aes 
where 


Nini = {fa (Jz + 1) — is (is + 1) + 2} /{2ie (j2 + 1)}, 
Me= (1), Ber =(\9) 


3. Suppose the nucleus makes a further transi- 
tion from the state jym, to the state jym,. The 
matrix element of the internal-conversion process 
can be written in the following form? ( omitting 
common factors that are of no importance for our 
purpose): 


Mona = (Jats | Qe%| amma)” \ $3 (r) BEA (er) da(e) de. (4) 


Xr 
Here Oui is the operator of the 24_pole elec- 


tric (A=1) or magnetic (X=0) moment of the 
nucleus, corresponding to the transition in ques- 
tion; %, and % are the wave functions of the 
electron for the initial and final states; and BOY 
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is the operator of the interaction of the electron 
with the multipole field. This operator has the 
following form 


BO. = => @Yrrm(r/r) Gi(or), 


BY y= Yin (— =) Gk (wr) 


Fy eee GY L=4, n(= \ Gr (or). 


Gi (x) = i APRs, (x) /Vx, 
where a is the Dirac matrices, w is the energy 
of the transition, H"!) is a Hankel function, Ypy 
is a spherical harmonic, and Yj, is a spheri- 
cal vector, the components of which are defined in 
the following way: 


(tn) == Chey the. 


We confine ourselves here to the free-electron 
approximation 


u 
b= ( qs 
etm ie 


where ¢€ and q are the energy and momentum of 
the conversion electron, u and uy are two-com- 
ponent spinors, and o is the Pauli matrices. Then 
the integral in Eq. (4) reduces to the following: 


\3 e=m-+a, 


ear: by a ic 


(eV im (£) Gi (or) dr ~ Yim (n)(Z) 3 n= 4. 


Omitting unimportant factors, we get the ex- 
pression for the matrix element 


M mm, = (JotMe | Qin | jim) VE itty, (5) 
where in the case of a magnetic multipole (A = 0) 
Vim = (o-n) oY z2m(n), (5a) 


and in the case of an electric multipole (A =1) 


peeeals 
VO = Yim (n+ Yo SH* x(on)eo¥z,2-4, (0); (5b) 
PS 
Seen * 

The probability of internal conversion is given 
by the quantity 


x= 


jum ,1u 


Pap + (BES) "ci 


mzm 
; 2 


V= ce Mino im (6) 


If we represent W in the form 
WA Pypltall, 


then the density matrix of the conversion electron 
is obviously equal to P/Sp P. Furthermore, if P 
has the form 


P = A(1 +0), (6a) 


then the polarization vector of the conversion 
electron is given by 


(9) = §. (6b) 


4, Substituting Eq. (5) into Eq. (6), we use the 
fact that since the electron in the initial state is 
not polarized uguy = = Sap Then we get the fol- 


lowing expression for P: 


P= Oop yi (jotta | QEM | fata)” Gomme, | Qe | fata) VEMV 


i 7) 
The product of the last two factors, which is a 
matrix with respect to the spin variables, can be 
represented in the form 
VE ae = RSew + Show. (8) 


Using the expressions (5a) and (5b), we get 


0 * . * 
Rye = YirmYirw, SOw =ilYim x Yim); 


RY = 5 
heY, 124, AN ee 


(8a) 


SH = i L 22 (Yrzm * Yrzm] 


aes 


Salles x2) / “hay hae = YimYitw)- 


The matrix fh soit of the multipole moment 
can be represented in the following form: 


(jot | Qs | frm) = QO CHM rm, (9) 


where QM”) does not depend on the quantum num- 
bers m; and my. Substituting Eqs. (2), (8) and 
(9) into Eq. (7), we get, omitting unimportant com- 
mon factors: 


m A uy 
oF) CHM, cu Chint, par (Rite + eS] 


(summation over all repeated indices is understood), and using the relations 


j2Me ion 2jo+19 Chm Chm: Cnn 


Ji, 


or =e 
jam, LM furry, EM’ — DE 1 CMM" > 


we have 


pie Aba 


, 
jm. lu Tit 


— 2jet1 L(L+1)+ie (ett) —h li +1) 
2VL(L#4 1) ja(ie +2) 


Ci, lu» 


ul (L +1) + Jo Ve f(a eet Rey 


+ Siew). (10) 


P = Riu + Sum + Co 
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In Eq. (10) the first two terms, after they are 
summed over M, cannot dependon n. Therefore 


1 € pa 
Stim =0, Rin = const = 3 \ Rinudo. 


From the expression (8a) it follows that 


2L4+ 1 1) 
(0) a Ee Re 


LMM == 


Neeser ae 


= (142.4 4 


For the calculation of the last two terms in Eq. (10) 
we take the z axis in the direction of the vector v. 
Then instead of the sum over pw there remains 
just the one term with w=0, and M’=M. Using 
the explicit expression of the coefficient 


CiM10 = M/VL(L4+1) 


and the fact that RY, does not depend on the sign 
of M, we get 


pa MRS = 0. 


We have still to find the last term in Eq. (10), 
i.e., the quantity 


uCiM’, 10SMM (11) 


According to Eq. (8a), in the case of a magnetic 
multipole the vector 80) is directed along n, 
since Y;,)m is a transverse vector. This means 
that for magnetic transitions the coefficient b in 
Eq. (1) is zero. 

Comparing Eq. (11) with the first term in Eq. (1), 
we See that 


(6) 3 MS" = (ven) n = fun,’ (12) 
M 


where f is a constant. To determine this con- 
stant we integrate Eq. (12) with respect to the 
solid angle; this gives 

prt 

ot = SM\ Sohn do. 

M 
0 

Substituting the explicit expression for si), we 
find 


gost ees ge ee 
Deak sf tag Pag are 
M 


pee oy to Eq. (8a), in the case of an electric 
multipole S\) contains two terms. The first term, 


g(t) 


|,» 18 directed along n and is calculated in the 


(0) 


1 
same way as S °. The second term g(t) propor- 


tional to Yy;,j.mM, is perpendicular to n, and con- 
sequently must have the form of the second term in 
Hash) pet.e. 


0 DMs? mm = g(vV —(v-n)n). 
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Using the explicit form of gi! ) and integrathig this 
equation over ‘the angles, we “find 


ye 
==t-VLCF)). 


Substituting these results into Eq. (10), we get on 
the basis of Eqs. (6a) and (6b) the following expres- 
sions for the polarization vector of the conversion 
electron: 

(a) in the case of a magnetic multipole 


(o> = (rC/ jo) n (nv); (13) 
(b) in the case of an electric multipole 
L+1 C 
(3) = 17D AOD ASAVE ale 
x {+ 2) (maw) — v) +7 (evn, (14) 


r=(LIL4+1)+ie(ie tl) —fAli + 1))/2L (2 + 1). 

We see trom Eq. (138) that in the case of a mag- 
netic multipole the polarization is longitudinal and 
does not depend on the energy of the polarization 
electron. This feature is, however, closely con- 
nected with the free-electron approximation which 
has been used here. Therefore a treatment of this 
problem with exact wave functions for the conver- 
sion electron would be of interest. 

According to Eq. (14), in the case of an electric 
dipole the polarization is decidedly energy-depend- 
ent. When the speed v, of the conversion electron 
is small, the transverse polarization is propor- 
tional to vf,/c?, and the longitudinal polarization 
to (Vv; /c)*. These results also need to be made 
more precise, since for small velocities the effect 
of the Coulomb field of the nucleus can be impor- 
tant. 

We express our sincere gratitude to Academi- 
cian A. I. Alikhanov and V. A. Liubimov for their 
interest in the work and a number of helpful dis- 
cussions. 
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An analysis is given of the error in determining the energy E of fast colliding particles 
from the angular distribution of the produced particles. It turns out that to determine the 
energy by this method one should take account of the connection between the total number 
of observed star tracks and the energy E. The dependence predicted by the Landau theory 
is used in the present paper. An approximate distribution of E as a function of the angles 


and the number of tracks observed is obtained. 


ie A method widely used at present for determin- 
ing the energy of colliding particles is based on the 
analysis of the angular distribution of the particles 
produced in the collision process and on the sim- 
plest relations of relativistic kinematics. In the 
course of this analysis two assumptions are usually 
made: (1) the velocity of the secondaries is close 
to light velocity, and (2) in the center-of-mass 
system, the outgoing particles emerge on the av- 
erage symmetrically with respect to the plane per- 
pendicular to the line of motion. 

The first assumption is well satisfied for suffi- 
ciently high energies of the primaries (2 10>" ev); 
with which we shall deal from now on (cf., for ex- 
ample, the direct measurements of energy of pri- 
maries in reference l). 

The second assumption, which is strictly true 
for nucleon-nucleon collisions, requires additional 
justification in the most commonly occurring case 
of collision of nucleons with heavy nuclei. By using 
the hydrodynamical theory of multiple production 
proposed by Landau,” one can evaluate the degree 
of asymmetry, if one invokes the additional assump- 
tion that the “tube” model? is valid. According to 
the results of Amai et al.° using this model, the 
asymmetry in the c.m. system is small, and we 
shall neglect it in what follows. 

Under these assumptions, the energy E of the 
primary particles, expressed in units of Mc? 
(where M is the nucleon mass), is determined 
by the formulas 


Sheers 2 >} In tan, (1) 


i=1 


B= 2py*, (2) 
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where 6; is the angle in the laboratory system 
between the direction of motion of the i-th sec- 
ondary and the direction of the primary; n is the 
number of tracks of charged secondaries from 
which the value of E is computed, and yw is the 
mass of a “tube.” 

The following important question concerns the 
size of the possible error in this method. This 
question was posed in the paper of Castagnoli et 
al.° who estimated the errors taking into account 
only fluctuations in the value of the energy as a 
function of the angular distribution. However such 
an approach is inadequate since it does not take 
into account several factors, each of which can 
even change the errors by an order of magnitude. 
Among these factors are the effect of the energy 
spectrum of the primaries,* the distribution of 
“tube” lengths and the relation between the num- 
ber of observed particles and the energy E. Neg- 
lect of the last factor means essentially that the 
calculations of Castagnoli et al. refer to an artifi- 
cial case where the dispersion of the distribution 
of the total number of particles as a function of 
the energy E is infinite. Furthermore, compu- 
tations carried out by us show that using the actual 
dependence can shift the most probable value of E 
by an order of magnitude from the value obtained 
when this relation is not taken into account. 

In the present paper an attempt is made to 
treat the problem of the possible errors of the 
method of determining the energy E from the 
angular distribution of the secondaries. 

The analysis will be based on the hydrodynam- 


*The possible importance of the spectrum was first pointed 
out by N. L. Grigorov. 
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ical theory of multiple production, extended to the 
case of the collision of a nucleon with heavy nuclei 
by using the “tube” model. 

2. Let us first start with the case where we 
know that nucleon-nucleon collisions occur.* 

We consider the two stochastic variables, 


a 
—j= = >; In tan 9, 
i=l 
and the total number of charged particles, N. 


According to Landau’s theory, the expectation 
value of N is 


MN =4/3(E/ 2) = Ny. 


The (conditional) probability density of the quan- 
tity » under the condition that the energy is E 
and the number of observed particles is nit is 
given by the relation (cf. reference 6) 


(atin) = 2 Mexp(—( 


where 


o (E) =/,In(E/2). 


Omitting unimportant normalization factors from 
now on, we can write the probability p(N|E) for 
fixed E in the form 


pi onrren( Wait, 


where a is a constant which we set equal to unity{ 

(cf. Appendix). In order to find the desired proba- 

bility density p(E| 7, N) forthe energy of the pri- 

mary to be in the interval E to E+dE under 

the condition that definite values of » and N were 

observed, we must use Bayes’ formula 

p(E}n, N) ~ p(E) p(a, NiE) = p(E) p (IN, E) p (NIE), 

(9) 

where p(E) is the spectrum of incident particles, 

which was set equal to E~?:" in the numerical cal- 

culations .** 

Figures 1 and 2 show examples of the variation 
of p(E|7,N) for nucleon-nucleon collisions, for 
different values of N and of Eggs, which is de- 
fined from the relation n = '/1n(Eegf/2). 


*Such a case was realized experimentally by using an emul- 
sion stack sandwiched with light material (brass). 7 

TAs a special case, we may have n=N. 

+The final result depends very strongly on the numerical 
value of a. Within the framework of the Landau theory, we 
know only that its order of magnitude is unity. 

**The shape of the spectrum in the high-energy region is not 
known; however, as auxiliary computations showed, a small 
change of the exponent (say to 2.5) practically does not change 
the final result. 
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3. Let us consider next the collision of a nu- 
cleon with a heavy nucleus. In using the tube model 
we must also take account of the distribution of 
paths in the nuclear matter and the change (com- 
pared to the case of nucleon-nucleon collision) 
which this distribution produces in the dependence 
of the mean number of particles N and the angular 
distribution on the value of E. 

Expressing the tube length J in terms of num- 
ber of nucleons, we have approximately"; 


N=NoPey o*(B) = In [E2 (44). 
Remembering that the probability p(l) of collision 
with a tube of length Z has the form p(Z) ~ J, 

1 </<Inax, and again using Bayes’ formula, we 
get: 


f 5 INS LV2)) Oe: 
plE|n, N,t) =? | E) p (E) (6) 


\ p(n, N,l|E) p(E)dE 
0 


a. PINS TE) (NEE) p(B) 


\p(alM, 1, E) p (NIL, E) p(B) de 
0 


where 


2 (B)\— I ( e/a aN 
p(alN, b, E) = (2n >) exp{—(n—In +) mie} 


Since 
p(E, Lin, Ny = Le Ee Tt |e) ps 


\mCaN, t, E)p (WIL, B)p (Ede 
0 
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we have finally: 


lmax 


p(Ein, N)= \ p(B, Un, Nyat (8) 


Imax 


\ ol™ I, E)p(N 1, E) p(E)l dl. 


ie) 
0 


\ P(N, LE) p11, £) p(B) dE 
0 

Figure 3 shows the function p(E|7,N) for N= 
14; n= 4.3; lmax =5 (the energy Eeff deter- 
mined from the angular distribution is equal to 10). 
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4. On the basis of the computations and the 
graphs presented here we can draw the following 
conclusions. 

1. Indetermining E it is necessary, in addi- 
tion to its relation to the angular distribution 
(through the quantity 7), to take account of its 
dependence on the total number N of observed 
tracks. 

2. For given values of n and N, the distri- 
bution of possible values of E is characterized 
by considerable dispersion. The size of the dis- 
persion as well as the location of the maximum 
of the distribution depend essentially on the rela- 
tion between 7 and N. 

3. The probability distribution is also affected 
by the parameters of the collision model (for ex- 
ample, by the value of the dispersion @). 

In conclusion the authors express their indebt- 
edness to G. B. Zhdanov for a fruitful discussion 
of the questions treated in this paper, and to Z. 5S. 
Maksimova and R. M. Povarova for carrying out 
the numberical computations. 


APPENDIX 


If the probability distribution p(N¢) of the 
total number of particles is known, the probability 
that N of the particles are charged is given by 


p(N)= >) p(NINe) P(N), 
Nye=N 
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where 


T N;! 7 
P(N IN) = ray 1 (I eed te 4 


and q is the probability of production of a charged 
particle, which we may set equal to Te. As usual, 
for sufficiently large N and N+, these distribu- 
tions can be represented by a Gaussian. 
If the total number of particles is distributed 
according to the law 
: (Ne — Ni)? 

p (We{B) = (2x0? (B))~* exp |— el 
where o7(E) = DNt is the dispersion of Nt, and 
DNt = @’Nt = @’Nt (@’ = const), the dispersion 
D(N) of the quantity N is given by the relation 


D(N) =N (14+ («’ —1)q]) =aN. 


According to reference 8, a’ ~1; then a~1l. 
Unfortunately at present, within the framework 

of the hypotheses which are the basis of Landau’s 
theory, one can only determine the order of mag- 
nitude of the lower limit on the value of @. Quan- 
tum fluctuations and peripheral collisions, which 
were not included in Ref. 8, should apparently in- 
crease the value of a. 
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A scheme for a universal four-fermion interaction is constructed which differs from the usual 
schemes in the way the quantized fields are introduced into the theory. The electron and posi- 
tron £-decays are described by different variants of the Fermi interaction. The CPT theorem 
does not hold, but the theory is invariant with respect to the transformations CP, CT, and PT. 
Various experimental and theoretical consequences are discussed. 


1. INTRODUCTION 


‘Tue hypothesis of the universal character of the 
four-fermion interaction seems extremely plaus- 
ible in the light of the latest studies in the field of 
weak-interaction physics. The existing experi- 
mental data on £-decay are not, however, in 
agreement with any of the variants of the Fermi 
interaction, and the possibility cannot be excluded 
that this situation will not change as the experi- 
mental results become even more precise. It is 
therefore of interest to try to construct a universal 
stheory of the weak interactions that differs from 
the usual theoretical schemes. 

In the construction of the theory of elementary 
particles quantum electrodynamics is taken as a 
model. Moreover, the methods and concepts of 
quantum electrodynamics are to a considerable 
extent carried over into the other theories. In 
particular, the quantization of the fermion fields 
is carried out like the quantization of the electron- 
positron field, and this imposes certain limitations 
on the structure of the theory. In the present 
paper the quantized fields are introduced into the 
theory in a different way, and owing to this the 
nature of the theory is qualitatively changed. For 
example, in the theory of §8-decay the electron 
and positron decays are described by different 
variants of the four-fermion interaction. 

The construction of a theory of the weak inter- 
actions with the degree of completeness inherent 
in contemporary field theories is not the purpose 
of the present paper. On the contrary, in this 
paper we consider only the most primitive aspects 
of the theory. The theoretical scheme is based on 
certain assumptions that give a unique way of con- 
structing the Hamiltonian of the weak interactions, 
which enables us (at any rate in the framework 
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of the perturbation theory) to obtain from the 
theory consequences that can be subjected to com- 
parison with experiment. Relatively little attention 
is given in this paper to general theoretical ques- 
tions. Thus the theory has the character of a 
working hypothesis that makes it possible to check 
by experiment the correctness or incorrectness 

of certain theoretical ideas and to obtain a general 
orientation in the group of phenomena that are due 
to the weak interactions. 


2. THE HAMILTONIAN OF THE WEAK INTER- 
ACTIONS 


The proposed scheme is a certain form of uni- 
versal theory of contact four-fermion interaction. 
We assume that all fermions have the spin he : 
The requirement of relativistic invariance deter- 
mines essentially uniquely (i.e., apart from the 
charge and isotopic variables) the possible states 
of a free particle. When, however, we come to as- 
sociate with the particles quantized fields, in 
terms of which the interaction Hamiltonian is ex- 
pressed, there is a lack of uniqueness, to remove 
which it is necessary to formulate a number of 
additional rules. 

Since at the present time no general principle 
is known from which the nonconservation of parity 
in weak interactions would follow, we are forced 
to introduce the requirement of nonconservation 
of parity into the theory as an additional postulate. 
The simplest way to do this is to assume that in 
the theory of the weak interactions all particles 
are described by two-component fields. To give 
an exact meaning to this concept, let us first con- 
sider a four-component spinor ~ independent of 
x. With respect to Lorentz transformations 
(without reflections) ~% separates into two two- 
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component quantities. If we choose a representa- 
tion of the Dirac matrices in which the matrix V5 
is diagonal, this separation has the form 


(2.1) 


The quantities » and 9 transform according to 


nonequivalent representations of the Lorentz group. 


More precisely, the quantity ~ transforms in the 
Same way as the quantity epy*, where the asterisk 
means that the complex-conjugate quantity is taken 
and use in made of the matrix 


In the case of a field depending on x one can 
further decompose quantities ~(x) into parts 
corresponding to the creation and annihilation of 
particles. 

The two-component fields of creation and of 
annihilation of particles already admit of no fur- 
ther decomposition. These fields will be used for 
the construction of the interaction Hamiltonian. 
We write down the explicit forms of the fields for 
the creation of particles: 


Pe (x) = yy V (i —ov)/2 sat (p) etPx 


(2.2) 
Gc (x) = DV (1 + ov) /2 ca* (p) e'”*, 
and of those for the annihilation of particles: 
Ga(x) = 2) V (1 — ov) /2a (pe, ies 


ba (x)= DV (1 + ov) /2a (pee, 

where o denotes the Pauli matrices, v=p/E is 
the velocity vector of the particle (we use every- 
where a system of units in which h=c=1), and 
at(p) and a(p) are creation and annihilation 
operators. The connection between the fields (2.2) 
and (2.3) and the ordinary spinor fields is estab- 
lished in the Appendix. 

From the quantities g(x) and g(x) we can 
construct two types of scalars: 


P1EP2,  P18P2- (2.4) 
We adopt the hypothesis of a scalar interaction, 
which states that each possible weak-interaction 
process corresponds to the presence in the Hamil- 
tonian of a single term which is the product of two 
scalars of the type (2.4). We note that although 
our assumption imposes serious limitations on the 
form of the interaction it contains in principle 
nothing new in comparison with the usual form of 
the theory, since in any variant of the four-fermion 
theory the Hamiltonian can be transformed into a 
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sum of terms of the type indicated. The limitation 
lies in the fact that one here chooses a single term 
from each such sum. 

It is convenient to use a graphical description 
of the processes. Figure 1 shows three possible 
diagrams for the process n—p+t+e +v. We 
agree to associate with the solid lines scalars of 
the type (2.4). The wavy line does not correspond 
to any intermediate field; it is introduced just to 
separate the solid lines. The three diagrams of 
Fig. 1 correspond to three different variants of 
the theory of £-decay. 

To get a unique variant of the theory, we intro- 
duce the rule of change of charge, according to 
which the electric charge must change by unity 
along each solid line, and the nuclear charge must 
suffer the maximum possible change. 

From the three possible diagrams of Fig. 1 
the rule of change of charge selects diagram 1. 

It is easy to see that an analogous situation exists 
for the other processes. 

For complete uniqueness of the choice of the 
interaction variant it is still necessary to specify 
the types of fields corresponding to a given proc- 
ess. This is done by the rule of polarization of 
the lines, according to which fields of definite 
types always correspond to the charged particles, 
namely 


to e,p*, p correspond fields (x) and 9a(x), 


to et, uw, p correspond fields (x) and ¢q(x). 

There is no need to specify the types of fields 
for the neutral particles, since according to the 
rule of change of charge only one charged particle 
corresponds to each line. Thus by the forms (2.4) 
the types of field for the neutral particles ina 
given process are uniquely determined. We note 
that the type of field for a neutral particle can 
change, depending on the process in which it occurs. 
In Fig. 1, diagram 1, dots are placed over the sym- 
bols for the particles, since according to the rule 
of polarization of lines in this case fields of the 
type ~(x) correspond to all of the particles. 

The rules formulated above uniquely determine 
the form of the interaction Hamiltonian, since the 
character of a process determines the required 
choice of the creation and annihilation fields, the 
rule of change of charge determines the distribu- 
tion of these fields in scalar expressions of the 
types (2.4), and the rule of polarization of the 
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lines determines which of the scalars (2.4) is to 
be used in each case. 

The last assumption is that the interaction con- 
stant g is the same in absolute value for all proc- 
esses. 


3. SOME GENERAL PROPERTIES OF THE 
THEORY 


The essential difference between the proposed 
scheme and all theories based on the usual way of 
quantizing fields is due to the rule of polarization 
of lines (Sec. 2). For example, in the theory of 
Feynman and Gell-Mann,! which is also based on 
two-component fields, to the creation of an elec- 
tron there corresponds the field @¢(x), and to 
the annihilation of an electron the field Yg(x). 

In our theory fields of the type @(x) correspond 
to both the creation and the annihilation of an elec- 
tron. As a result of this kind of construction the 
part of the Hamiltonian that corresponds to the 
weak interactions is non-Hermitian. As an illus- 
tration of this fact let us consider two mutually 


inverse processes, for example 
pontetty, (3.1) 
ntettvy—p. (3.2) 


Corresponding to the process (3.1) the Hamiltonian 
contans the term 


& (Pen® Per) (PevE gap), (3.3) 
and for the process (3.2) the term 
g (Paet®Pan) (ep2Pav). (3.4) 


Using the obvious relations 


o, (= o0(t), 604. (x) ="ealn) 


we find that the expression Hermitian adjoint to 
(3.3) is 


Ho (PaerEPan) (Pep&Pav), (3.5) 


which is not the same as (3.4). 

Generally speaking the non-Hermitian charac- 
ter of the Hamiltonian could lead to the appearance 
of imaginary additions to the masses of particles. 
We shall show that in the present case such imagi- 
nary terms cannot arise. For this purpose we ex- 
amine the symmetry properties of our scheme 
with respect to reflections. Obviously the theory 
is not invariant with respect to the space inversion 
P and the charge conjugation C, since these 
transformations are not allowed by the rule of 
polarization of lines. We shall show that the theory 
is invariant with respect to the combined inversion 
CE, 
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Let v(x) be any one of the two-component 
fields for a certain particle; we denote the corre- 
sponding field for the antiparticle by y’(x). Under 
the action of CP the fields transform in the fol- 
lowing way: ; 

Pa (%) > Pa(X), Pe (x) > — ¥, (X), 
; 3 (3.6) 
@, (x) > 9, (X), %, (x) > — ¢, (*)- 

The rule of polarization of lines is invariant 
with respect to the transformations (3.6), and con- 
sequently the theory is invariant with respect to 
the CP transformation. Besides the combined 
inversion, the theory is also invariant with respect 
to the transformation PT — the simultaneous re- 
versal of all four space-time axes. The proof is 
analogous to that above, since the transformation 
of the fields under the action of PT has the form: 


9, (x) @, (—*), 9, (x) 9, (— x). 


Thus the theory is invariant with respect to in- 
versions of the following types: CP, PT, and CT 
(since CT =CP*PT). The theory is not invari- 
ant with respect to the transformation CPT. There 
is nothing surprising in the fact that this theory 
violates the CPT theorem of Pauli,? since the 
proof of this theorem is based on the ordinary 

type of quantization of fields, in which the CPT 
transformation has the form 


) (x) — iyg) (— x). 


Using the invariance of the theory with respect 
to the transformation PT, we shall show that the 
masses of the particles must be real. We shall 
consider the weak-interaction Hamiltonian Hw as 
a perturbation. Suppose the state of an unperturbed 
stationary particle is characterized by the rest 
mass my. The state in question is degenerate as. 
to the spin directions, but since the Hamiltonian 
Hw is invariant with respect to space rotations, 
the degeneracy as to the spin direction is not re- 
moved by the action of the perturbation. Thus the 
perturbed state is characterized by a single mass 
value m=m)+ 6m. We now apply the operation 
PT to the state in question. Since the total Hamil- 
tonian is invariant with respect to this transforma- 
tion, the original state goes over into some other 
state of the same particle, characterized by a 
mass m* (the operation PT includes in itself 
complex conjugation). Since there exists only one 
value of the mass of the particle, m* =m, i.e., 
the total mass is real. 

If instead of the transformation PT we use 
the combined inversion CP, we can prove by 
similar considerations the precise equality of the 
masses of particle and antiparticle. 
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Because of the non-Hermitian character of the 
weak-interaction Hamiltonian Hw, in this theory 
there is no detailed balancing for reactions with 
the weakly interacting particles. On the basis of 
the PT invariance we can assert only the equality 
of the probabilities of direct and reversed proc- 


esses (in the sense of PT) — the analogue of the | 


reciprocity theorem. After averaging over the 
spins of the interacting particles, however, the 
probabilities of the direct and inverse processes 
do turn out to be equal. 

Without question the introduction of the non- 
Hermitian Hamiltonian Hw into the theory is a 
serious infraction of the formal foundations of 
quantum mechanics. Therefore the term “Hamil- 
tonian” must in this case be understood in a pro- 
visional sense. In this paper we regard Hw as 
a phenomenological quantity, by means of which 
one can extract results in the framework of the 
perturbation theory. Later on the author proposes 
to develop a certain quantum-mechanical scheme 
which permits the non-Hermitian Hamiltonian Hy 
to be introduced into the theory in a way free from 
contradictions. 


4. COMPARISON OF THE THEORY WITH 
EXPERIMENT 


We begin the consideration of the concrete re- 
sults of this theory with B-decay. Figure 2 shows 
the diagrams: 1—for electron 8-decay, 2—for 
positron B-decay, and 3—for K-capture. The 
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forms of the corresponding terms in the Hamil- 
tonian Hy are, for B” -decay 


& (Pcp®Pcv) (Pee-&Pan)s (4.1) 
and for p* -decay 
g (Pcn&Pce+) (oeve@ ap)e (4.2) 


The expressions (4.1) and (4.2) differ from 
each other in the types of fields occurring in them. 
If we transform these expressions to the ordinary 
form of the $-decay theory, we find that the p - 
decay involves the S, T, and P variants of the 
theory, whereas the gt -decay involves the A 
and V variants. . 

Using the explicit forms of the fields (2.2) and 
(2.3) we can easily calculate the probabilities of 
the various processes. We confine ourselves to 
allowed #-transitions. The angular correlation 


between the electron and neutrino is given by the 
well known expression 1+ Av cos 6, but, unlike 
the case of the usual theory, the coefficient d» 
has opposite signs for the gr and B decays: 


A=+(r?—¥5)/(1+ 2) (for B*-decay ) 


where y?=|Mp|?/|MaT|* is the ratio of the 
squares of the nuclear matrix elements for Fermi 
and Gamov-Teller transitions. This result is in 
agreement with the experiments on the B -decay 
of He® (reference 3) and the Bt -decay of A” 
(reference 4). The values of A for the decays of 
other nuclei are known with considerably less ac- 
curacy, but they also agree qualitatively with the 
theoretical values. The average longitudinal po- 
larization of the electrons is +v (for B *-decay ). 
This result is the direct consequence of the rule 
of polarization of lines, and is confirmed by a 
large number of measurements. The values of 
the asymmetry coefficient in the angular distri- 
bution of the electrons from the £ -decay of ori- 
ented nuclei are also in qualitative agreement with 
the experimental data.°? 

An interesting experiment on the capture of a 
K electron by the Eu‘? nucleus® shows that the 
neutrino emitted in the K-capture is polarized 
opposite to the direction of motion. This result 
is in agreement with the theory, since according 
to diagram 3 (Fig. 2), in the K-capture process 
the field @ey corresponds to the neutrino. 

The decay of u* mesons goes according to the 
diagrams of Fig. 3. In both cases the two neutrinos 
emitted in the decay are differently polarized, 
which leads to the value p =*/ for the Michel 
parameter, which is in agreement with experi- 
ment.!° 

The decay of m and K* mesons occurs by 
way of virtual pairs of heavy particles. The rela- 
tive fraction of ™— e* + v decays cannot be cal- 
culated without an accurate treatment of the part 
played by the strong interactions. It is curious, 


——' 


FIG. 3 


(4.3) 


however, that different variants of the weak-inter- 
action theory are involved in the —yp and 7—~e 
decays. Figure 4 shows the corresponding lowest- 
order diagrams, from which it can be seen that the 
decay rm he +p goes through the pseudoscalar 
variant of the theory of the Fermi interactions, and 
the decay 7 — e*+v through the pseudovector 
variant. When higher-order virtual processes are 
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, + 
taken into account, the decay nm — e* +p can go 


through the pseudoscalar variant (cf. diagram 3 of 
Fig. 4). 


5. CONCLUDING REMARKS 


The main feature that distinguishes the proposed 
theoretical scheme from the usual schemes is the 
rule of polarization of lines (Sec. 2). Therefore a 
direct experimental check of this rule is desirable. 
An exact measurement of the polarization of the 
electrons from £-decay would be very useful for 
this purpose, and also measurement of the polari- 
zation of the u* mesons from the Kj -decay. 

In formulating the rules for the construction of 
the Hamiltonian of the weak interactions (Sec. 2) 
the writer has tried to give the briefest possible 
expression of all the experimental data. Such a 
problem of course does not have a unique solution, 
and the choice of one procedure or another is toa 
considerable extent arbitrary. On the other hand, 
the rules must necessarily provide an extrapola- 
tion of the experimental data into a very broad 
uninvestigated domain. It is quite possible that 
the concrete rules presented in Sec. 2 will be con- 


tradicted by experiment and will have to be changed. 


It is to be specially emphasized that the literal 
content of these rules is not to be regarded as a 
final result. 

The main idea of this entire construction, in 
the writer’s opinion, is that the system of rules 
considered here leads to a theoretical scheme of 
a new type. 

The writer expresses his sincere gratitude to 
B. L. loffe for exceptionally valuable discussions. 


APPENDIX 


We shall establish the connection between the 
two-component fields (2.2) and (2.3) and the four- 
component spinor field ~(x), which satisfies the 
Dirac equation. Let us consider the expansion of 
~(x) in plane waves 


(x) = >} (u(p) a(p) e-#?* + v(p)b* (p)e*), (1) 


where u(p) and v(p) are matrices of four rows 
and two columns which satisfy the relations 
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pu(p)=mu(p), pu (p) = — mo (p). (2) 
(Pp) er) 
ai=(7) ae ne w=(ie a 


are the operators for annihilation of a particle and 
for creation of an antiparticle. 

Let us determine the explicit form of u(p) and 
and v(p) ina representation of the matrices Yy 
in which y; is diagonal. In this representation 
the matrices are written down in the following 
“separated” form: 


Os; 1 0 
Ya = \ ou ‘ak beat) ele 
where oy, = (1,0), o4 =(1, —a@) are two-row 
matrices. From this it is easy to find the form 


of the operator D: 
1 — ov\'le 
a ( 0 E—op 0 (ea) 3 
ea Ras aN focay pase R aye) 
1— ov 


Using Eq. (3), we find the solution of the first of 
the equations (2) in the “separated” form: 


V (1 —ov)/2 

“P= (yaeeqqa ()) 
The factor 27!/2 is introduced for normalization: 
ut(p)u(p)=1. For v(p) we take the quantity 
which is charge-conjugate to (4): 


Sai eo dee “\( V@—o)/2) 
vi) = eu" (p)=(_7 o)( Yaeere) 48) 
=( V (i —cv)/2 ) 
—V Ge evii2e? s 
Substituting Eqs. (4) and (5) into Eq. (1) and com- 
paring with Eqs. (2.2) and (2.3), we find the expres- 
sion for ~(x) in terms of the two-component 


fields: 
Pa (x) + Qc (x) 
vo=(° peor (6) 
a (xX) — $e (x) 
where the prime means that the field g refers to 
the antiparticle. 

Using the relation (6).and knowing the law of 
transformation of ~(x), one can easily find the 
transformation properties of the two-component 
fields considered in Sec. 3. 
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Formulas are obtained for the correlation between the polarization of particles and the circu- 
lar polarization of the subsequent gamma quanta in allowed beta decay of oriented nuclei. 


‘Tue extensive study of angular and polarization 
correlation in beta transformations, undertaken 
recently, have made it possible to gather much 
important information on beta interactions. It was 
established that the assumed A-V interaction in 
parity nonconservation is apparently not in con- 
tradiction with existing experiments. However, 
there are clearly not enough data for an unambigu- 
ous statement. This is why the determination of 
the type of beta interaction remains the most im- 
portant problem in the theory of beta decay. It is 
also desirable to know the values and the relative 
signs of the $-interaction constants. To explain 
these problems, it is desirable to study all as- 
pects of the beta transformations and, in particular, 
to investigate the polarization correlation between 
the £8 -particles and subsequent gamma quanta in 
beta decay of oriented nuclei. The advantages of 
such experiments is that they can yield complete 
information on the £-interaction constants. The 
pseudoscalar interaction does not make a notice- 
able contribution in allowed beta transitions. This 
leaves therefore eight (generally speaking com- 
plex) constants cg, ep, Cy, Ca and cg, Cp, Cy, 
and c’, for the scalar, tensor, vector and axial- 
vector beta interactions, which must be determined 


experimentally. The quantities cj, unlike gj, 
enter into those interaction terms that vanish when 
parity is conserved (these terms contain an addi- 
tional matrix ys5 =Y1Y2vV3V4, Where yy=-—8). A 
study of the correlation considered here, in accord- 
ance with (1), makes it possible to determine the 
real and imaginary parts of eight independent com- 
binations of cj and cj. The information obtained 
in this manner will actually be complete. Let us 
remark however that the quantity im (cgcVj + cgcvy): 
enters only with a small multiplier a@Z/E, where 
a =1/1387, Z is the charge of the nucleus, and E 
the total energy of the beta electron (we use units 
in which h =m =c=1). Therefore, if the experi- 
mental accuracy is insufficient to discern quanti- 
ties of order @Z/E from quantities of order 
p/E = Vv/c, we obtain not 16 but only 15 independ- 
ent relations for the 16 real quantities. In practice 
however, this causes no complications, for it is 
enough to take into account the results of any of the 
already-performed independent experiments to ob- 
tain more relations than necessary. 

Since the procedural aspect of the calculation 
of the sought correlation has been treated in an 
earlier work by this author,' we merely cite the 
end results. 


— 


124 An 


We introduce the following notation: jp, j,, and 
jg are the angular moments of the nucleus for the 
B-y transition jo(8)ji1(Y)jes Mo, Hi, and mw, are 
their projection on the z axis. k(k, 6, @) is the 
momentum of the gamma quantum, I is its mul- 
tiplicity, o=1o0r-—1 determines the right-handed 
or left-handed circular polarization of the quantum; 
P(p, 3, ~) is the electron momentum and ¢(1,xX,w) 
is the pseudovector of its polarization in the rest 
system. The angles 0, ® and ¥#v, ¢ are given in 
a coordinate system in which the z axis is along 
the direction of the predominant orientation of the 
nuclear spins, while the angles x and w are in 
a coordinate system with the z axis along the di- 
rection of p (see diagram). 


The expression for the correlation beween jo, 
p, k, and ¢ for o=+1 can be represented in 
the following form* 


W Go, vp. G k, 3) => (1) V 28 41h, (j,) Beso 
x Zags Fires (PR; es k); 


he (in) = Dy(— 1) h—HeC £9 _.0 (0)3 
Yo 


Bss = wi (fol fiS; ji) Cece 


Pits (P, Gk) = 4ni*(—1)!-# V2a-F 1 DC iiss 
9, 


(1) 
(2) 


(3) 


X Y sq (8®) Doe(990) C cove va(xo)- (4) 


The summation in (1) is over all possible val- 
ues of the indices a, d, J, g, and S within the 
following limits: b+ J =>a=>|b-—J|; 0 <S <2I; 
Jes oa) J—S\2 b= 0,12 c=0, 1; 2k — 
(od yatb+S+g 


The quantities aie are the known Clebsch- 


*The common factors that do not affect the correlation are 
omitted everywhere. 
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Gordan coefficients. w({o) is the probability of 
a given value of the projection py of an oriented 
nucleus. hg (jo) determines the degree of orien- 
tation of the initial nuclei; the values for fy (jo) = 
hg (Jo)/i6 for various particular cases are given 
in reference 2. For aligned nuclei, g can be only 
even. The quantity 

U (itiS;: il) =VOhF DALY W (lhSs i), ©) 
where W (j.1jjS; j;1) is the Racah function. In the 
particular case when S=0or1, we have 
h(i +1) —ieG2 tI +70 +1) 

(i+ 1)Viah +) 

If the y-quanta polarization is not investigated, 


it is necessary to take Bg = Bg, + Bs_, instead of 
Bg. Bg 0 only for even S 


Bo=l, Be =s (6) 


Bo=[1— FEED | (ialiaSs ial) Cito. (7) 


~~ 21 +4) 


If the observed B-y cascade is of the form 
jo(B) 51 (11) Je (2) ---IN-1(7) iN and if the experi- 
ment is aimed at investigation of the gamma quanta 
of the jn-1(v)jN transition, then, denoting the 
multiplicities of the quanta by I,, I,,...In-i, I re- 
spectively, we obtain a formula for the correlation, 
provided we multiply the expression Bgg in (1) by 
the product 

Nah 


Ll CGS: 


kh =2 


(8) 


The quantity F585 (p, €,k) depends only on 
the angles. Its explicit form is given in the Ap- 
pendix for several specific cases. 

We give here the values of the quantities Za. 
that enter into (1): 


Logs =[(M)—yETN + U (8hiigls trig) (Ma — YE™4)] 8803 
Zi¢s = ?/s) U GoSiols Iog) B+ (—(p Re Qn 
+ «Z Im Qn) e541 + (p Im Qm —a«Z Re Qn) b¢s] 
—V2(2g¢+ 1) (Qj +1) Qi +1/3X (iol, frig, Sel) 
x E*(pReQ, + «Z Im Q,); 
Zigs = (7/9) U (ioSfols fo) [Re D8sga1 — Im Digg] 
+ G/s) V2 (2g + 1) (2jo+ 1) (24 +1) /3-X (iio), frigl, Sgl) G; 
Zogs = V1/, E [pReQ, + «ZImQ, 
+ U (Sjijols tio) (Pp Re Qi + @Z Im Q;)] bes; 
Dis = (*/s) Vo U (igSiols ing) E™ [(p Re Qn 
+ «Z Im Qm) des —(pIm Q, —«Z Re Om) Osee4] 
— 2V (2g + 1) @i, + 1) Ch £1) X (hiol, inl, Sgl)E4 
x (pm Qi — «Z Re Qi) 8543; 
Zigs = (?/s) (1 — YE) {(V 2/8) U (jpSigl, jog) [Im (Dy + Dy) 8s¢ 
— Re (Dy + Dy) bse41] — V 2g + 1)(2j, + 1) (2j, + 1) /3 
xX (jrjol, fufol, Sgl)(My'+ y)}; 
y= Lone 


CORRELATION OF BETA PARTICLES AND GAMMA QUANTA 125 


The quantities X(abc, def, ghi) are the Fano 
functions. Their explicit form, many of their prop- 
erties, and particular values, are given in refer- 
ences 3 and 4. The number triplets abc, def, and 
ghi can be transposed cyclically without changing 
the function X. Non-cyclic transposition of the 
numbers changes the function by a factor (-1)?, 
where v=a+b+c+d+e+f+g+h+i. X (abe, 
def, ghi) = X(adg, beh, cfi) and X(abc, def, gh0) 


= U(gdbe; ae) Scfogh/V (2g +1)(2c+1)(2a+1)(2e+1)’. 


The quantities My, No, Qm, etc., which enter 


into Z5e have the following explicit form: 


Cs 


My = (les? +|¢s|?)| Ks? + (lev? + fev 2) | Kv[ 
My = (ler|\? + er|*)| Kr? +((ca ? + | cal’) | Kak 
Ny = 2Re (cscy + escy) KsKy; 
N, = 2Re (crea + crea) KrKa; 
Re Q, = Re (cscs | Ks |? —cycy | Kv |*); 
Im Q, = Im (cyes + eyes) KyKs; 
Re Q; = Re (erer| Kr |? — caca| Ka); 
Im Q, = Im (caer + cacr) KaKr; 
Qm = (Cstr + escr) KsKr — (evea + cvea) KvK a3 
Qn = (ever + cver) KyKr — (esc'a + csca) KsKx3 
Do = (cser + escr) KsKr + (cvea + aca) KyKa; 
Dy = (ever + ever) KyKr + (csca + csc) KsKai 
(Dy — 7 Dy) — 2 (Diaz ED); 
G = (M,— yE1N,)— 2(N, —yE'M,). 
The quantities Kg, Ky, Kp, and Kp are the 
nuclear matrix elements for the S, V, T, and A 
interactions 


Ks =\ Fin 0rd = JB: (9) 
Kr= — (Citi | Yju8o Mian tt =—\ 80; (10) 


Ky and Ka, differ from Kg and Kp in the ab- 
sence of the matrix f£ under the integral sign. In 
the non-relativistic approximation for the nucleons 
we have 


Ky=\1=—Ks, Ka=\o=—Kr (11) 


Since the strong interactions are apparently in- 
variant under time inversion, the phase shift be- 
tween Kg, Ky, etc. is zero or 7. 

If the beta interaction is invariant under time 
inversion, the constants c and c’ should be real. 
In references 5 to 7 it was proposed to study the 
B-y correlation in oriented nuclei to determine 
Im Qm: The first experimental results® do not 
lead to definite conclusions. Assuming the AV 


or TS interaction to take place, proof of the ab- 
sence of Im Q,, would be sufficient to establish 
the invariance of the beta interaction under time 
inversion. However, if some other combination 
of the 8 -interaction variants takes place, say 
TV or AVS etc, it becomes necessary to study 
the phenomena that are determined by Im Qn 

Im Q;, etc. To clarify the problem of the invari- 
ance under time inversion, it is not essential to 
investigate the correlation (1) completely. It is 
enough to study the polarization of the electrons 
emitted by the polarized nuclei. The correspond- 
ing formulas are given in our earlier work.! 

Let us note that it is not essential to have ori- 
ented nuclei in order to investigate this correla- 
tion. The same results are obtained by studying 
the correlation between the electron polarization 
and the circular polarization of the subsequent 
gamma quanta. For a given circular polarization 
o, the probability of definite p, £, and k is of the 
form 


1 


Wp, & k, c) = D)(Mp—yE4N,] + E7 [p Re(Qy + Q) 
1G 


=0 
+ aZ Im (Qy + Q3)] cos x — Bro {[—2p Re Qm — 2uZ Im Qn 
+ Ajj, (Pp Re Qi + «Z Im Q;)] Ecos 8 + (7/3) [2Re D 
+ i;,;,G] [cos § cos y + sin § sin y cos @] + [2p Im Qa 
— 2uZ Re Qn — i,j, (p Im Q, — aZ Re Q,)] E> 
x sin #sin y sinw + (4/3) (1 — yE~4) [2Re (D, + D,) 
— hj,j,(Mi + N)] [2cos 6 cos y — sin § sin y cos w]}; 
(12) 


Kinio = Lia (i + 1) — io io FI + 2A2ViACA FT. (18) 


Since the nuclei are not oriented in the given 
case, the angles @ and x are measured from 
the direction of p, which was taken to be the z 
axis. The plane (pk) is chosen the same as the 
(zx) plane and the angle w is measured from 
the x axis in a right-handed system of coordi- 
nates. 

If there exists a t—> -t invariance then, ac- 
cording to (12), the probability of observing an 
electron polarized with or against the y axis 
(x= 7/2, w=tnr/2) is very small. In this case 
Im Qy = Im Q; = 0, and the projection of the po- 
larization vector (14) on the y axis is propor- 
tional to a small quantity, namely 207 hie x 
Re (Qm — Aj jg ). Observation of a noticeable 
electron polarization (~p/A and not ~ aZ/E) 
along this axis would be evidence of the existence 
of a contribution from the VT or AT interaction 
and of violation of the t-—> —t invariance. 

Since the observation of the circular polariza- 
tion of gamma quanta yields information on the 
orientation of the nuclear spin after the beta decay, 
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a study of the correlation (12) is equivalent to a 
study of the polarization of the electrons emitted 
by oriented nuclei. To proceed to this case and 
to obtain W(jp, p, €), it is sufficient to replace 


Big in formula (12) by —hy (jo) = — Dy MoW (Mo)/ 


Vio(jo +1), to replace Nisio by A 
place @ by #. 

If we know the probability (1), then the polariza- 
tion of the electrons emitted in the beta decay is 
determined by the vector ic. where |f| = 1 gives 
the degree of polarization. Let w(x, w) denote, 


0 
TARE and to re- 


in abbreviated form, the probability W(jp, p, é, k, o) 


as a function of the angles x and w. Then the ex- 
pression for the projection of £ on the coordinate 
axes (in a system with z parallel to p) canbe 
represented in the form 


Ch = [Wn — W_n] / [We + W_n], RX, y, 2, 


w,=w(0,0) w~=w(r, 0) ws = (J, 0), (14) 
w,=w(F, | wy = 0(>, 3) wy=w(F, —F). 


All the above formulas pertain toa B decay. 
For p* decay it is necessary to make the substitu- 
tions 


LC CVC, C 
(15) 


Co ar Ces Cy >— by, Cpa lps Cee Cys 
If the polarization of the beta particles is not being 
investigaged, it is necessary to put b=0 in for- 
mula (1). Therefore only Z0es and Zs will 
enter into W(jo, p, K, 7). When S=g, the quan- 
tity Z6S contains the term (p/E) Im Qm: This 
makes it possible, by investigating W(jy,p, k) or 
W (jo, P, ©) to obtain information on the t — -t 


invariance for the TS or AV interaction. 


APPENDIX 


_ The expression (4) contains the quantity 
Dig (ys0). This equals 


Ay ZL DOnGINO’Y 


Doe = 9500» Di = COS a, 


2D}, = 2D",_, = (1 + cos 9) e” 
OD), <x BD ag a (=e) ee 
Y 2Di_, = — V 2D, = sind, 
V 2D) = —V 2D» = sin 9e*. 
References 1 and 5 give particular values of 
the quantity Fgoy (dp Oe ), which in our notation 


is i” F345 (P, t,k). The following are a few 
particular values of F Ps (p, ¢, kK) for’ b +70): 


Fo00 = V 3cos Xs Fito = [sind sinz sing; 
Fi, = 3V4/, {cos Osindsinx sinw 


+ sin 9 sin x cos w sin (® — 9) 
—costsiny sinew sin 8 cos(® — 9)}; 
Fit, = — V3 [cos cos y — sin 9 sin x cos «]; 
FiS, = (3/ V2) {cos § [2 cos $ cos x + sin x sin cos w] 
+[2 sin 3 cos y—sin x cos 9 cos w] sin 8 cos (® —¢) 
—sin y sin w sin 6 sin (® — 9)}; 


Fit = V */2 (2 cos 3 cos x + sin 9 sin y cos w]. 
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ALPHA DECAY OF NONSPHERICAL NUCLEI 
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We consider the system of equations for the radial functions describing the motion of alpha 
particles emitted in the a decay of nonspherical nuclei of arbitrary spin. We obtain equa- 
tions which determine the boundary conditions for the radial functions on the nuclear surface, 
and formulas expressing the a -decay probability in terms of the values of the radial func- 
tions at the nuclear surface and the shape of the nucleus. A simple approximate formula is 


found for the dependence of the a -decay probability on the angular momentum J carried 
off by the a particle and the energy of the level in the daughter nucleus. 

Various methods for approximate solution of the system of equations for the radial func- 
tions are analyzed for even nuclei (spin 0). It is shown that the terms that give rise to a 
coupling of the equations (due to the nonspherical part of the Coulomb interaction between 
the a particle and the nucleus) cannot be treated as a perturbation for I > 2. 

An exact numerical solution of the system of equations is given for an elliptical nucleus, 
taking into account all multipole interactions, under the condition of constancy of the wave 
function on the nuclear surface. An estimate is made of the influence of higher harmonics 
in the expansion of the equation of the nuclear surface in Legendre polynomials. The com- 
putational results are compared with experiment. 


1. INTRODUCTION 


‘Tue study of the intensity of a transitions to 
rotational levels enables us to obtain important 
information concerning the properties of non- 
spherical nuclei. The theory of the excitation of 
rotational levels in @ decay has been treated by 
Rasmussen and Segal,! Strutinskii,?*> Nosov,’”* and 
Fréman.® However, comparison of the results of 
the theoretical computations with experiment shows 
systematic disagreements: the results differ by a 
factor of 1 to 10 for the 4° levels of even-even 
nuclei, and by a factor of several hundred for the 
6+ levels of these nuclei. (So far it has not been 
possible to reduce the theoretical formulas for odd 
nuclei to a form suitable for practical computation, 
which would allow one to compare them with ex- 
periment.) The published theoretical papers con- 
tain a variety of simplifications: neglect of certain 
terms in the expression for the kinetic energy of 
the nuclear top,! neglect of 24-pole (in all the 
published papers) and sometimes even of the 
quadrupole? interaction between the nucleus and 
the a particle, etc. The effect of such omissions 
has not been properly appreciated, even though the 
results for large angular momenta J turn out to 
be extremely sensitive to such simplifications. 
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Rasmussen and Segal! give the results of nu- 
merical computations of intensity of q@ decay. 
These computations, however, not only contain 
various simplifications which are not completely 
justified but they are also done for certain special 
values of the eccentricity which were selected on 
the basis of extrapolation of experimental data for 
the rare earths. It is therefore not clear whether 
one could choose the eccentricity in such a way as 
to explain the intensity of the decay to all known 
levels. 

The computations which are presented below 
had three purposes. The first of these was to 
bring the formulas describing the a@ decay of 
nonspherical nuclei of arbitrary spin to a form 
suitable for practical calculations. In addition, 
we wanted to explain the applicability of the usual 
methods of computation, in which the quadrupole 
moment of the electrical interaction of the a 
particle and the nucleus (as well as the higher 
multipole moments) are treated as a perturba- 
tion. Anticipating our results, we may say that 
for 1 =>4 (where J is the angular momentum 
carried off by the a particle) this treatment 
proved to be impossible. Finally, we wanted to 
find out whether the disagreement between experi- 
ment and computations which we mentioned above 
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is the result of the approximations and omissions 
of the particular papers themselves, or whether 
it is related to the approximate nature of the fun- 
damental starting points of the whole theory: the 
assumption of the constancy of the q@ particle 
wave function on the boundary of the nucleus and 
the assumption of a simple shape for the nucleus 
(i.e., the assumption that in the expansion of the 
radius vector R(@) to the nuclear surface in 
Legendre polynomials one can drop all terms 
except the first two or three. 


2. GENERAL THEORY OF ALPHA DECAY 


The fundamental equations describing the @ 
decay of nonspherical nuclei of arbitrary spin 
have already been obtained in references 1 and 6. 
The formulas which we shall find for the boundary 
conditions at the nucleus make these equations 
suitable for practical computations. In our calcu- 
lations we shall limit ourselves to the simplest 
case of “favored” a transitions, i.e., transitions 
in which the parity of the state and the projection 
of the angular momentum on the nuclear axis do 
not change during the a-decay process. 

If the angular momentum I) of the decaying 
nucleus is different from zero, the probability of 
excitation in a@ decay of the rotational level of 
the daughter nucleus having angular momentum I 


(bei, ig tl, Ib +2. ete,)* is given by 
Rj’ 
Wr=—> > | @z1|*. (2.1) 


1=|J—I>) 
The sum in (2.1) extends only over even values of 
l (we shall indicate such sums by a prime on the 
summation sign). 

The quantities a,j are the amplitudes at infin- 
ity of the radial functions f]7(r), describing a 
particles carrying off angular momentum 7 (and 
the residual daughter nucleus in a state with angu- 
lar momentum I): 


fri (r) > an exp {i (kyr — Hr 1n Qk;r)}, 
ki = QuE;/n, ny = 2Ze%p / nk, 


(2.2) 


Os 


where Ey, is the a@-decay energy in the transi- 
tion to the level I. We shall denote the corre- 
sponding quantities for the transition to the ground 
level with I=1) simply as k, 7, E. 

The system of equations!” satisfied by the ra- 
dial functions fj7(r) (cf. also Appendix) is 


@ hn 1(L-+4) 2k 
Sia al Fo ane eee ee a py 
oO UH 
= wry a Vaar in) ale 
V=9 I'=|l/—Iy| 
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The quantities Vjj. y(r) are the matrix elements 
of the noncentral part of the coulomb interaction of 
the q@ particle and the nonspherical nucleus, which 
can be represented as 


Vinee () = SY QUb INYVi(n); 
L=2 
Qn (I I'0) = (— DI" VAP FDA +1) 


2.4 
XW (LIL; U1) C8 v9 Ch 103 ee 


1 

Vi(r) = a \ V (r, 6) Pz (cos 8) d (cos §), 
= 

where W is a Racah coefficient,’ the quantities 

Cr M31, M, are Clebsch-Gordan coefficients, and 

thes Vpas *) are the coefficients in the Legendre 

polynomial expansion of the coulomb energy 

V(r, 6) of the q@ particle in the field of the non- 

spherical nucleus (6 is the polar angle in the co- 

ordinate system fixed in the nucleus. 

The system (2.3) should be solved under some 
boundary condition on the nuclear surface r= 
R(@). At the nuclear surface the wave function 
w(r, 6,9), which describes the motion of the @ 
particle formed in the decay, depends only on the 
angle @: 


F(R (8), 8, 9) =x () 


(where one usually assumes that y(6@)=const.). 
It can be shown (cf. Appendix) that this condition 
gives the system of equations 


S Cho 140; 1, ~of 1 [R (8)] Yio (8, 9) = Ry (8) x (8) 80, 0 

El (2.5) 
where & (the projection of the a particle angu- 
lar momentum on the nuclear axis) takes on all 
possible values. 

The boundary conditions (2.5) (for given R(0@) 
and x(@)) together with Eqs. (2.3) uniquely deter- 
mine the functions f]7(r), and consequently via 
(2.2) give the amplitudes ay. 

Making use of (2.5) we can obtain the approxi- 
mate formula for the a@-decay intensity which we 
have used previously.® Let us replace the functions 
f}7 by functions yyy(r) which, for r—o, go 
over into exp {i(kyr — 7] In 2kyr)}, so that 


Qn (7) = fit (r) / ay. 
We multiply both sides of (2.5) by 


8, 9) /en [R (8)], 


sum over { and integrate over @ and 9. Using 
the orthogonality property of the Clebsch-Gordan 
coefficients and the orthogonality of the spherical _ 
harmonics, we get 


(2.6) 


IT, * 
C7," 1,4; 1, —aY ta ( 
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Gree SB Ls Taps ACH tn 


Lal" 


(2.7) 


(the summation is extended over all values of I’ 

and l’ except the one pair for which I=I and 

L=1'). In (2.7) we have introduced the notation 
1 


Ar =2r \ 


R (8) x (8) 


BTR Cy] * 19(°) 4 (60s 8), 


(2.8) 


S ee 006 We 
B (i; ip I ’ I ) = » Cy; Tp +Q; I, On ae Hae —{0) 
2 


* yr ) 
x [vi or Y rq ded (cos 6). 

As numerical estimates'show, all the quantities 
B(I; I'l’) are small, so that to a good approxi- 
mation the whole summation in (2.7) can be dropped. 
This comes about because the functions Yj9 with 
different J are orthogonal, while the ratio 
PyryvlR(@)\/ez1R(4)] varies only little with 
angle 6.* Neglecting the dependence of this ratio 
on angle, we find that for 1#l’ the integral ap- 
pearing in B/(Il;I’l’) vanishes while for l=I', 
B(I;I’l’) vanishes because of the orthogonality 

of the Clebsch-Gordan coefficients with I#I’. 

We therefore get 


ay, = ACH}; 10. (2.9) 


Now let us consider the quantities Aj, defined 
in (2.8). The functions gyjz(r) in the denominator 
depend on r essentially in the same way as the 
Coulomb functions ) (r) which are the exact 
solution of (2.3) when we neglect the right hand 
side (and satisfy the same boundary condition 
at r—o, 


pi) (r) > exp i (kyr — yy, 1n 2k;r), 


as the functions gy jj(r)). At the nucleus, this func- 
tion falls off exponentially with increasing r, so 
that the principal contribution to the integral (2.8) 
comes from the neighborhood of @=0, where 
R(6) reaches a maximum. Also making use of 
the fact that all the functions 9 jz[R(@)] depend 
on angle in approximately the same way, we find 


Anz CV 2l+1/en(R(O)], (2.10) 


where ¥2/+1 = v47 [¥7z, (9 )lo=o- In q@ decay, 
the constant ny in (2.3) is always large compared 
to unity: ny > 1, which is the reason why the quasi- 


*Each of the quantities $LRO@ )] has a strong angular de- 
pendence, but their ratio depends only slightly on angle. For 
the functions Po? (R(@)l, which are the solutions of (2.3) with 
the right side set equal to zero, this can be seen from the for- 
mulas of the next section. As the numerical computations show, 


this assertion is also valid for the functions pLROI. 
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classical approximation is well justified. In this 

approximation it is well known (also cf. the next 

section) that y ,,(r) is representable in the form 
ort (r) = exp {— Si(r, ky}, 

where Sj can be expanded in a rapidly converging 

series 


Sr=A(r, kN + Br, kNLUL +N + C(r, PU + DP 


(2.11) 
and 
kp =kYV 1 —AE,/E~kR—RAE,/2E, 
2 
AE; = 55110 +1) —1, (7, +1) (2.12) 


+ a[(— 1)? ( 44/.) + 1) 8;,4,} 


(E is the energy of the a -decay to the lowest level 
of the rotational band, which has spin 1)). 

Expanding the coefficients of the series (2.11) in 
powers of AE,/E, we find that the function 
yylR=0]=9]j7(a) can be represented as the 
rapidly converging series 


g AE; 


ent (a) = crexpy— S104 1) — $8.5 +o (2.18) 


For estimating orders of magnitude, it is useful 
to expand the Coulomb function 91 ON a), which is 
of the same order of magnitude as 91,(a), ina 
series of the type of (2.13). As is easily verified 
[cf. formulas (3.11) and (3.12)], 


lo 


‘ B, AE, 
o(9) (a) = c, exp = ii). =} (2.14) 


Opes lane) y— 0.1, (0, — 29s 4) esi 2e)e—ro, 


2 = arccos V ka / 27. 
Substituting (2.9), (2.10), and (2.13) in (2.1), we get 
finally 
AE 
Cis ol? QL + ty exp{— al 0+ 1) —B 4}. 
(2.15) 


T+Io 
Wr=W) > 


l=J-I, 


The coefficients @ and £ in (2.15) should be re- 
garded as parameters whose values are determined 
from experiment, since the connection with the 
shape of the nucleus was lost in getting equation 
(2.10) from (2.8). 

We note, finally, that for the case of even-even 
nuclei, when I) =0, I=1 and AE;/E~1(1l+1), 
formula (2.15) assumes a simple form, given by 
Landau:? 


Wy = (20 + 1) Wye MD, (2.16) 


Let us make one more remark concerning the 
derivation of formula (2.15). The one assumption 
in the derivation which was not completely justi- 
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TABLE I. Alpha Decay of Some Even Nuclei* 
Pe ee ee ee Been es. Pin WM EE WEE 


Intensity of 
Decaying ee Level spin | Particle Level en- a decay (7%) 
Nucleus and parity | energy kev | ergy kev Experiment | Computation 
0+ 5158.9 0 (hiss ono 
Pu240 0.457 2+ 5114.4 45.3 24.4 24.4 
4+ 5014 147 9.41-10-2 oo One 
O+ 5491 0) Talend Tiel 
Pu2s8 0.435 2+ 5448 43,7 28.7 28.7 4 
4+ Spay 141.5 0.13 0.44 
O+ 5318 68 68 68 
232 0.394 2+ 5261 32 32 on 
4t 5134 0.3 0.3 0.23 
O+ 6110 0 hom Tal 
Cm242 0,441 2+ 6066 44 ORS 26.3 
44+ 5965 148 3.5-10-2 9.9-10-2 


*Formula (2.16) was used for the computations. The probability of « decay 
to the 2+ level was used for the determination of the parameter a’. 


Decaying 
Nucleus 


TABLE II. Alpha Decay of Some Odd Nuclei* 


Level spin 


Particle 


Intensity of 


Level en- a decay (%) 


Pu239 


Am24! 


0,309 


0,283 


and party jencrey kev crevkey Experiment | Computation 
115 1/2+ 5147 0 72 le, 
3/2+ 5134 Aras 16.8 16.8 
6/24 5096 01,7 OKA 10.8 
7/24 5064 84 Reticle? 9-10-2 
9/2+ 4991 151 1.3-10-2 2.6:10-2 
99 5/2+ 5482 0 85 85 
UP 5439.4 43.4 12.8 12.8 
9/2+ 5386 .0 97.4 1,66 Neil 
14/2+ OevAll 164 4 o=10z2 Seed Ome 
13/2+ 5241 245 2-410-8 2,4-10-3 


*Formula (2.15) was used for the computations. The probabilities of a decay 
to the levels with spin I, + 1 and I, + 2 were used for determining the constants 


a and B. 


fied was that the integral (2.8) can be replaced by 
a quantity proportional to the value of the integrand 
at the point 6=0. However, the form of (2.15) 
does not depend in any essential way on this assump- 
tion, since (2.15) also follows from (2.8) and (2.9) 
if we expand the whole integral (2.8) in series: 


1 
\ R (8) x (8) 


1 LR (9)] 
—F 


Y io (8) d (cos 8) 


S(O 1) exp|— dle tal +1) +B! (2.17) 


AE 
om 


+ ol? (t+ 1)? + By ( Lar epayer: +..}]- 


It is clear from this that formula (2.15) is quite 
exact. But this precision is obtained at the expense 
of giving up the possibility of theoretical evaluation 
of the constants a and @ starting from the nu- 
clear shape. Thus formula (2.15) cannot be used 
for determining the shape of a -active nuclei. It 
is not difficult to obtain an approximate formula 


of the same type as (2.15) but without this defect. 
To do this we need only replace gyyz[R(@)] in 
(2.8) by the Coulomb function oD R( @)]. From 
(2.1), (2.8) and (2.9) we then find 


nh, TH, | ¢ ROX) : 
W, = cern es | Gris ff ? \ 9) [R(0)] Varo (0) d(cos 6) . 


(2.18) 


The integral in this formula can be computed 
numerically for any nuclear shape R(@), as 

soon as we choose the form of the function y(@) 
(usually we assume that x(@)= const). For- 
mula (2.18) cannot of course pretend to be particu- 
larly exact, in particular for large values of 1, 
Since at 1=4 (cf. the following section) the 
effect of the right-hand side of (2.3) already pro- 
duces a sizeable difference getween the true radial 
functions @},(r) and the Coulomb functions 

go) (xr), which are the solution of (2.3) without 
the right-hand side. 
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In conclusion we give some numerical data il- 
lustrating the applicability of formulas (2.15) and 
(2.16) to the description of the experimental data. 
As we see from Table I, Landau’s formula (2.16) 


with the single parameter a’ gives a good descrip- 


tion of the experimental data for 1<4. For l= 6, 
this formula already leads to a marked disagree- 
ment with experiment (by a factor of hundreds! ), 
which shows the need for considering the next term, 
a"P(l+ 1)*, in the expansion of the exponential. 

It is therefore natural to expect that formula (2.15) 
will give a good description of the intensities of a 
decay to the first five levels of the rotational band 
(for which 1 < 4), as is shown in Table II. 

As we see from formula (2.8), the intensity of 
the a decay to particular levels can take on 
anomalously large or small values if some par- 
ticular term in the Legendre polynomial expansion 
of R(9)x(0)/yyz[R(@)] is “resonantly” large or 
small. The smooth representation (2.17) is not 
possible in such a case. This may be the explana- 
tion of the large (factor of three) discrepancy be- 
tween the calculated and experimental amplitudes 
for the a decay of Cm? to the 4t level of the 
daughter nucleus (cf. Table I). 


3. ANALYSIS OF SOME APPROXIMATE METHODS 
OF SOLUTION OF EQUATIONS (2.3) 


The system of equations (2.3) cannot be solved 
exactly by analytic methods even in the simplest 
case of I) = 0. Various authors have either com- 
pletely omitted the right hand side of (2.3) or have 
regarded it as a perturbation and taken it into ac- 
count by a method of successive approximations. 
In doing this, only the quadrupole part of the Cou- 
lomb interaction was included. We shall show that 
such a procedure for solution of the problem is in- 
correct,-since the correction provided by the first 
approximation is of the same order of magnitude de 
as the zeroth approximation. 

For the case of I) = 0, the equations for the 
radial functions and the appropriate boundary con- 
ditions have a very simple form, which can be ob- 
tained by setting I1)=0, I=2l, I’ =/ in (2.3), 
(2.4), and (2.5). In this case 


EG ee 


uae =\VinPL¥ dQ. 


Qr (1, (ey ies uf) = 


Introducing the dimensionless variable 
R=) Tyo = 2Ze?/ B= 2y/k 

(where ry is the barrier radius) into (2.3), and 

setting 


fu(r) =argr(r), 91(r) > expi (fir — 1 1n 2k:r) for r— ov, 
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we get 
r 4n2 ~V Ap 
918) + 0G —¥) (2) = FD Pr (XU yy (2). (3.2) 
pe 
Here we have introduced the notation 
me AE 1 de 
ag tte 1); w= ee[ 2 pe 
(3.3) 


AE is the excitation energy of the first rotational 
level, 


Uri =\VrouU(, ») Yio (u)dQ; w=cos0, (3.4) 


and U is the noncentral part of the Coulomb inter- 
action, which is given by 
V(r, b= =| [1 +.U (x, w)]. (3.5) 
The dimensionless constant n (cf. text following 
Eq. 2.12) is approximately equal to 25. 
The solution of Eq. (3.2) without the right hand 


side is the coulomb function g (x), which can 
be represented quite accurately* as 


xf le 
(9) (x) = We errils (= ) 
i vy 
x 1 
AED) 
x 


where Hy) is the Hankel function of the first kind 
of order 7/;, and xj is the turning point (the value 
at which xj= v7). The function (3.6) coincides with 
the exact solution (3.2) in the region of the turning 
point, and has the correct asymptotic behavior far 
away from that point. The constant in (3.6) is 
chosen so that all the functions yg) are real at 
and near the nucleus. 

The goal of the computation is to calculate the 
amplitudes ajj= aj, which determine the @ -decay 
probability W 7 through (2.1). According to (2.8) 
and (2.9), 


(3.6) 


ap (\ Vem ae), 


(3.7) 


1 

RO 0 

a = 2n | aa Zh ) ¥, (8) d (cos 8). 
a 


We obtain the zeroth approximation al) to the 
value of a, by replacing p 1 R(6)] in (3.7) by 
the Coulomb function eM R(8 )], in accordance 
with (2.18). To find a‘) we must substitute 

the first approximation g 1) in (3.7). In calcu- 
lating gl) , the functions (x) and the values 
al?) and al) were substituted on the right side 


*Formula (3.6) describes the variation of the function oy 
in the neighborhood of the nucleus and its dependence on / with 
an accuracy which is no worse than 1%. 
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of (3.2). It is then convenient to look for a solu- 
tion of (3.2) in the form ox) = r(x) 0M (x * 
We then find for Ay the eee 


ay 4r? 
2n,9 (© (x) =e 35 - at 1940) (x) 


with the boundary condition A7(#) = 1. (On the 
left hand side we have neglected the term 
rv (x) ol? (x), which is vanishingly small com- 
pared to 2X (x) 90 (x ). This is obvious simply 
from the fact that in the region below the barrier 
the function g(x) changes by 20 orders of mag- 
nitude whereas A;(x) only changes by a factor of 
1 to 10...) 

Performing the integration, we get 


a) @ e) (x ets x) 
a M uit ax, (38 
ate 12 a) 1S of x(1— x) al 
According to (3.7), 
a} =a! /rr(a), a={[R(®)le-0/% (3.9) 


(a is the nuclear radius in units of rj). 

For practical computations it is convenient to 
use the asymptotic representation (3.6) which gives 
a quite accurate description of the behavior of 
g(t) near the nuclear surface: 


2 \M a se 
it i exp {| Vi — ae}, ee 
x] 


Viewer 
(3.10) 


9 (x) = 


The exponent is well approximated by the series 
x1 


\ Vv, — @dx =A+Bl(14+ 1) 4+ CP (41), (3.11) 


where 
A(x) = 2n(«—*/.sin wa 
A an 
Bie) = 27, lise («+5 ag sin 2a.) ai aI 
A 
C (x) aces (Ge y (cota +4 2 ghee z sin 2a) 
+ x3 (cot 2x — (3.12) 


a = arccos V x. 


4 
8 sina cos? a/’ 


(Formulas (3.10), (3.11), and (3.12) are also valid 
for nuclei with I) = 0. In this case (AE/6E) l(1+1) 
must be replaced by AEy and ky by xj.) 

We point out for orientation that at the nuclear 
surface A 40, B-0.1 and Cx 10, so that 
for small 1 the term Ci’ (l+1 ye is unimportant. 
Substitution of (3.10) and (3.11) in (3.8) gives 


= alo) U1 (x) 


1 
M(t) = 149 5 \ 


V=0 


(3.13) 


x exp {B (x) [I (l! + 1) —L(L-+ 1))} ax 
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In (3.13) the upper limit of integration has been re- 
placed by 1. This step is necessary since the ne 
pansion (3.11) is not valid in the region v7— Ki <a 
Because of the rapid falloff of Ujjz with increas- 
ing x and the oscillatory character of the func- 
tions 9 (0) in the region x >1, the integral from 
1 to ~ contributes practically nothing. 

For numerical computations it is necessary to 
choose a specific shape for the nucleus, 


R (8) = x, [1 + aP, (cos 9) + «Pq (cos) +...]. (3.14) 


For an ellipsoid with eccentricity u = Vv 1-—b*/a’ 
and semiaxes a and b (in units of ro), 


ay Bh | 


are Sin u 


ue 
== +0.16u*+0.098u%+..., 
3 (3.15) 


45 Vi—wv 
+ & 64 w3 arc sin wu 


= 0.086 ut +- 0.083 ue +. 


The quantities Uj 7 appearing in (3.13) are 
given by the coefficients in the Legendre polyno- 
mial expansion of U(x, uw). In the region outside 
the nucleus (but not in the interior!) the potential 
of a uniformly charged ellipsoid is correctly given — 
by the formula 


5 — 40u?+ 8ut] (10 u? — 91) 


fl 
oe = 64 u? [3 


U (x, n) = > eels Pon (x). (3.16) 


Formula (3.16) is not the same expansion as that 
usually used for the potential of an ellipsoid, and 
is considerably more convenient. (The possibility 
of having different expansions of the potential in 
Legendre polynomials in the region b=x<=a is 
related to the fact that when this inequality is sat- 
isfied the Legendre polynomials are not orthogonal 
in the region external to the nucleus. ) 

For an arbitrary nuclear shape (3.14), the ex- 
pansion (3.16) is not exact. As we shall show later, 
the details of the shape of the nucleus have a sig- 
nificant effect on the probability of emission of 
particles with high 7. This effect is, however, 
associated mainly with the change in the boundary 
conditions, whereas the effect of nuclear shape 
which is associated with changes in the potential 
is not so important and was not taken into account. 
In our computations we therefore assumed the nu- 
cleus to be elliptical and used formula (3.16). Then 


‘ V (1-4-1) (20 414) 
Unipeed > eaten a 


4n+14 


(Cir ast0)?. 
(3.17) 


In Tables III and IV we give the results of compu- 
tation of the amplitudes al) and the factors 
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TABLE II. Probability of a decay to successive rotational 
levels, computed in zeroth approximation for U2%6 
Sa a a a ee ee yk ee ae ek eh 


Exper- 
Computational results imental 
data 
As 0.07 0.095 0.117 0.141 0,168 0.4195 0,227 
wi 0.20 ORZ0 0.30 0.35 0,40 0.45 0,50 
al /a\®) 0.38 0.46 O59) 0.62 0.69 0.74 0,77 ORO 7 
al a 0.025 0.038 0.054 0.072 0.086 0.106 0.122 0.035 
at? /a)? 4,7-10-4 |9.1-10-4 | 1.6-10-3 | 2.4.40-3 fae aca 4.4.10-3 |5.8-10-3 | 6.7-10-3 


v(t), a), which determine the first order correc- 
tion through Eq. (3.9). The computations were 
done for U8 (q@ decay of Pu’), y(@) was set 
equal to a constant in (3.7). The size of the nu- 
cleus was fixed by the condition y?(@) Vn = 1, 
where V, is the nuclear volume. 


TABLE IV. First approximation 
factors ry) fors Us" 


ue 0.25 0,30 0,35 0.40 0,45 0.50 


a) AeA AS at Ae teSt | 4088 | 4545 
Perm pated 4.25 p26 14.27. 4,29 
At |e Boa B61 4.871), 1.8001. 4 94 
Re ees W226 | 2231 2.42 | 2.51 | 2.56 


As we see from Table IV, for actually occurring 
deformations (u? = 0.3 ), the correction factor A 
is close to unity only for 27=0 and 2. Starting with 
Z=4 the correction reaches an order of magnitude 
of 100% and the method of successive approxima- 
tions is not consistent.* 

We tried to improve the successive approxima- 
tion method by substituting g(x) = Az (x) 9))(x) 
on the right as well as the left side of (3.2). When 
this is done one gets a system of coupled equations 
for the relatively slowly varying functions Aj(x). 
If one assumes that the A7(x) vary Significantly 
only near the nucleus, expands Aj7(x) in powers 
of (x—a) around the point x =a, and keeps only 
the zeroth and first powers, a relatively simple 
system of algebraic equations is obtained for A(a). 
The coefficients in these equations are integrals 
which can be computed numerically. However, the 


*The values found for a, and a, can be used to determine 


the dimensions and eccentricity of the nucleus. However, when 
this is done there are no quantities left which can be compared 
with experiment in order to check the theory. We also mention 


that the divergence of the successive approximation method for 
1 > 4 means that the excitation of higher rotational levels occurs 


to a considerable extent through the coulomb interaction of the 
o particle with the nucleus. 


computation showed that the solutions obtained by 
this method diverge for actually occurring values 
of the deformation. 

It should be mentioned that, aside from the in- 
accuracy associated with the use of the successive- 
approximation method, the computations involved 
the use of the approximate value (3.11) of the cou- 
lomb function and the approximate formula (3.7) 
which is a consequence of the boundary conditions 
on the nuclear surface. Estimates showed that 
both these approximations are very good, and do 
not contribute errors exceeding a few percent. 
Thus the divergence of the method of successive 
approximations is caused only by the use of the 
method itself. We were therefore faced with the 
necessity of an exact numerical solution of equa- 
tions (3.2). 


4, NUMERICAL SOLUTION OF THE EQUATIONS 


The numerical solution of Eq. (8.2) expressed 
in terms of the functions f7(x) = ajzgj(x) was 
carried out on the M-2 electronic computer of the 
Laboratory for Control Machines and Systems of 
the Academy of Sciences, U.S.S.R. Seven functions 
(l=0, 2,...12) were included in the computations, 
while the remainder were set equal to zero. The 
solution of the equations was carried “inward” 
from x= (actually from x= 3) to the surface 
of the nucleus (to x ~ 0.1). To determine the aj, 
we constructed the 7 fundamental systems of solu- 
tions Pjn (n=0, 2,...12). The solution with 
number n was normalized at x=3 by the re- 
quirement that ~7,(3) =57y og) 3). Every solu- 
tion of (3.2) can be represented as a linear com- 
bination of these seven solutions. Thus each of 
the functions we are trying to find can be written 
as 

12 
fr (X) = SVG, %q (*), 
n=0 


= OZ ecw (4.1) 


(where the prime on the summation sign means 
that the sum runs over even n). It is easy to see 
that the functions f;(x) have the correct asym- 
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ptotic behavior for x», so that the ay are 
the required decay amplitudes. After substituting 
(4.1), the boundary condition (2.5) gives (in our 
case where I)=0, I=2), 


12, 
S anyn (8) = x (9), 


(4.2) 
n=0 
where 
2 On LR (8)] 
xn (8) = > ah Y 10 (8) (4.3) 
1=0 


are well-defined functions which are uniquely de- 
termined from the shape of the nucleus. The re- 
quirement 


x (8) = const (4.4) 


enables us to find the ratio ap /ay. 

As a check, the fundamental systems of solu- 
tions Pjyn(xX) were computed for n= 0, 2, 4, 6, 8, 
when only five functions fp, f,, f4, fg, fg were in- 
cluded. A comparison showed that then the first 
four functions are changed negligibly. The various 
stages of the solution can be followed on the graphs 
of Figs. 1 to 5. 

To illustrate the orders of magnitude, Fig. 1 
shows the real part of p(x) for U?** (a decay 
of Pu?4°) as a function of x. 


log kel y) (z)] 
i I 


t=10 


l= 
{= 
d= 
l= 


a ar oe YY ay TY yu a 2 


FIG. 1. Real part of the zeroth approximation functions 
p(x) for U7";)7'= 26.0: 
im(v@)) 
Re [yi%z)} 
06 


FIG. 2. Ratio of imaginary to real 
part of p> (x). 


FIG. 3. Graph of the functions Xf): 
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XG, x (9) 


02 04 26 08 1Q 
cos 8 


FIG. 4. Graph of the function & C,X, (9). The coefficients 
n 
Cc, were selected by the least squares method so that the de- 
viation of XeAXn (0) from unity was a minimum. (The constants 


correspond to U?**). 


Figure 2 shows the ratio of the imaginary part 
of ~ 0) (x) to the real part. As we see from the 
figure, at x = 0.8 all the functions g(x) can 
already be assumed to be real, as should be the 
case according to (3.10). The functions Pj) (x) 
also turn out to be real at the nucleus. Choosing 
a real constant in (4.4), we also get real values 
for the amplitudes ap. 

Figure 3 shows graphs of the functions x,(@), 
calculated for 7 = 25.4, a= 0.19, u’ = 0.35. The 
calculations were done keeping all the terms in 


20 


the multipole expansion (3.16), (3.17) of the inter- 
action potential. Linear combinations must be 
built up from the functions y,(@) so as to obtain 
a constant value on the nuclear surface, in accord- 
ance with (4.2) and (4.4). Each of the functions xy 
has n/2 roots on the nuclear surface. All of the 
functions increase rapidly as we move from the 
“nose” of the nucleus toward the equator, in ac- 
cordance with the decrease of R(@) in this direc- 
tion. A practical choice of coefficients a, satis- 
fying the condition (4.4) was made by applying the 
least squares method to 17 points on the nucleus, 
at which the functions x, were calculated. In 
applying least squares, we used a weight factor 

of 1/x9(@). The introduction of the weight factor 
enabled us to avoid excess sensitivity to the unim- 
portant equatorial region of the nucleus. The large 
number of functions which were to combine to give 
the constant enabled us to fit it quite accurately. 
This is illustrated in Fig. 4 for the example of 
u?35, We see from this figure that the curve of 

the “deviations” intersects the value 1, to which 
the fit was made, a number of times which is one 
greater than the number of zeros in the highest 
function x,(@) included in the computation. We 
also note that the fit is quite good for u? < 0.35, 
while it is rather bad for u? > 0.45. Thus the 


= 
S 


FIG. 5. Graph of the functions XP ), calculated 
including five (f,, f,, ... £,) or seven (fp, f,, ..+ fi2) 
functions f,. The solid curves are for be 278 the 
dotted curves ford 1, = 12. 


a 


a 


Xn) (in arbitrary units) 


LOS & 
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number of functions xX,(9) included was insuffi- 
cient for the latter case. This example illustrates 
especially clearly the need to include a large num- 
ber of functions, and the inapplicability of the usual 
analytic methods. Figure 5 shows the functions 
Xn(@) calculated including five (fo, fy,...fg) and 
seven (fo, fy,...f,2) functions fp. 

In our computational procedure we had first to 
assign the nuclear size (the computation was done 
for one volume and various eccentricities), so 
that it is important to examine the extent to which 
the results are sensitive to the size of the nucleus. 

The results of such a computation are contained 
in Table V. 

TABLE V. Effect of nuclear 
size on a@ -decay probability 


(fore!) 
Major Ratio of decay probabilities 
semi- | 
axis a 42] Go As|Go Ag! Qo 
0.156 0.56 0.062 0.0022 
0.173 0.59 0.074 0.0027 
0.190 0.62 0.080 0.0034 


Comparing Table V with Table VI, which shows 
the effect of the nuclear shape, we easily discover 
that the nuclear size has a subordinate role in de- 
termining the relative intensities of @ decays. In 
evaluating the results it should be remembered 
that a change in size of 10% (the extreme values 
of a in Table V differ by 10% from the middle 
value) gives a change of a factor of 5 in the ab- 
solute value of the function fy), and consequently 


a change of a factor of 25 in the a -decay intensity. 


TABLE VI. Intensity of a decay 
to rotational levels as a function 
of nuclear shape (for Ue 
Exper- 


imental 


Computational results 
data 


de 0.095 |0.141 |0.186 | 0.238 
ua Ons) Ones) OLA 0. oy 
Q@ja, (0.44 |0.59 0.85 |0.93 |0.57 

Qg/ay j0.033 {0.070 ]0.413 | 0.163 | 0.035 
A/a) |0.0011}0.0030}0.0072| 0.041 | 0.0067 


Table VI gives the results of numerical compu- 
tation of a -decay intensities for U*** (a -decay 
of Pu’4°) which were carried out on an electronic 
computer. 

The data of Table VI are plotted in Fig. 6. The 
crosses on the curves are the experimental values. 
Comparison of Table VI with Table III shows 
good agreement of the results of the exact calcu- 
lations with those of the approximate calculations 
[using formula (2.18)]. As mentioned earlier, for 
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FIG. 6. Dependence of intensity of « decay to successive 
rotational levels on elongation of the nucleus (computation for 
UF) 
reasonable values of the eccentricity the first order 
corrections in the analytic computation are not 
small, so that the close agreement between the 
results of the numerical and approximate compu- 
tations was unexpected. This leads one to think 
that applying (2.18) to odd nuclei with I) #0 also 
should give good results and enable one to deter- 
mine the eccentricity of the nucleus simply. 

Such computations were done for Am“! and 
ec Only one parameter, the eccentricity rhe 
was varied; the nuclear size was chosen to give 
the correct expression for the a -decay intensity 
to the ground state. The results of the computa- 
tion are given in Table VII. 

One striking feature of the results in Table VI 
is the clear, though not very large, discrepancy 
between the experimental and calculated values. 
Thus, by setting a, = 0.133 we would obtain exact 
agreement of the theoretical and experimental 
values of a,/ay, but we then get a difference of 
a factor of 1.8 in the values of a,/ay (and a dis- 
crepancy of a factor of 2.7 in the value of ag/ay). 
This discrepancy can be eliminated by a suitable 
choice of the coefficient a, in formula (3.14) 
which determines the nuclear shape. For arbi- 
trary a, the nucleus is of course no longer ellip- 
soidal, and the matrix elements of the potential 
are determined by a formula which is different 
from (3.17), a point which was not taken into ac- 
count in the computations. However, this selec- 
tion of the coefficient a, does not improve the 
agreement with experiment for the ratio ag /ay 
but rather makes it worse. This ratio, in turn, 
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TABLE VII. Intensity of a decay to rotational levels for some 


odd nuclei* 
rere a ee ee ee, ee 


Datenter rete Relative intensity of « decay 
nucleus tional level Exptl Calculated for Calculated for 
| elliptical nucleus oval nucleus 
Np?8? U2 0.150 0.150 0.146 
52 9/2 2-10-2 2.8-10-2 2.5-10-2 
AD 1.8-10-4 1.2-10-3 W.810=4 
13/2 2.4-10-5 1,.2-10-4 1.8-10-° 
Wees 3/2 0.232 0.232 0.232 
oi 5/2 0.148 0.190 0.195 
U2 o:40-4 6-410-8 9.7-410-4 
9/2 1.4-10-4 2.7-10-3 2.6-10-4 
*The intensity was computed using formula (2.18). For N**’, we set 


a= 0.193 and u* = 0.283 in the case of the ellipse and u? = 0.30 and a, =—0.04 
in the case of the oval. For U**®, we used a=0.173 and wu? = 0.285 for the el- 
lipse and u? =0.32 and a, = — 0.043 for the oval. It is interesting to note that 
the two nuclei should be assigned almost exactly the same shape. 


can be “fitted into place” by a suitable choice of 
@g in formula (3.14), but such a procedure can 

hardly be meaningful. For illustration, we give 
in Table VIII the results of the computation with 


TABLE VIII. Intensities of a decay to succes- 

sive rotational levels, for elliptical (a, = 0.121, 

a, = 0.011) and oval (a, = 0.142, a, = —0.029) 
shape of the nucleus QUE) 


this optimum choice of ay. Bf pe 

We note that the quadrupole moment Q) cal- are Bens, | naclage 
culated for an elliptical nucleus with a, = 0.121, 
+ 2 Ae : - A/a 0.57 O25 0.57 
is equal to 10 x 10 se in beautiful agreement with ae 0.035 0.063 0.035 
the data found for this region of the periodic table ag / A 0.0067 0.0024 0.00015 


from experiments on coulomb excitation.!® 


In conclusion, Table IX gives numerically com- 
puted intensities for some a transitions in even- 
even nuclei. In the computations the nucleus was 
assumed to be elliptical, and the eccentricity was 
chosen to give closest possible agreement with 
experiment for the value of a)/ay. A striking 
feature is the increase in Q@, aS we move away 
from the closed shell corresponding to lead, the 
passage through a maximum and the subsequent 
decrease of a, as we go toward heavier nuclei. 


APPENDIX 


We give a short derivation of the system of 
equations (2.3) and the boundary conditian (2.5). 


The wave function wy of the decaying nucleus 
corresponds to a definite value of the total angular 
momentum I) (the spin of the decaying nucleus ) 
and its projection M onthe z axis of a fixed 
coordinate system, and depends on the radius 
vector r(r, 9g, Pq) to the position of the a- 
particle in the laboratory system and the Euler 
angles @; = ®, ®, W which determine the orien- 
tation of the elongated nucleus: 


ey) — Di.m (r, Oe Ox, 0;). (A.1) 


We introduce a system of orthonormal functions 


3) 


i uk (2a: Pq, ®{), which are eigenfunctions of: 
0 


TABLE IX. Intensities of qa transitions in some even-even 


nuclei 
Per) | 10 (a4/@o) 10° (a6/Qo) 10° (ag/a) 
Daughter | Decaying! |. os 
nucleus | nucleus comp. | exp. |comp.| exp. |comp.| exp. |comp.| exp. 
Ge Fm254 | 0.235/0.088| 0.45 | 0.45 | 0.53 | 0.70 | 2.5 5 
@m222 @f2e2 0.226|0.094] 0.41 | 0.41 | 0.40] 0.50 | 1.4 
~ Cm?42 Cf246 OP27 ONO MOAN ORS2a Oso NOBO MMOL 4ta le 14 7 
Py240 Cm?244 02291 110.443)052) 0.55 | 0260) 170.43" | 3 8 5 
Puss Cm?42 0.328]0.130 |] 0.60 | 0.60 | 0.83 | 0.22 | 4.5 8 10 50 
U238 Pu24? 0.275] 0.106] 0.60 | 0.60 | 0.70 B® 2 
Wes Pu240 ORssOOmOmOratalOrom 1 On68n Osdonl= 20 6 
U234 Pu?38 0.335]0.143} 0.63 | 0.63 | 0.87 | 0.47 | 4 8 7 
Th22¢ U2s0 0.406]0.168} 0.69 | 0.69 | 0.87 | 0.77 | 3 5 
Ra224 Th228 0.374|0.153| 0.54 | 0.63 | 0.50 | 0.53 |} 4 ORZ, 
Em2!8 Ra222 0.16510.060] 0.021] 0.021] 0.08 0.05 
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(1) the angular momentum i of the a particle 
with eigenvalue 1(/+1) (in the fixed system ); 
(2) the angular momentum of the nucleus, I= R+ 
Nely, where R is the angular momentum of the 
rotation of the nucleus and Ne isa unit vector 
along the symmetry axis of the nucleus (eigen- 
value I(I+1 ))s (3) the total angular momentum 
of the system l= = I +7 (eigenvalue Jo (1p + 1)): 
(4) the projection ie of the vector if on the 
fixed z axis (value M); and (5) the projection 
Ig of the vector I on the symmetry axis "Nr of 
the nucleus, i Nee I (value K). It is not hard 
to show that these functions have the form 


Dx (Bas Pay Oz) (A.2) 


By Cn. I, M—m Vin (92, x) Dim, k (®%): 
m=—l 


Here the YjJm are normalized spherical harmon- 
ics, while the Dip. are the coefficients in the rep- 
resentation of the rotation group, normalized so that 


\ Dik Die, d (cos @) dbd¥ = 8;,1,8,m, 8x.k, 
where 


Boh (0, ®, ¥) = T= Yin(®, > — ©) 


Di? (0, ©,¥)= ino ¥—F) (A.8) 


Vim (Os. @) = 31 V/ pez Dk (8, ©, ¥) Yial®, 0) 
ey 
and 6, q@ are the polar angles of the vector ry 
in the coordinate system fixed in the nucleus. 
Substituting (A.3) in (A.2) and using the identity 


Pommrate oe 
V Fes DY Cs, wm DP (00), DY, (80) 
m=—l1 

aay 21 +4 

2a +1 


C!s K+Q 


Te 
CIB TK DS K+-0 (82), 


we easily obtain ot MK an expression not in 
terms of @q, Pq, as in (A.2), but in terms of the 
angles @ and g in the coordinate system fixed 
in the nucleus: 


ot) — MPT 
Si ee A ea) er 


1 
> Cie” DY Kaa Yin (029). 
Deeg (A.4) 


We represent the wave function (A.1) by a series 
in the functions a(t) defined by either (A.2) or 
(A.4). The expansion coefficients Fyjz will be 
functions of r: 


Peat = >) Fux (1) Of tx (9x, Gas O:). (A.5) 


IiK 


GOL’DIN, ADEL’SON-VELSKII, 


BIRZGAL et al. 


The function 7,q is a solution of the Schrodinger 
equation: 


(A.6) 


+ a Ri+V(r, O)} bra = Broa 


¥%' is the moment of inertia with respect to the 
nuclear symmetry axis, and / with respect to 


the perpendicular axis. We note that 
ROM = (LE Hele On 


= (fe 14) Of tk = (K — 1) Oiinx- 


If 7’ — 0, which is the only case we shall treat, 


the terms involving R}. must be absent (since 
they give an infinite energy ), from which it fol- 
lows very easily that all terms with K#I) must 
be absent from (A.5). We should therefore set 
pes r~' £17 (1) dKq, , which gives 


dan = DS Oty Garee ee 


Formula (2 -1) fo ollows quickly from equation (A.7). 
Writing R=I- Nl and noting that Ro, AYR 
= 0, we get 
(RE + Rn) Of, = R° OR, 


= (1° = 15) Offa UL + 1) — Fo) reat: 
Using this equality, substituting (A.7) in (A.6), we 
(I’7’) 
IyMIp 
over angles, the system of equations (2.3) for the 
functions f]7, where 


get, after multiplying by ® and integrating 


oi)* 
1,MI, 


2 
Vir <¢\ [v (oi ae ] Dit? dO. dO,. 
Let us expand the potential energy of interac- 
tion of the q@ particle with the nucleus in Legendre 


polynomials: 


(V0 9—=]= SVP. @), 2 =cos6, 
L=0 


and substitute this expression and (A.4) in the for- 
mula defining Vyjjy7(r). We then get expression 
(2.4) for the Viv where 


QUE 1) =\ Of, PL On, do.de, = 2 foe 
¥ Iq 
Br 4 , — 
a eae 1 Cr vo Chari C Cig. ap? Chava 


Summation over © using the well known formula 
of Racah’ gives the value (2.4) for Q L: Substitu- 
tion of (A.4) in (A.7) gives 
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Mela ler Ton Tre) ee zl 
Yan = DV ser Clit? EO Van (0,2) Dir sa (Bd. 
(A.8) 


On the nuclear surface, where r= R(0 ), the 
wave function should not depend on ¢. This will 
be the case only if, when we substitute r= R(@) 
in (A.8), all terms in the sum over Q except the 
term for Q =0 vanish. 

It then follows from (A.8) that at the nuclear 
surface 


dim [R (8), 9, 3 Oc) = x (8) DY? (6,), (A.9) 
where 
DT) fr [R (0)] 
10) = DV sy Cn V0 (6) 


il 


is some function of @ whose specific form will 
depend on the structure of the a -particle function 
in the interior of thé nucleus. Substituting r= 
R(@) in (A.8), equating the right sides of (A.8) 
and (A.9), multiplying both sides of the resulting 
(Ip) 
M, I+ 
over @j, we get the boundary condition (2.5). 


equations by {D 9 (%i )}* and integrating 
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It is shown that relativistic detonation waves in a magnetic field possess properties similar to 
those of the ordinary waves. Solutions of the equations at the discontinuity are presented for 


the relativistic and nonrelativistic cases. 


Suock waves in a plasma situated in a magnetic 
field have been discussed frequently in recent 
times. In some of this work, for example that of 
Hoffman and Teller,! use was made of the relativ- 
istic hydrodynamic equations. 

In the present article we consider “perpendicu- 
lar” detonation waves, i.e., waves propagated at 


right angles to the direction of the magnetic field. 
One may expect that the influence of the magnetic 
field will become noticeable when its energy per 
unit mass of the medium becomes comparable with 
the energy liberated in the medium. The calcula- 
tions are made in a relativistic manner, although 
for those thermonuclear fuels which are now known 
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and for fields which can be achieved at the present 
time there is no necessity to take relativistic ef- 
fects into account. Nevertheless, a relativistic 
treatment is interesting because it indicates the 
behavior of the different quantities in the case of 
more powerful fuels and fields, and gives their 
limiting values. 


1. EQUATIONS AT THE DISCONTINUITY 


We now undertake the derivation of the relation 
between the physical parameters of the cold and 
of the burnt gas in a detonation wave, leaving aside 
for the time being the question of the structure of 
the wave. 

We assume that the shock wave, which forms 
the front of the detonation wave, converts the me- 
dium into a plasma with infinite conductivity and 
with magnetic permeability »=1. Moreover, we 
assume that the width of the wave is sufficiently 


large that we do not need to take losses into account. 


The equations at the discontinuity express the 
continuity of the components of the energy-momen- 
tum tensor. In writing them down we should take 
into account the fact that the detonation energy is 
obtained at the expense of converting a certain 
fraction (q@) of the rest mass of the initial gas. 
In the reference system in which the wave is at 
rest, they have the following form: 


0101 /¥1 = 02V2/Y2(1 —«) = j, (1) 


vz*|(e1 ge ea ies) 


2 2 
U Ay 


=e eee) (2a) 


2 2 2 
Vv) H 


Hy Ay U2 Hy 2 
oe [a+ + pitt rl—saleta tet} (3a) 


Hy / 0, = H2/p2(1 — 4), (= V1-v%c?. (4) 


Here p is the pressure, V4 H is the intensity 
of the magnetic field, e the internal energy per 
unit volume in the proper reference system, v 
the velocity of the medium, c the velocity of 
light, p the rest-mass density in the proper 
reference system (the one associated with the 
gas), and j the flux density of the rest mass. 
Equation (1) expresses conservation of rest mass, 
(2a) the continuity of the momentum flux, (3a) con- 
servation of energy, and (4) expresses continuity 
of the field. Equation (4) is valid in virtue of the 
assumed infinite conductivity of the plasma, and 
expresses the “freezing” of the lines of force into 
the medium. 


Be DARISH yandate 
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Let us reduce these equations to a more usual 
form by introducing the quantities 
p =p AYyzZ, w =e+p+H’. (5) 
On calculating v and y from (1), and on substi- 
tuting these expressions into (2a), we obtain 


P; — P, = — (i/c)? (w, (1 — &) / 93 — w,/o%). (2) 
Repeating the same calculations with respect 
to (3a), we obtain the equation for the detonation 
adiabatic 


TByn2 eae 
Pee (1 — a)? we*/e5 — 0y°/0y 
a Pa aay allel + we 


(3) 


To Eqs. (1) to (4) one should also add the equa- 
tion of state, which can be written in the form 


i Saw (Py Oma) (6) 


2. THE JOUGUET POINT 


Equations (1) to (6) form a complete system of 
equations at the discontinuity. In order to solve 
it we must also give one further additional rela- 
tion, which must be found from the boundary con- 
ditions. As is well known, the latter lead often 
(e.g. in the case of spontaneous detonation) to 
the fact that the detonation wave is propagated 
with the least possible velocity. The system then 
corresponds to the so called Jouguet point on the 
detonation adiabatic. 

We can derive certain general relationships 
which hold at the Jouguet point. To do this, we 
shall utilize the method given by Zel’dovich. It 
is well known that the usual detonation wave con- 
sists of two regions: of a shock wave of not very 
great width in which the material is heated to the 
required temperature, and of a considerably more 
extensive zone of combustion. In such a case 
Eq. (2) is valid for all the intermediate states if 
@ is assumed variable. 

In the case of stronger detonation waves, a 
strict separation into a shock wave and into a 
combustion zone loses its meaning. Combustion 
begins inside the shock wave, which is consider- 
ably broadened by ordinary and radiant thermal 
conductivity and by slow establishment of equilib- 
rium between electrons and ions. By utilizing the 
schematic representations of the structure of the 
shock wave developed by Zel’dovich? and Shafra- 
nov,® we can represent the detonation wave in the 
form shown in Fig. 1. 

Within the region 1—1’ a gradual heating of 
the gas takes place owing to the thermal conduc- 
tivity and to the slowing down in the gas of un- 
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A aA 


pee eee Satin Se 
/ [ei 2 
FIGs 1 


charged particles formed during combustion. Be- 
tween 1’ and 1” the ionic (and, possibly, also the 
electronic) temperature undergoes a sharp dis- 
continuity. Combustion, the establishment of 
electron-ion equilibrium, and the slowing down of 
uncharged particles occur simultaneously in the 
region 1”— 2. 

In order that the following arguments be valid, 
it is necessary that combustion should be the slow-- 
est of all these processes, for otherwise it would 
be continued in the region in which energy is ab- 
sorbed. The final state for the shock adiabatic is 
the state 1”, in which the combustion starts. This 
adiabatic is situated below the detonation adiabatic. 
In order to find it, we must generally solve the 
whole problem of the structure of the wave. 

We shall represent the state of the gas on the 
plane (p*, (1—a@)?w*/p). In this plane the det- 
onation adiabatic is determined by Eq. (3). As 
may be seen from Eq. (2), the detonation process 
is represented in this plane by a straight line 
passing through the point 1 (cf. Fig. 2) situated 


) 


y 


if 
(-a)"w Jo? 
FIG. 2 
on the shock adiabatic and intersecting the deto- 
nation adiabatic. A displacement along the seg- 
ment 1—1” corresponds to the shock wave. Com- 
bustion is represented by the segment 1”—2. The 
speed of the wave is determined by the slope of 
this straight line. The wave with the minimum 
speed corresponds to the tangent to the detonation 
adiabatic constructed at the point 1; the point of 
tangency is the Jouguet point. As is well known, 
the part of the adiabatic below this point has no 
physical meaning. 
On differentiating (2) and (3), and on taking 
into account the identity 


d(w" /p) = dp" /p+Tds (7) 
(s is the entropy per unit rest mass), we obtain 
the following relation: 
1 | di 
er 


(4 — a)?w, w =. ‘ ws 

[ 3 =2(1—a)?2Tids,. (8) 
From this we see that at the Jouguet point, where 
dj = 0, we must have 


ds, = 0. (9) 


From Eq. (3) we now obtain the flux 


7? 4 ap; 
ee eee ea 10 
oe (1 — a)? lee: / 92) I ee) 
This relation gives us immediately 
v2 /c? = (dp / de’). (11) 


The derivative should be taken after replacing H, 
by its value from Eq. (4). 

As is well known, c( ap/ae)'/? is the relativ- 
istic expression for the speed of sound. The right- 
hand side of (11) is the speed of sound in the mag- 
netic field. We obtain the usual result: the wave 
moves over the detonation products with the speed 
of sound. 


3. SOLUTION OF THE EQUATIONS 


For a definite detonation process we know the 
parameter a, the thermodynamic state of the 
gas 1, and the magnetic field H,. To be able to 
find the remaining quantities, we must express 
explicitly thermodynamic functions for the detona- 
tion products. We give below the solution of Eqs. 
(1) to (4) and (6) for the detonation wave which cor- 
responds to the Jouguet point in the case when the 
detonation products may be regarded as an ideal 
gas. 

For a relativistic ideal gas the following equa- 
tion of state remains valid 


ju oRT a occ, (12) 
where o = RT/ c?. The heat function has the form 
w = pc*g (¢) 


and the speed of sound is given by 


poe joven 


H?/oc? +g (6) 
We introduce the dimensionless variables 
R=o,/(1—«)%, h= Hy oe (13) 


The functions f{(o0) and g(a) which depend 
on the kind of gas have, generally speaking, a 
fairly complicated form for a gas heated to tem- 
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FIG. 6 


peratures at which relativistic effects come into 
play (for the electronic component of the gas this 
occurs at T~ 10K). it is therefore convenient 
to express the solution of the system of equations 
in parametric form (the parameters are R and 
a). It may be written down in the form of a quad- 
ratic equation for h: 


h®? (— 3R? 4- 2 (8g —f)R+2(g —f)(s— g)—2@?] 
+h[—2R?+ (3g—4f) R 
(14) 
Ae) eae |) 


+ 2[—fR+ gf +¢(g — fl =0 


and of the equation 


4 PHC ia ot ess! 
fo ee er apt eee RM 
(15) 


The results of sample numerical calculations 
are shown in Figs. 3 to 6. 


4, THE NONRELATIVISTIC CASE 


We shall examine in greater detail the case 
when the energy liberated and the energy of the 
magnetic field are both low in comparison with 
the energy of the gas. We may set in Eqs. (1) 
to (4) and (6) 


Ur) C=eat; (eh (16) 


Us) Can: 


Hi /mce<1; apc? =q; wpe? +. 


Here q denotes the quantity of heat liberated per 
unit mass, while the nonrelativistic heat function 


FIG. 7. The lower curve 
corresponds to RT,/q,. 


Eph 


is denoted by the same letter w. The system (1) 
to (4) and (6) now assumes the usual form: 
0101 = 02V2,, Pr + 010; ai Hye = Pa Ps 0203 = say OR 
q+ +0}/2+ Hi/p, = w, + 03/2 (17) 
ar H3/ 2, Ay/p, = Az / ps2. 
The speed of sound is given by 


Vz = (*P2/P2 + He /'p3) 2: (18) 


For those cases which are of interest in con- 
nection with the foregoing, the detonation can al- 
ways be regarded as strong, i.e., we can set p; = 
w;= 0. Moreover, we shall assume that the prod- 
uct of detonation is an ideal gas. 

We introduce the dimensionless variables 


Oi VqV1, 02> V qV2, 
is == P2gho, 


i) = oR, 


5b = 0qh,, P2 = P2922. 
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The solution may be given in parametric form 
(parameter R,): 


1 _ [L—(2—») Ro (1 — Ro) [% /2)(1 — R3) +x / % —1)] 


hy 2Re [x (1— Re) + 1] 
2—x 2 2—x« 
opr tz ia lem Re) so yea Rael (19) 
2, = hy [1 — (2 —x) R3(1 — Ry)] /2Re[x(1 — Ry) + 1]; 
V3 = XZg + Sank Vi = RW, 


where « is the adiabatic coefficient. This solu- 
tion is given in Fig. 7 for k = 5%, 
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In analogy with Einstein’s theory of gravitation, the existence of a physical vector field is 
treated as the curvature in a “non-Pythagorean” space whose metric is ds = yj; dx!, This 
leads to nonlinear field equations which in the linear approximation (for weak fields) be- 
come the usual equations. In spite of its potential being singular, the total energy in the 


field of a point charge is finite. 
1. STATEMENT OF THE PROBLEM 


As a rule, the nonlinear generalizations of field 
theories are constructed in an attempt to eliminate 
divergences in ordinary field theory. It is known, 
however, that this can be done also in other ways 
(nonlocal interactions, the use of higher driva- 
tives, space quantization, etc.). Furthermore, 

one likes to hope that it is possible to go on without 
essentially leaving the framework of the existing 
theory. This would seem to be why the nonlinear 


theories do not receive wide recognition at present. 


We wish to emphasize that a nonlinear generali- 
zation of field theory is necessary, independently 
of the divergences in the linear theory and inde- 
pendently of the possible necessity for other gen- 
eralizations. Our argument is based on the follow- 
ing considerations. 

(a) In principle, nonlinearity in field theory fol- 
lows unavoidably from the fact of pair creation and 
annihilation, which leads to nonlinear effects such 
as scattering of light by light. It is not, therefore, 


merely accidental that when dealing with interac- 
tions in modern field theory we arrive at nonlinear 
equations. Nonlinearity whould therefore not be 
considered simply one of many possible methods 
for eliminating the difficulties of the theory, but 
as a reflection of the objective properties of the 
field. 

(b) It is well known that in all nonlinear theo- 
ries there appears a characteristic length which, 
although it has different meanings in different ver- 
sions, is always of the order of magnitude of the 
“classical radius” rg = e?/myc? of the field’s 
source. This parameter serves as a criterion 
that can be used to define weak fields (with r 
> r,)) for which nonlinear effects can be neg- 
lected. It turns out that in electrodynamics all 
real processes take place in a region for which 
r > Yq (weak fields and low energies), and the 
linear theory is insufficient only when one needs 
to consider virtual processes with arbitrary en- 
ergies. The situation is different, however, where 
in mesodynames, weak fields (in the above sense 
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of the word) practically never exist. In this case 
the critical parameter will be Ry = g’/Myc”, where 
M, is the nucleon mass. If we take g*/he » 14 
(as is presently believed), we obtain Ry * 3 Xx 107° 
cm. But because the range of nuclear forces is so 
short that they practically vanish at a distance Ay 
=h/uc ~ 1.4x 1073 cm (where p is the meson 
mass), there is essentially no field at r > Rp. 
Therefore the values of r equal to and less than 
Ay, at which the field is measurably different 
from zero, lie entirely within a region whose 
radius is less than Rp, a region in which the 
linear theory is no longer applicable. This means 
that the Yukawa potential cannot serve as a first 
approximation, and this may be the cause of many 
of the difficulties in the meson theory of nuclear 
forces. It is important to see that it is not so 
much a matter of g*/hc being greater than 1, but 
of Ry being greater than Ay (which is deter- 
mined by the value of yw). It is not accidental, 
therefore, that an expansion in inverse powers of 
g*/he also fails. The difficulties in linear meso- 
dynamics lie not in the fact that the nuclear inter- 
action is strong, but that it is of such short range. 

(c) It is thought that an important deficiency of 
nonlinear theories is that on the one hand, they 
are difficult to quantize, while on the other hand 
an unquantized (classical) nonlinear theory can 
hardly be of interest. This is because much be- 
fore the nonlinear deviations become of impor- 
tance (at distances of the order of the classical 
radius of the particle which is the source of the 
field), quantum effects begin to predominate (at 
distances of the order of the Compton wavelength 
of this particle). But this also is true only for 
electrodynamics, where rq /Ay = (e2/myc”)/(h/myc ) 
= e*/hc = 1/137. In mesodynamics, on the other 
hand, Ry/Ay = (g2/Myc”)(h/ Myc) = g*/he » 14, 
so that progress in classical mesodynamics should 
indeed begin with the nonlinearities. 

(d) In the special theory of relativity it becomes 
clear that Newtonian mechanics is good only if v 
< c and must be generalized at high velocities. 
The general theory of relativity shows that me- 
chanics must be generalized also for high accel- 
erations, i.e., for large forces or intense fields 
(and this generalization leads to a nonlinear 
theory). But it has been shown by Fock! that 
Einstein’s theory does not describe arbitrary 
accelerated motion, but only motion in the gravi- 
tational field. The theory therefore refers only 
to the gravitational field, and is not a general 
theory of noninertial motion. The problem then 
arises of performing analogous generalizations 
for other fields as well, in particular for the prac- 
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tically most important cases of the electromag- 
netic and meson fields. 

At first glance such a statement of the problem 
(to the extent, at any rate, that it refers to the 
electromagnetic field) may seem confusing, since 
there already exists a very well known general 
relativistic covariant formulation of electrody- 
namics. This generalization, however, deals only 
with the gravitational field associated with the 
electromagnetic one, and leads, in particular, to 
a criterion of nonlinearity which is not e?/myc’, 
but (e2/myc?2)(é/e), where £=myVxk is the 
gravitational charge. For this reason this gen- 
eralization has little practical meaning. What 
we are discussing, on the other hand, is a gener- 
alization that makes electrodynamics itself non- 
linear, without considering any other kinds of 
fields (even the gravitational). From this point 
of view, Einstein’s theory (and, in particular, 
the geometrical methods he uses) should be 
thought of as a model for the construction of the 
nonlinear field theory, a model which, although it 
has been applied to a tensor (specifically, the 
gravitational) field, is one that can be used in 
attempts to construct a nonlinear theory also for 
vector, spinor, and other fields. In the present 
work, this will be done for a vector field,* and 
the first field treated will be the simple electro- 
magnetic one (with zero rest mass, in quantum 
terms ). 

It may seem that a geometric treatment of the 
electromagnetic field is impossible even if only 
because this field produces in general different 
accelerations in different bodies, so that one can- 
not formulate an equivalence principle. Also, one 
may point out that the four components of the elec- 
tromagnetic potential are insufficient for a gener- 
alization of the Pythagorean theorem, since they 
cannot be identified with the components of a 
metric tensor. 

These difficulties can, however, be overcome. 
(a) If we admit to “Hinstein’s elevator” only 
those bodies whose charge-to-mass ratio (speci- 

fic charge) e/my has a given fixed value, the 
situation arising for these bodies is the same as 
in the theory of gravitation, since by a suitable 
coordinate change the external field can be elimi- 
nated and the desired relations obtained. For any 
other group of bodies with another specific charge, 
we obtain (formally) the same relations. The 
specific charge will enter only in the form of a 
parameter (replacing the gravitational constant 

in the gravitational equations). Such a device has 


*A preliminary version has already been published. 2 
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already been used by other authors, for instance 
by Rumer.? 

(b) The four-component electromagnetic field 
can be treated geometrically by associating with 
it a “non-Pythagorean” four-space, whose metric 
is given by four functions making up a four-vector, 
so that the line element in this space is given in 
terms of increments in the coordinates by the 
equation 


ds = y;dx!, i= 1, 2, 3, 4, (1) 


where dx‘ =icdt. This “ space” is simply a model; 
so far it is in no way related to any physical space, 
and is merely an accessory similar to the n-di- 
mensional space of statistical mechanics or “iso- 
topic spin space.” 

A non-Pythagorean metric such as (1) has been 
used before. It was first introduced by Fock and 
Ivanenko‘ and was later analyzed in detail by 
Mirura et al.° More recently it has been studied 
by Flint and Williamson.® In all these works, how- 
ever, the yj were treated as modifications of the 
Dirac matrices and were used to generalize the 
Dirac equation, mostly in order to account for the 
gravitational field, so that it was assumed that 
Vivk + YKYi = 28ik- 

Here we propose an entirely different problem, 
namely that of studying the field yj; itself. With 
this field we associate a definite physical field 
whose equations we wish to find. 


2. CURVED “NON-PYTHAGOREAN” SPACE 


A construction of a curved non-Pythagorean 
space whose metric is given by ds =y;,dx! has 
already been given.” In particular, the following 
expressions were obtained. 

(a) The equation of a geodesic is 


d’x’ ds? + Tidx* | ds = 0; (2) 
(b) The action function is 
EP matconstaly ian 5 (3) 
(c) The energy-momentum tensor is 
oh ips == const’ (I, r’" — UPD REET) oe", (4) 
with 
ieee = 1.0 O. 
Ty, = Oy, / 0x! — dy,/0x* = —T,., 
bx = Ya (tit, tte) = Oar 8 = Yar ty) =O", 


7 me oy, ¥; = %, ae ht 
where the a; are Dirac matrices, and the hj 
are c-number increments which give the devia- 


tion of the space from Euclidean. 
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In addition, we have the relations 
6 bn: = 0) = 8}; (5) 
OV pt / Ox" + OV in / Ox" + OV nr / Ox! = 0. (6) 


The generalization given by Eq. (3) of the Maxwell 
Lagrangian 


Ly = — FinFim/ 16" (7) 


follows obviously from the concepts described at 
the start: the Lagrangian should be invariant in 
the non-Euclidean space defined by the metric (1). 

Thus the geometric interpretation can be used 
to unite the formalism of electrodynamics in the 
“general theory of relativity” with the well known 
idea of Mie. In the expression FiK = fF, gimgkn 
we make the substitution gi, — biz = 4 (ViyK + 
YkYi), Where yj = aj + &Aj, so that we obtain, 
in peLcoinels with Mie, a tensor of the form Hik 
=ul*(Fmn, Az), and, as must occur in his 
scheme, 


I’ — const (0£ / OV im). 


Roughly speaking, what happens is that the action 
of the gravitational field on the electromagnetic 
one is replaced by the electromagnetic field acting 
on itself. 

. The fact that the Lagrangian of Eq. (3) contains 
the field potentials explicitly (in terms of the pik) 
might seem to be a contradiction in our theory, 
which then is no longer gauge invariant. But it is 
known that Einstein’s theory of gravitation also 
has this property, and this is never considered a 
defect. The fact is that a direct relation between 
gauge invariance of the field equations and the zero 
rest mass of the quanta associated with this field 
is necessary only in a linear theory. Thus all we 
can demand from a nonlinear theory is that the 
equations be gauge invariant in linear approxima- 
tion. Our theory satisfies this condition, since in 
the linear approximation the Lagrangian of Eq. (3) 
becomes the Maxwell Lagrangian of Eq. (7). 


38. THE ELECTROMAGNETIC FIELD 


Let us base the theory of the electromagnetic 
field on Eqs. (2), (6), (3), and (4). It is clear that 
the expressions entering into these equations are 
matrix expressions. They can therefore be treated 
as operators in some function space, and the “or- 
dinary” expressions (for instance the Lagrangian 
and the components of the energy momentum ten- 
sor) can be treated as sort of “mean values” given 
by relations of the form 


L=Sp%@. (8) 
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These then establish the relation between sub- 
sidiary (“matrix”) space of Eq. (1) and “ordinary” 
Riemannian space.* 

In addition, we must yet establish the relation 
between the Ij; from the nonlinear theory and 
the Fj, from the linear one, as well as find the 
constants in Eqs. (3) and (4). 

For a weak field, the geodesic equation (2) gives 


U; = CV ipte, 


since bMi x bmi= 6mi, and ds = cdr. Compar- 
ing this with the Lorentz formula 


Moll = - F intr 
and noting that yj = yf + hj = aj + hy, we have 
h; = (e/ myc?) A. (9) 
Similarly 
L- const TnL zm = const (2 / )c?)?F imF im, 
so that comparing with (7), we have 
L = —(1/ 16x) (myc? / e)7P mV nnd 6”. (10) 


Similarly, we obtain 


ik — 


2 , 

=F (ME) (Pool — FP inal") 6%. (11) 

Here e and mp» are the charge and rest mass 
of a test body. It should be noted that the proper- 
ties of the test body enter into our theory in a very 
important way, since they give the criterion of 
smallness (and therefore nonlinearity) of the 
field. According to this criterion the field may 
be considered weak (and described with sufficient 
accuracy by the linear theory) if the energy of the 
charge in this field is much less than the self- 
energy of the charged body, that is if ep « moc 
OR nn<<elr 

It is a well known fact that no such test body 
enters into the theory of gravitation, and that the 
limit of applicability of the linear approximation 
to the gravitational field is the same for all test 
bodies and is uniquely determined by the field 
“strength” at the given point (for a static spheri- 
cally symmetric field this is the ratio of the grav- 
itational radius xkM/c” of a source of mass M 


2 


to the length of the radius vector at the given point). 


In other words, no test-body parameters enter into 
the solution of the field equations. This is related 
to the fact that the gravitational charge of any 
body is proportional to its mass (with the same 
coefficient of proportionality for all bodies), so 
that (é/mgc?)? = (mo Vk /myc?)? = x/c*, which 


*This idea is due to E. S. Fradkin. 


does not involve the test body. The fact that the 
test-body parameters enter into the solution of 
the field equations in the nonlinear theory of the 
electromagnetic field was pointed out at the very 
start when we spoke of using an equivalence prin- 
ciple in this theory. 

To obtain and solve the field equations for the 
general case involves great mathematical difficul- 
ties. It is therefore useful to consider the simple 
but important special case of a static spherically- 
symmetric field. In this case we may attempt to 
find a solution of the form hy = 0° (for 2=1;2; 
or 3), and hy=ih#0. Thenallthe T,=0, 
and Tyq=—Ty, = dhy/dx#, so that 


L = ae = Elie bas AL 9 Ohg Ohg (Obe = REE 
ox” Ax” 
(12) 
Since 
bin = 9in + thn + anh; + hihp, 
we have 
Ons — Ons Bus <= oy Ay, Baa =1 2ashy gs hi. 


Using the relation bikp,7 S 54, which gives ten 
equations for the ten desired pik, we arrive at 


oe og , 2h 44 BOC 
ON = 1+ +a, OM = = — FM 


2he 
OY = HES ceo + (— 1)" SF aso, Yeo, Nae, ¥, (Lo) 
2n2 
pr as hg i Oy + ae KyXy, 


where g=1-— 2hi, and H=1 — 8h} + 4hj. 
From this it follows immediately that 


Sp (oo ben b*46") ==i0 (We vy), (14) 
and 
Sp (Bro aee Bape) = 4g / lage (15) 


since the trace of all the aj and products of dif- 
ferent aj vanishes. 
Thus 


L = const (VA,)2g/H, (16) 


so that in agreement with the usual expressions 


i Ox" ah; / Ox") 


we obtain the field equation in the form 


2 “0 (0 / hy) (g/H) 


or 


2 , , 
A +h +p (ny SBI _ 9, (17) 


ae 
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where g=1+ 2h?, and H=1 + 8h? + 4h*, since 
hy = ih. 
Integration gives 


142k Hh C 
NE Feepam| => +C. (18) 


Further calculations are difficult, since it is 
necessary not only to write the elliptical integral 
on the left as an explicit function of h, but to find 
the inverse function h =h(r). 

It is therefore convenient to obtain an approxi- 
mate but simple solution, writing 


eee, Vie (= Pe th zy 
li + 8h? +- al = li + 4h 7a =e (ta ei) hs 
(19) 


It should be noted that the difference between the 
approximate answer and the exact one increases 


neither as h—0, nor as h—», On the contrary, 


in these limits this difference vanishes, and is as 
large as about 20 percent only in a small interval 
about h © 1. 

With (19), the solution of (18) becomes 


\dh /VIF 2 =L +0, 
or 
the ah eas Cc 
7q sinh (V2 4) =~ 4+C,. 
Since in the linear approximation we must have 


h=r)/r, where ry =e?/myc”, we have C= ry 
and C;=0, so that finally 


sinh! (//2 h)=V2r,/r, 
whence 
= sinh(/2 r,/r)/V 2, (20) 
© = (e/r, V2) sinh (ry V 2/7). (21) 


As r approaches 0, the potentiai starts in- 
creasing very rapidly at a distance of the order of 
ro, so that one may say that two colliding elec- 
trons behave like solid spheres of radius rp. For 
r >> Yo, we obtain the usual Coulomb potential. In 
the second approximation, we have 


g~(e/r)(1 + 10/37’); 


so that the correction for the first Bohr orbit 
(vr = a) = h?/me’) is of the order of a‘, where 
a = e*/he. 

Although the potential of (21) has a high singu- 
larity at r=0, for r>fYro stable orbits are pos- 
sible. This can be seen using the virial theorem, 
according to which if periodic motion is to take | 


place, then E <0, where E= Pav Ss 7, rv'+ V. 


In our case we have 


V=——, sinh 2 y— 2 cosh 02 
onae r Z Poe. 
so that 
e fol oft rod ryV2 
Bag OO ys i ctaae telat aay 
ef ea Oe oa 
ae: cosh x(5 tanh x), 


where x=r)V2/r. Since tanh x >x/2 for 

x £2, and since (e/ry) coshx > 0, it follows 

that E<0 forall r>vV2r,)/2, or almost always. 
The potential of (21) can now be used to calcu- 

late the total energy of the electromagnetic field 

of the electron. In our case of a static spherically 

symmetric potential (hg =0, dh;/dx*=0), we 

obtain 


Tet = — (TOY SPD vag Sp ((OOM — M6) BM) 
= — (¢*/8nr2) (h’)? (1 + 4n8) / (1 + 842 + ant)’; 
so that 
m= —, Pt = %\ Tie = a 
where 
re foe x (cosh* x-2 sinha) 4. 1. 
(cosh* x + 2 sinh? x)? 
or 
Ht Thee Vo (22) 


In spite of the highly singular potential given by 
(21), the total energy of the field is finite. 

It follows from (22) that in the given theory the 
classical electromagnetic electron mass is only 
part of the total electron mass (the question of 
the “bare” mass remains open) so that the con- 
dition of Laue’s theorem ( Tikdr = 0 for all 
components except T*‘) is naturally not fulfilled 
in this case. This is not a defect in the theory, 
but speaks in its favor, since certain phenomena 
(such as electron production in pw -meson decay ) 
indicate that the electron has some elements in 
common with other “elementary” particles. In 
addition, we must yet “leave room” for the quan- 
tum (“transverse”) mass (this quantity will be 
calculated later; it is also found to be finite and 
of the correct order of magnitude amy). 
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The dependence of the width of a resonance absorption line on the internal field is found from 
the Landau-Lifshitz equations. Specific examples of ferrites with single-axis and cubic sym- 


metry are considered. 


le The width of a radio-frequency resonance ab- 
sorption line, considering only spin-spin relaxation, 
can be described with the equation! ? 


M = y[M x H] —— (M — yh), (1) 


where xX, is the equilibrium susceptibility, and 

M =x oHm. In the case of weak radio-frequency 
fields, when |h| «< Hy, this equation leads to a 
Lorentzian line shape. When applied to ferromag- 
nets, however, Xo is no longer constant. The mag- 
nitude of xX) can be deduced from Eq. (1), assum- 
ing a constant magnitude for-the vector M. Then 


%o = M?/(M-H) 
and 
M=y[M x H] —AM?[M x [MxH]], (2) 


where A= X)/T. 

The Landau-Lifshitz equation (2), in which the 
magnitude of the magnetization vector M is con- 
stant, is conveniently expressed in polar coordi- 
nates, where the orientation of the vector M is 
given by its polar angle ¥ and its azimuthal angle 
gy. Introducing the radial, polar, and azimuthal 
components of the field, Hj, Hy, and Hy, 


Eq. (2) becomes 
§ = —y(H,—«Hs), osin? = y(Hs + aH), (3) 


vhere a dimensionless attenuation parameter 
v = X\/yM_ has been introduced. 

Analogously, Eq. (1) becomes in spherical coor- 
dinates 


+ 1 
23 
§ = Hy—yHe, esind= ee He + YH. (5) 


When M =const., with X)= a@yMT, these equa- 
tions reduce to Eqs. (3). 

2. In a state of thermodynamic equilibrium the 
direction of the magnetization vector M ina fer- 
romagnet coincides with the direction of the effec- 
tive internal field H)\y, whose magnitude in turn 
can be found using the free energy F: 


The equilibrium orientation of the vector M, 
given by the angles ¥%) and @ , is found from 
the conditions 


F,=0F /09 =0, Fe==0F/09 = 0. (7) 
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If the free energy at this point is a minimum, the 
equilibrium is stable. 

Now let us consider the non-equilibrium state, 
which arises when the effective field changes with 
time. In this event the orientation of the vector 
M will change, owing to the appearance of the 
components Hy and H,, in the non-equilibrium 
state. It is not difficult to show that 


Ho — F,/ M; H, = — F,/ Msin 9). (8) 


If the deviation from equilibrium is small, i.e., 
for small values of 


Ad (t) = 3 (2) — 8; Ae (t) = o(t)—%, (9) 


we can restrict ourselves to linear terms in the 


expansions of Fy and Fo, 


Fy = FopA9 + Fo; Fo = FooA®+ FoeAg, (10) 


where the second derivatives Fy 9, Fyy, and Foo 
are evaluated at equilibrium. 

Now from Eq. (3), using Eqs. (8) to (10), we ar- 
rive at a system of linear equations, describing 
small damped oscillations of the magnetization 
vector about its equilibrium position: 

y 1M sind,A% = {Feo — aF 99 8in 9} Ad 
+ {Fog — &F 9 Sin Fo} Ag; 
5 11 
—7 1M sin 9,Ae = {Fo9 + «Fo9 (Sin Sy) 1} Ad ) 
+ {Foe + Fg (sin %) 7} Ag. 

In the absence of attenuation terms (a@=0), these 
reduce to the equations used successfully in previ- 
ous work**4 to determine the spectrum of the natu- 
ral frequencies of oscillation of the magnetization. 

The system of homogeneous equations (11) pos- 
sesses a periodic solution with frequency w, if 
this frequency satisfies the secular equation 


wo? — inAw — 0, = 0, 
wy is the resonant frequency of oscillation, 
o,/y = (1 +09) (12) 


= (1 Ee a2)’ (M sin S24) (PSP co AS F2,)"%, 


where 


and Aw is the breadth of the resonance absorption 
line. 
Aw/y == AH = (a/M) {Foo + Fee (Sin? 9) 4}. 13 


To find the resonant frequency w) and the line 
breadth AH, it is therefore necessary to have an 
exact expression for the free energy per unit vol- 
ume of the crystal. 

When the allowance for attenuation a ~ 0, leads, 
owing to the smallness of the parameter a, to a 
negligible shift of the resonant frequency Wy. This 
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explains the good agreement between experiment 
and Artman’s theoretical calculations® of the angu- 
lar variation of the resonant field in ferrites with 
cubical symmetry of the crystal lattice. 

In the case where the effective field Hy, given 
by Eq. (6), does not coincide at equilibrium with 
the direction of the external applied field, the width 
of an absorption line may become anisotropic rela- 
tive to different crystallographic directions. In 
non-metallic ferromagnets this can depend on 
anisotropy of the shape of the sample as well as 
on the crystalline anisotropy. 

38. As an example, let us consider the case of 
a uniaxial single-crystal ferrite. Let the polar 
axis of the coordinate system lie along the hex- 
agonal axis of the crystal, which is the axis of 
least magnetization, and let the aximuth angle be 
measured from the direction [1010]. Then the 
angle-dependent part of the free energy per unit 
volume of an ellipsoidal specimen has the form 


F = K sin? 3 — MH (sin §cos ¢sin 9 cos 9 


+ sin§singsindsine + cos 6 cos 9) (14) 


+ = M? (N, sin? }cos? 9 + NV, sin? 9 sin? + N, cos? “ ’ 


where / and @~ are respectively the polar and 
azimuth angles, which determine the orientation 

of the external field. We limit ourselves here to 
anisotropy of the first order, and neglect magneto- 
striction effects. 

The problem of determining the equilibrium 
orientation of the vector M for an arbitrary ori- 
entation of the external applied field (equivalent, 
in the absence of this field, to the problem of do- 
main structure) is very complicated. The calcu- 
lation can be performed comparatively simply only 
for the case where the external field lies in the 
base plane, i.e., where 6 = 7/2. 

In this event, if @ = 7/2, and 


- 2, 
(Ny—N)M<H <4 (Ny—N,) M, 


then 
a {f2K 2K + 2Ny—N,—N) MO 
H 2 {EE + (Ny — Ne) MP H?} 2K Wp soe 
a | (2N, —N,—N)M (To) 


[2K + (N, —N,) M2)? — H?M? 
| M [2K + (N, —N,) M?| 


If, on the other hand, @ = 7/2 and H = 2K/M 
+ (Ny - N,z)M then 
H* = H? —2KH | M—(N, — Nx) (HM —2K) 
— M(N,—N,)[H —(Ny— Nx) M); 
AH /« = 2H —2K /M—(2N, —Nz—N.) M. 


(16) 
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Give "SKROTSKTI “and (L.9Var BU Re oy, 


ann 


Direction of : 

Material eters Hyes AH |e] 1/7, sec™* 
Manganese (114] 3176 82 12.5-10-8 7.0-108 
ferrite with [110] 3225 70 10.7-10°3 6.1-108 
zinc impurities [100] 3407 56 8.41073 5.1-108 
M 114 3214 66 9.9-10-3 5.8-108 
a Ht 10| 3280 50 7.5-10-8 4,3-108 
[100] 3442 46 6.8-10°3 4,1-108 


In the case where ¢ =0 (field directed along 
the [1010] axis) it is necessary only to inter- 
change Ny and Ny everywhere. For an arbitrary 
ellipsoid, Ny, # Ny, and in general the line width 
will be anisotropic with different orientations of 
the external field with respect to the base plane. 

For a spheroidal sample (Nx= Ny =N, Nz = 
4r — 2N], there is no anisotropy of the line width 
within the base plane, since for a given orientation 
of the field within this plane we have 


AH  2(2K/M—(4n—3N) M}— H? 


on 2K | M— (4x —3N) M f 


for H<2K/M—(4n—3N) M, 
(17) 


A 2 
AH = 9H — “1 + (4x —3N) M, 


for H>2K/M—(4n—3N) M. 


If attenuation is neglected (@=0), we arrive at 
the expression for the resonant frequency given in 
reference 4. 

4. As a second example, consider the case of 
a single crystal with cubic symmetry. This case 
is of especial interest, since the majority of single- 
crystal ferrites have this symmetry. For the co- 
ordinate axes x, y, and z, we select the axes 
[010], [001], and [100], respectively. The chosen 
polar axis is [100], which for the monocrystals 
with negative anisotropy of interest here is the 
axis of difficult magnetization. The azimuth angle 
is measured from the [010] axis. We limit our- 
selves henceforth to a spherical specimen (Nx = 
Ny = Nz = 41/3), for which we assume that the 
applied external field H lies in the plane [110]. 

If, as before, we confine our attention only to 
anisotropy of the first order (which is possible 
except at excessively low temperatures) and neg- 
lect effects of magnetostriction, then the angle- 
dependent part of the free energy per unit volume 
has the form 


if = = K [sin? 29 + sin* 9 sin? 2] 


(18) 
— MH [cos § cos + sin 6 sin $ sin (p+7/4)], 
where @ is the polar angle that determines the 
orientation of H in the (110) plane. 
It is not difficult to show that if the external 
applied field H is sufficiently large, and lies 


along one of the principal crystallographic direc- 
tions belonging to the plane (110), then M is 
parallel to H at equilibrium. 

Calculating the second derivatives of the free 
energy at equilibrium from Eq. (18), and substi- 
tuting these in Eqs. (12) and (13), we find the res- 
onant frequencies and line breadths for different 
directions of the external field. 

If 6 = 54°44’, i.e., if the field H lies along 
the [111] axis, which, for a crystal with negative 
anisotropy, is the axis of easy magnetization, then 


AH = 2aH (1+4|K|/3MH). (19) 


If @=7/2, i.e., the field H lies along the [110] 
axis, then 


AH = 2aH (1 +|K|/2MH) (20) 


Finally, if 6 =0, where the field lies along the 
axis [100] of difficult magnetization, then 


AH = 2aH (1 —|K |/MH#) (21) 


The corresponding formulas for the resonant fre- 
quencies, neglecting relaxation, have been com- 
puted by Artman.°® We notice that for a single- 
crystal ferrite with positive anisotropy the signs 
in front of |K|/MH in the expressions (19) to 
(21) are reversed. 

It follows from the above definitions that the 
spin-spin relaxation time is related to a@ by the 
expression 


= M7 (M-H)«, (22) 


in which we can set M°H = MH. 

The angle dependence of the width of a reso- 
nance absorption line in a ferrite of cubic sym- 
metry has been studied previously .°? In the first 
of these references, a manganese ferrite with a 
small zinc impurity was investigated at 9100 Mcs. 
The effective anisotropic field K/M at room tem- 
perature amounted to —71 +1 oersteds. In the 
second reference a manganese ferrite of composi- 
tion Mno 93Fe; 3,0, was studied at 9300 Mcs. The 
effective anisotropic field at room temperature 
was —79 + 3 oersteds. 

The experimental results for both ferrites and 
the calculated values of a and 1/7 are given in 
the table. 
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It is evident from the table that a@ and 1/7 is of interest for a more detailed explanation of 


are decreasing functions of the applied external the dependence of the relaxation time Tt on the 
field, with 1/t decreasing more Slowly. intensity of the applied magnetic field 

It is also not difficult to verify that, as a con- ; 
sequence of the smallness of the term | K|/MH, 1G. V. Skrotskii and L. V. Kurbatov, Izv. Akad 
the variation of t with different directions of the Nauk SSSR, Ser. Fiz. 21, 833 (1957) feolueb Tech 
applied external field cannot be explained solely Transl. 21, 833 (1957)]. 
by the presence of the crystalline anisotropy of 2G. V. Skrotskii and V. T. Shmatov, J. Exptl 
the sample. Calculation of second-order aniso- Theoret. Phys. (U.S.S.R.) 34, 740 (1958) ‘Souiee 
tropy cannot substantially alter this situation. Phys. JETP 7, 508 (1958). 
Thus the relaxation time T in Eq. (1), turns out es Suhl, Phys. Rev. 97, 555 (1955) 
to be a slowly rising function of the field strength 43. Smit and H. J. Belient Philips Res Rep 
when M =const. Therefore the Landau- Lifshitz 10, 113 (1955). ; ; 
equation (1) agrees best with experiment if the 55.0. Artman, Phys. Rev. 105, 62 (1957). 
parameter A is determined from the relation SDT Tannenwald, Phys. Rev. 100, 1713 (1955). 

d= M?/z(M-H) (23) "Dillon, Geschwind, and Jaccarino, Phys. Rev. 


100, 750 (1955). 
Further experimental investigation of the angu- 
lar variation of the breadth of resonance absorp- 


tion lines in ferrites of different compositions at Translated by P. Thaddeus 
various microwave frequencies and temperatures 2S) 
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ON THE 7 —-e+v+y DECAY 


V. G. VAKS and B. L. IOFFE 
Submitted to JETP editor February 20, 1958 
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The —e+v+y decay is investigated for vector and axial-vector interactions. An exact 
relation between the probability of the vector-type part of the decay —e+p+y and the 
probability of the decay a — 2y can be established by assuming that the direct interaction 
between a mesons and the electron-neutrino field, suggested by Gell-Mann and Feynman, 
exists in the vector-type theory. It is found that the axial-vector-type decay accounts for the 
main part of the total probability for the —->e+v+y decay. The ratio of the total proba- 
bility for the —>e +v+y decay to the probability for the —yp+v decay is of order 

5 x 107°. Expressions for the angular and energy distributions of the electrons and quanta 


are obtained. 


(SGeii-mann and Feynman! suggested a scheme b= (F") w= V2 (60) ot! (te + ity), 
for a universal weak interaction of the nucleons Py 2 
with the electron-neutrino field is of the vector- ee (10): ‘Yu = (B Ba}, 


and axial-vector-type. The interaction Hamiltonian 


has the form and Gy and Ga are coupling constants. Gell- 


; Mann and Feynman (see also reference 2) assume 
eel ney -tayeGa) ety) dacrHerm./con)., (4) that there exists a direct interaction of the m7 
Ju = (Perut/2 (1 + Ys) ): mesons with the electron-neutrino field, which 


where is described by the Hamiltonian 
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Hy = 21Gy [®*T*V,.0 — (V,,*) T*®] J, (2) 
+ Herm. conj., 


where = {9Q, 9°, p*} are the wave functions of 
the ma mesons, and 


pee iinnti 
eee GT Vee tone dora 
V2 j (‘ 0 ' 


is the isotopic spin operator for the m mesons. 
The vector part of the interaction (1) together with 
the interaction (2) is completely analogous to the 
interaction of m mesons with the electromagnetic 
field 


Ha =e{bu (se tz)¥ (3) 
+ i[®*T,V,® — (V,,0*) T,0}} a 


This allows us to establish an exact relation be- 
tween the probability of the vector-type part of 
the —e+t+p+y decay and the probability of 


the decay of a neutral + meson intotwo y quanta. 


Since the axial-vector-type part of the t+ — e+ + 
v+y decay is mainly determined by terms which 
are simply related to the m—e*+v decay, it 
is possible to estimate the probabilities for the 
™—-e+t+v+y decays inthe A- and V-type 
theory more correctly than was done earlier by 
Treiman and Wyld.° 

We write the matrix elements for the 1’ — 2y 
decay (M,) and for the vector-type part of the 
™—-e+v+y decay (My) decay in the form 


My, (Ry, Ro) = €?9° (q) Ay (kx) Ay (Re) Us (Ry, Ra), (4) 
My (ki, Be) = eGyo* (q) Au (Rx) Jy (Bo) Uny (Ri, Be) 


Here, for the 1’ — 2y decay, k, and k, are 
the 4-momenta of the quanta, y°(q) is the wave 
function of the neutral meson, and q =k, +k, is 
its momentum; for the m—e+v+y decay, k, 
is the momentum of the quantum, k, =pe+py is 
the total momentum of electron-neutrino system, 
and ~(q) is the wave function of the charged 
meson. 

We shall show that, with the strong interactions 
treated exactly (but neglecting the radiative cor- 
rections connected with the electromagnetic and 
weak interactions ), 


Uns (ky, ky) aad Ur (Ry, ky). (5) 


We shall assume that the momenta of the emitted 
y quanta and the leptons (k ~ u/2) are small 
compared with the average momenta A of the 
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FIG. 1. (a) 7° > 2y decay; ---- meson line, ~~~ photon 
line; (b) 7» e+ v + y decay; electron and neutrino lines; 
Pe and p, are the 4-momenta of the electron and the neutrino, 


Pe +py=k,. 


virtual particles participating in the decay.* 

We restrict ourselves first to the case when 
only ma mesons and nucleons participate in the 
strong interactions. We consider an arbitrary 
Feynman diagram (Fig. 1) for the processes which 
we are concerned with. The quantities Uh (kt Ko) 
and Us (ka, k,) for this diagram are products of 
two factors: (1) the integral over the momenta of 
the virtual particles and the sum over the spin 
variables, and (2) the sum over the isotopic spin 
variables. We see from the comparison of the in- 
teraction Hamiltonians (1) and (2) with (3) that the 
spin-momentum poe of the diagram is the same 


for Uly and Uyj,. Thus Ul» and Oi have the 
form 


Ui» (Ris Ba) = Juv (Ris a) FRc; 
(6) 
Pho = Sitcye oc eee 
where TA, TB, TC are isotopic spin operators; 
index A denotes the initial 7 meson, B and C 
denote the two y quanta for the m’ decay, and 
the y quantum and the leptonic current in the de- 
cay m—e+v+y. Inthe case of the 7° decay, 
TA is to be substituted by Tz, and Tp and Tc 
are to be substituted by (Tz, +1 )/2 for y quanta 
emitted by nucleons, andby T, for y quanta 
emitted by mesons. In the case of the decay m7 
—e +vt+y, Ta is replaced by T= (Ty - ity )/v2, 
TR by (17)/2” (orem \yeand “7 Cmb yma 
(Oram )e 
The quantity J wv (ki, kp) should be a pseudo- 
tensor of second rank, i.e., 


Sits (Ry, kg) —= Aéuyrs RyRoo, (7) 


where A is independent of k; and k, with an 
accuracy up to terms of order (k/A)?, which we 
discard. Together with the diagram of Fig. 1 we 


*It follows from the experimental lifetime of the 7° meson 
that A cannot be essentially smaller than M, the mass of the 
nucleon, for the condition A <M _ would introduce an additional 
factor (A/M)* into the estimate for the lifetime of the 7° meson, 
in disagreement with experiment. (This conclusion is not derived 
from perturbation theory, since the succeeding terms in the ex- 
pansion with respect to g* would be of order g?(A/M)* < 1.) 
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now consider a diagram in which the vertices B 
and C are interchanged. It is easily seen that 
due to the symmetry of (7) under the interchange 
u—v, ki— kp, the sum of these diagrams is 
equal to 


Oey ot, (loki) = dE, es) [Poko Panel, 
(8) 


We investigate the vector structure of the ex- 


pression Fapc + Facp in the isotopic spin space. 


We note here that the interaction with the electro- 
magnetic field can formally be described (neglect- 
ing the radiative corrections with respect to e?) 
by a sum of the interactions of the nucleons and 
the m mesons with an isotopic spin vector a} 
(components a} = vy, ay =a’ =0), and an iso- 
topic spin scalar 8B = bs Then the Hamiltonian for 
the interaction with the electromagnetic field is 
written in this way: 


Her = e {yaep + i[O*T:V.O (3’) 
— (Vi @*) T;D]} Aya! + ebyupAuk 
which is formally invariant in isotopic spin space. 


The expression Fapc also takes a form invari- 
_ant in isotopic spin space: 


Te O.Y.Y i OY Te AOlesyy AG 
Fasc = Finseienei + Fin 970k8 + Fis9iai8 + Fi 978", (9) 


where gt is the isotopic spin vector of the vi 


meson (eg = oo = 0, 3 =01)), il he term Fix cor- 
responds to the case when the quanta emitted at 
vertex B refer to a, and those emitted at C 
refer to 8. the term Fiz corresponds to the op- 
posite case. In analogy, the interaction with the 
leptonic field can be written in the form of an in- 
teraction with the isotopic spin vector ay (com- 
ponents av =) av =1/V2, a =i/V2). Here 
the expressions for ave and ee take the 
form (97 is the isotopic spin vector of the 7 
meson; y}=1/V2, of= EDO. = 0): 


Fac = Fimipioket + FiieiGer , (9°) 


Vv Viy a V 
Face == F jpiQikr ol + F n@ikp 8, 


since the isotopic scalar 6 participates only in 
the emission of quanta (i.e. at the vertex B in 
the diagram of Fig. 1). It is easily seen that 
those terms in the expression FR +Fyop in 
which both interactions in the vertices B and C 
involve the isotopic spin vector, reduce to zero. 
Indeed, in this case the quantity Fj,7 in (9) and 
(9’) should be a pseudotensor of third rank in iso- 
topic spin space. However, after the summation 
of the isotopic spin variables of the mesons and 
after taking the spur of the isotopic spin variables 
of the nucleons, the only expression left to repre- 


sent Fi,7 + Fig is the unit tensor ej,7. But €j,7] 
is antisymmetric in the indices k, 1, while Fig 

+ Fy, is Symmetric in the same indices. Hence 
Fixgz+ Figg = 0 (so that, for example, the y quanta 
in the 7° decay cannot be both emitted by virtual 

™ mesons ). 

In the same way, all terms Fapc reduce to 
zero in which both y quantum emissions in the 
vertices B and C involve the isotopic spin 
scalar. Indeed, it is impossible to construct an 
isotopic spin vector FY, since there is no dis- 
tinguished direction in isotopic spin space in ex- 
pression (6). The only non-zero terms in (9) and 
(9’) are the terms Fi, and Fjj. The quantities 
Fix and F%, are tensors of second rank in iso- 
topic spin space, and they can therefore be ex- 
pressed in terms of the unit tensor 6j,, i.e. 

Fi, = COj,, Fi, = Ddjy,, where C and D are 
certain numerical constants. Substituting these 
expressions for Fj, and Fi, in (9) and (9’), we 
find without difficulty that Fapot+ Facp= 

IP eye ce EY aie %(C+D), as can also be seen 
from (5). 

The above proof is easily generalized for the 
case when hyperons and K mesons also partici- 
pate in the strong interactions. In the interaction 
Hamiltonian describing the interaction of the hy- 
perons and K mesons with the electromagnetic 
field we then have to replace the matrices (Tz+1)/2. 
and Tz, by Tz +%+S/2 and Tz, +S$/2, respec- 
tively (S is the strangeness), We also assume 
that the Hamiltonian for the interaction of the hy- 
perons and K mesons with the leptonic field has 
the form (1), (2), where 7 and Tt are replaced 
by the corresponding projection of the isotopic spin 
of the strange particle. 

With the help of (4), (5), and (7) we can write 
the matrix elements M, and My in the form 


M, (Ry, Ra) = ae?6° (q) Au (Ry) Av (Az) envrc Ria Reos 
My (Ry, Re) = aeGy9* (q) Au (Ri) ly (Re) euvrehirkoo 


The constant a is to be determined from the ex- 
perimental lifetime of the nm’ meson. 

It is convenient to split up the matrix element 
Ma (kj, ke) (corresponding to the axial-vector- 
type part of the 7—e+v+y decay) into two 
parts. The first part contains the diagram of 
Fig. 2, in which a y quantum is emitted by an 
electron, as well as terms of zeroth order in kj, 


(10) 


Pe 


Py 
FIG. 2 
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ky from the expancion of diagram Fig. 1 in powers 
of k. The second part contains the terms of sec- 
cond order in k,, ky in the expansion of diagram 
lanes 1 

As is known,°~° it is not necessary to calculate 
the closed loops for the determination of the first 
part of Ma (kj, k)). It can be obtained by intro- 
ducing the iis cnet Sica interaction 


Arey = Srev = ~(beruy a (1 + Ys) dy ) + Herm. conj., 
(11) 

for the description of the decay —e+t+v, and 
by observing that on the strength of the gauge in- 
variance dgt/ dx), Should be changed to apt / OX yy 

+ ieAygr. (The expression iegrevAy?™ Jy cor- 
responds to the terms of zero order in ki, ky in 
the expansion of diagram Fig. 1). Then®~° the 
Hamiltonian (11) is equivalent to the Hamiltonian: 


Ane = MeSnev?™ (b. ue (1 a= Ys) by) + Herm. conj., 
(12) 


where the emission of the y quantum is effected 
only through the bremsstrahlung of the electron. 
The radiative decay of the mt meson with the Ham- 
iltonian (12) was considered earlier.4 Therefore 
we have to concern ourselves only with the part of 
Ma (ki, kp) containing the terms quadratic in 

k;, ky. It is easily seen that the general expression 
for this matrix element must have the form: 


Ma (hi, Ro) = ibeG a9* (q) [Au (Ra) Riv — Ay (Ax) Rau] Ju (Ae) Rov 


(13) 


Strictly speaking, we cannot determine the constant 
b by theoretical considerations.* However, since 
it is determined in perturbation theory by integrals 
of the same type as those determining the constant 
a in (10), we may assume that b is of the same 
order as a. Direct calculation shows that the 
matrix element of Hamiltonian (12) does not inter- 
fere with the matrix elements (10) and (13), if we 
neglect higher powers of the ratio mg/y. It is 
therefore convenient to first compute aw(t) | the 
probability of the transition —e+v+y on 
account of the terms My + Mg. 

After the summation over the polarizations of 
the emitted quantum and over the spins of the elec- 
tron, we obtain for the differential probability of 
the decay dwW(!) the following expression: 


*The quantity b has the same phase as a, so that we 
may take them to be real. This follows from the invariance of 
the strong and electromagnetic interactions under time reversal 
(or charge conjugation). The proof may be carried through with 
the help of the phenomenological Hamiltonian corresponding to 
the matrix elements (10) and (13). 
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Gy . “Vv 
a = Wyre | (Lone o8) (een eee 
dk y 
aon rh a, + Ey +k—p) Saye 


Here Pe =Npe and k are the momenta of the 
electron and the y quantum, respectively, v is 

a unit vector in the direction of the neutrino mo- 
mentum, W,? is the probability for the decay of 
the 7’ meson into two y quanta, w is the mass 
of the meson, A=bGa/aGy. W,° is connected 
with the constant a in (10) through the relation: 


Woo = mea a 


By integration we may obtain various partial dis- 
tributions from (14). Thus the energy distribution 
of the electrons has the form [Dpe = (u/2)y] 

4 


G? 4 
ee Wenty? (+2) [UL — 9) +e] (15) 
+2(1—y) (1 — 29 + -y")h dy, 
and the energy distribution of the y quanta 


GV eis 


= (u/2)y) is: 
4 Gy 4 2 
dW? = a oy Wren (1 +22) x8(1— x) dx. (16) 
The integral probability wi") is equal to 
: 1 Cpt 
Wi = se —— Woe (1 +22). (17) 
We SEVEN: the numerical value of w(t), ape 


constant Gy was determined in experiments® on 
the B decay of OM; Gy‘ = 0.51 x 1078. We es- 
timate the lifetime of the 7° meson with Orear’ 
to be Wz? 2 0.5 x 10'8 sec™!, and we find W'!) = 
2.4 sec! (X=1). Thus the ratio of W!) to the 
total probability for the —jw+v decay is 


W™ [Wary  6-10°8. (18) 


This estimate of the number of the r—e+v+y 
decays is very close to the estimate of Treiman 
and Wyld (reference 3).* 

Let us now consider wi?) which is the —e+t 
v+y decay probability due to the terms in which 
a y quantum is emitted by the electron. A corre- 
sponding calculation was made in reference 47+ for 
the —>p+v+y case. The results can be easily 
translated for the —e+v+y decay. We obtain 
for the differential probability the expression: 


*An analogous calculation for the 7>+v+y decay gave 
the negligibly small value Wi4 ,4 y~ 5x 10°? Wu,» for the 
probability of aw>+yu+v+y decay through the V variant. 

tWe note that formula (6) in reference 4, which gives the 
total probability for fhe 7 + + v decay, contains the incorrect 


factor 14. Accordingly, the values in the tables of this reference. 


should be multiplied by 4%. 
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vera e 4 
aw aon ox Wety E.E,k ey (E.R — k-pe)(Ru Ue kE. a k-p.) 
; __(Pe° ky nas 


(19) 
where We+, is the probability for the t—e +p 
decay, equal to 1.3 x 1074 Wu+pv in the Gell-Mann- 
Feynman scheme. The energy distribution of the 
electrons has the form 


Le = eWe+v(1 — y) {In lees i 


m y 
2 2 

+a l|—2 + Ine) jew. 
The electron spectrum diverges near the upper 
limit (y—1), which corresponds to the emission 
of long-wave quanta. Therefore the total probabil- 
ity fora m—e+v-+y decay in which the electron 
is emitted with an energy below a certain maximum 
value Ymax increases logarithmically with ymax- 
Because of this, and also because of the presence 
of the large term In (p/m)? in (20), the probabil- 
ity for the radiative decay with the quantum emit- 
ted by a virtual electron in comparatively large, 
and substantially surpasses the probability wit), 

It follows that we need consider only the term 
w'2) in the computation of the total probability 
for the 7—~e+4v+y decay. The results of the 
computation of this probability as a function of 
the maximal electron energy are tabulated in the 


(20) 


table. (We use We+p =1.3 x 10 Wy yp). 
Ymax | 0.3 | 0.5 | 0.7 0.9 
| 
10® We+v+y | 0.36 | 0.85 4 | 3,0 
Wu+ty 


The table shows that the probability for the 
T—+et+p+y decay is greater by almost two or- 
ders of magnitude than the probability W"!) for 
the decay through the V variant. 

Besides the energy distribution of the electrons, 
we are also interested in the angular distribution 
of the quanta over the angle @ between the direc- 
tions of emission of the electron and of the quan- 
tum. This distribution is obtained from (19) by 
integrating over the energies of the electron and 
the quantum. For 6 >me/p it is equal to 


sin ee (21) 


Ww (0) = = Wers 
x fut (a) In( es fe ee 1), 


where a = sin? 6/2 and ymax is the maximal 
energy (measured in u/2) up to which the elec- 
tron spectrum is integrated. Expression (21) be- 
haves like d@é/@ for small @. However, the di- 
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vergence at 6—0 in (21) is only seeming. It 
derives from the neglect of quantities ~ m/p 

in the calculation of (21). For 6 ~ m/y we really 
have an expression of order 1/(62 + 4(m?/p2 )) 
instead of 1/6”. The presence of this factor is 
perfectly reasonable: it is related to the fact that 
in the relativistic case the bremsstrahlung of the 
electron is concentrated in the narrow solid angle 
~m/E around the direction of the momentum of 
the electron. This also accounts for the appear- 
ance of the large logarithmic term In (u/m)? in 
(20). Thus we have the most favorable conditions 
for the detection of the 7—-e+v+y decay 
through the vector and axial-vector variant if the 
registering electron and quantum move in the same 
direction. 

Of special interest is the experimental investi- 
gation of the vector-type part of the 7—~e+vt+y 
decay, since this would give the possibility to ver- 
ify the hypothesis of Gell-Mann and Feynman about 
the existence of a direct interaction of the 7 me- 
sons with the electron-neutrino field, as well as 
the theorem about the connection between the 1° 
— 2y decay and the vector-type part of the 17 — 
e+v+y decay. It is possible in principle to 
single out the vector-type part of the m~e+v+t+y 
decay from the background of the more probable 
axial-vector variant if one selects the electrons 
and quanta flying in opposite directions, since in 
the vector variant of the decay the greater part 
of the quanta is emitted into angles close to 180° 
relative to the direction of flight of the electron. 

In this case, as seen from (21), the probability for 
the axial-vector variant of such a decay, where the 
y quantum is emitted by the electron, will be of 
order 107° Wy+y sin 6 dé. The probability for the 
vector variant of the decay will be of the same 
order. For a unique isolation of those terms in 
the probability of the transition which correspond 
to the vector variant (i.e., the determination of 

r in (14)) one needs identical measurements for 
two different energies of the electron, which fur- 
ther complicates an already difficult task. 

In conclusion the authors express their deep 
gratitude to I. Iu. Kobzarev ang L. B. Okun’ for 
helpful discussions. 

Notciatidednsproor une as After the 
completion of this paper new data® appeared on the 
relation between the probabilities of the decays 
n—~-etv and t—~yp+v, from which it follows 
that We+p/Wyty <10°. This ratio We+y/Wyty 
contradicts the theory of Gell-Mann and Feynman, 
and indicates a significant suppression of the axial- 
vector variant of the decay — e+v. In this situ- 
ation it is of even greater interest to verify the 
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theory of Gell-Mann and Feynman for the vector 
variant, and to investigate experimentally the de- 
cay m—~e+vt+ty. This decay should go mainly 
through the vector variant because of the suppres- 
sion of the axial-vector variant, so that the proba- 
bility of the —~e+pv+y decay will be deter- 
mined by formulas (14) to (18). 
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A phenomenological theory is given for coupled magnetoacoustic waves in ferromagnetic media 
and ferrites (the coupling between the elastic and magnetic waves is due to magnetostriction 
and spontaneous magnetization). The acoustic velocity in ferromagnetic media is determined 
and is found to be a function of the magnetization and longitudinal magnetic field. The acoustic 
absorption factor associated with the electrical conductivity and relaxation of the magnetiza- 
tion is determined. The possibility of resonant ultrasonic excitation of magnetic waves is in- 


dicated. 


Le As is well known, any deviation of the magnetiza- 
tion from the equilibrium value (at a given temper- 
ature) in ferromagnetic media and ferrites is prop- 
agated in the form of waves, the dispersion proper- 
ties of which are similar to those of spin waves.! 

Because of magnetostriction and ponderomotive 
effects due to spontaneous magnetization, there is 
coupling in an elastically deformed ferromagnetic 
material between what we shall call “magnetic” 
waves and the elastic waves. In media of high 
conductivity, the coupled magnetoelastic waves 
produced in this way are similar to the magneto- 
elastic waves that propagate in metals in an ex- 
ternal magnetic field and to the magnetohydrody- 
namic waves in liquid conductors. However, in 
contrast with magnetohydrodynamic waves, the 
magnetoelastic waves considered here can propa- 
gate in both ferromagnetic media and ferrites and, 
in addition, do not require an external magnetic 
field. 

The coupling between magnetic and elastic. 
waves offers the possibility of acoustic excitation 
of magnetic waves; moreover, the excitation should 
be especially intense in those cases in which the 
frequency and wave vector of the magnetic wave 
coincide with the frequency and wave vector of 
the elastic wave. 

The interaction between magnetic and elastic 
waves leads to a dependence of the acoustic ve- 
locity in ferromagnetic media on the spontaneous 
magnetization and the external magnetic field. 

This interaction means additional acoustic absorp- 
tion in ferromagnetic media; this absorption de- 
pends on the electrical conductivity of the medium 
and the magnetization relaxation mechanism. It 
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is to be distinguished from another acoustic ab- 
sorption mechanism, also characteristic of ferro- 
magnetic media, in which the presence of an ex- 
ternal acoustic field causes a deviation in the spin 
wave distribution function from the equilibrium 
value by virtue of the increased entropy.” 

In the present paper we present a phenomeno- 
logical theory of coupled magnetoelastic, waves in 
ferromagnetic media and ferrites. Pure magnetic 
waves are considered first. 

2. The free energy in a ferromagnetic medium 
can be given in the form: 


1 OM OM h? + ed 
H =\ {5 on Ge Ge + BUM) + = —M-H,} av. 


(1) 


Here the first term represents the exchange energy 
associated with inhomogeneity of the magnetization 
M (the aj, are the exchange integrals*), the 
second term includes the exchange energy which 
depends on M and the anisotropy energy, while 
the third and fourth terms are the energy of the 
electromagnetic field and the energy of the mag- 
netic moment in the external magnetic field Hy 
(h and e are the magnetic and electric fields 
respectively, d is the induction associated with 
the changing magnetization). 

In the case of a uniaxial crystal the function 
B(M) can be given by 


3 (M) = 8, (M?) + 8. (Men/ M), (2) 


*In order-of-magnitude the quantities oj, ~ O,a’/tigM,, 
where @, is the Curie temperature, a is the lattice constant, 
and M, is the saturation magnetization. 
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where n is a unit vector in the direction of easi- 
est magnetization. 
The time derivative of the magnetization of the 


ferromagnetic medium is determined by the Landau- 


Lifshitz equation? 
OM / dt = g [MxH®] — XM? [Mx (MxH"]], (3) 


where H(®) is the effective magnetic field, an ex- 
pression for which is given below, A is the damp- 
ing factor and g is the gyromagnetic ratio. 

We determine the time derivative of the energy 
inavolume V. Using Maxwell’s equations we 
have: 


OM OM 
+) ice thxele + an 5 arf Ae 
S$ 1 L 


where j is the density of the conduction current 


and S is the surface which encloses the volume V. 


If A=0 and o=0, from energy conservation 
considerations, the exchange integral must vanish. 
Whence, using Eq. (3) for 9M/at with A= 0, itis 
easy to obtain the following expression for the ef- 
fective magnetic field: 


H = H, + h—03(M)/OM + «09M /Ox,0xp. (4) 


For finite values of A and o the time deriva- 
tive of the energy is 


dx j2 A €))9 
of = —\ av —\ A IMxn' av (5) 
V V 


cy Ve [hxe], + oe 7| dsp, 

S \ é 

where o is the electrical conductivity of the 
media. 

3. We now explain the dispersion properties 
of the magnetic waves. We use the symbol My) 
to denote the equilibrium value of the magnetiza- 
tion per unit volume of the ferromagnetic medium 
at a given temperature and w(r,t) to express 
the deviation of the magnetization from the equi- 
librium value at a point r andtime t. 

The quantity M) can be determined from the 
minimum energy condition which yields 


(08 /OM)m—m, = Hp. (6) 


Assuming that 4 «K Mo, from Eqs. (2), (4) and 
(6) we obtain the following expression for the ef- 
fective magnetic field in the case of a uniaxial 
crystal with Ho|ln: 


H® =h— Hyp / M,— Bp, — an (nop) + ody, 


where £ is the anisotropy constant B= — B5(1 )/ 
M2 and a = 4M3@{ (M$). 

With A =0 the complete system of linearized 
equations is 


Or a Hy 2 
Gr = Mo faxfh — yh — Bu + ade) 
tod" ate. 
curl fie seal (7) 
ae) ~ 
curle = ——. a (ing. Sn) 


We seek a solution for this system in the form 
of plane waves e7i(#t -k-Y) First we consider 
the case go =0. Neglecting the displacement cur- 
rent, the relation between w and k is of the form: 


w = (20,)':, (8) 
where 


Q = gM, (ak? + 8 + Hy/ Mo + 4 sin*9), 
Qy = gMp (ak? + 8 + A, /M,) (9) 


and ¥ is the angle between k and Mp. 

This relation is the same as the well known re- 
lation between frequency and wave vector for Bloch 
spin waves.‘ It is valid when ew «Ko « c?k?/w. 

We now consider the magnetic and electromag- 
netic waves in ferrites, taking the displacement 
current into account. Writing d= ¢«(w)e, where 
€(w) is the dielectric constant, the following dis- 
persion equation is obtained from Eq. (7): 


—e2 


f ee 9 2 
(+ well + egcost f— w= 0, 20) 


_ 4rgMo. ea Z/ ck , Pye ae 
4ngMy + Qy ’ ee ? ~ * 4xgMo* 


If £2 >>1, Eq. (10) leads to the solution: 


a c2R2 plese 


€ 43) 


w? cos 9} : 


62 = 00 pL) 


The first of these equations determines the fre- 
quency of the electromagnetic waves which propa- 
gate in a medium of anisotropic magnetic suscep- 
tibility with the following values for the two waves 
(right-handed and left-handed circular polariza- 
tion): 

21 (@) = 1 — (4zgMy/) cos, 

12, 
Uo (@) = 1 + (4zgMy/«) cos 9. a 
The second solution coincides with (8). 

If: gre 1, Eq. (10) has the following roots: 


ee ey, eee 
omckV 1S, w= chy/ Taenae eet BEES) 


1+ 4zgM, = g (Bo + 8M)). 


QO = 4zgM, Ws = 
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If the conductivity of the medium is high, 


(o> €w, o > c*k?/ w) the frequency of the mag- 
netic waves is 


@ = Q, + 45gM). (14) 


4, We now determine the damping of the mag- 
netic waves due to the finite conductivity and re- 
laxation processes. 

If the absorption is small, the damping factor 
can be defined as 


l= —(1/H) dH / at, (15) 


where the bar denotes time averages of expres- 
sions defined in Eqs. (1) and (5); in place of the 
fields e and h we substitute their values for 
o=0, A=0 or o=o and A=0. 

If ew<a <« c*#k?/w ~ c*h?/@,a’, 
shown that: 


it can be 


T = 16x78 (2 + Q, cos? 9) + 2 


ore = (4 + 2ngM, sin? 9). 


(16) 
If o >4mgM,) and o > aan 
ae (en oe sin? 9) +2 —-(Q, + 4ngM 
ena OQ, + 4rgM) ( + 1 Mo | ah Tg 0) 
(17) 


5. It can be easily shown that the absorption of 
the magnetic waves is small (T<w) if | 


KLeoM,, s<ck?/ gM 


These inequalities are obviously the existence 
conditions for Bloch spin waves. 
It follows from the second condition that 


k>k), 
where 
1 [<6 
jj o ? 0 
Ten tS 2,, ee) 


1 is the electron free path length and 6) is the 
depth of the skin layer corresponding to the fre- 
quency w = gM) (6% = c?/2mgM 0p, 9 is the static 
conductivity; when / > 6) the expression for ky 
corresponds to the anomalous skin effect). 

Thus, there are no spin waves for wavelengths 
large compared with Ay = .1/kp. 

If k «kp, the magnetic wave spectrum is de- 
termined by Eq. (14). In this case the frequency 
is a weak function of wave vector. 

The dependence of spin-wave frequency on wave 
vector, as is well known, is associated with the de- 
pendence of the magnetization and other thermody - 
namic quantities on temperature. A Bloch law 


py 2) for the magnetization corresponds to the 
Spectrum w =@ (ak)*/i which is obtained if we 
neglect the terms 6 +H)/M) and 4m sin? § in 
Eq. (9), i.e., if the magnetic interaction and aniso- 
tropy are neglected. It can be shown that frequen- 
cies w= @g (ak )*/hi are excited: at temperatures 
much higher than 47gM)h (~1°K). 

At temperatures T <47gMjh the magnetic in- 
teraction plays an important role in the spectrum 
and the frequency is determined by Eq. (8). In” 
this case we have a T” relation for the magneti- 
zation instead of the Ty 2 relation.° Equation (8) 
applies only when k > ky. Whence it may be con- 
cluded that the spectrum ww~k sin’ is excited 
at temperatures which satisfy the condition 


gBoh (a20,/ac?) "<< T < gByh. 


In the temperature region T «K gByh( a*0@¢/hic? yi/ a 
in place of the spectrum given in (8) we must use 
that given in (14) which yields an exponential de- 
pendence for deviations of the magnetization from 
the saturation value. 

6. We now investigate coupled magnetoacoustic 
waves in ferromagnetic media. 

The equation of motion for the magnetization 
and the elasticity equation are: 


so (Min) = g [MXH] — pr (Mx (MXHO]], (29) 
k 


ou = f, 


where u is the elastic displacement, H(©) is the 
effective magnetic field and f is the force which 
acts on a unit volume of the medium (expressions 
for these are given below). 

The energy in the ferromagnetic medium can be 
given in the form: 


OM OM 


n eee 
“= . | 
KH = Ve eon one 


+ 8(M)—M-H, (20) 


igs 1 
+ 3 ou” a= > NiktimUintlim =e eine (M) tim dV. 


This expression differs from that given in (1) in 
the presence of the three last terms; the first two 
represent elastic energy and the third the magneto- 
striction energy (AjkJm is the elasticity tensor ). 

Using Maxwell’s equations and (19), and assum- 
ing that the current density is 


j=cfe+—tinp]t, B=H+45M, 


it is easy to show that 
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Ga Sit i of ae (e) ap Thus, for finite values of A and o the time deriv- 
dt \{ ES sal M? BU at i) (H, nat OM ative of the energy is given by 
ne OR an et ee er OR neg le ghee 
a Farr G) =i + tii | age = UB): a =—\ fav —\ Fp (mH Pav 
M3 (Hy hh BE ty OM —G)|}av _ y pes 
aM aM ie aS \ {us (cp + 8:,HM) + ves [hxe]}z + er =— ax, at } dss. 
+) {Ge thee + an SSF + tes [ccm + Bux (Hy +h 5 
Boas 02M 7. We consider first coupled magnetoacoustic 
OM suka OF a)! dsi., ; _ 3 ce 
ae waves with A= 0. 
where For simplicity it will be assumed that the me- 


dium is isotropic in both its elastic and magneto- 
strictive properties. The last condition means 
that Fjx(M) is of the form 


Fin (M) = 9:x.MPF, (M?) + MiMi F2(M?), (23) 


Szn = Nerimllim + Fin (M), G= U1 0F ta (M)/oM. (21) 


When o =A=0 the volume integral vanishes. 
Whence it is easy to show that the effective mag- 
netic field H©) and the volume force f are. where F; and F, are certain functions of M?. 


Assuming that at equilibrium uj, = 0, from 


se oF o*M f * . * . 
f H +h aM 1 Mik dx,0x, the minimum energy condition it is easy to show 
Lisa day ak all sey MH 


Linearizing Eq. (22) and assuming for simplicity that F,; and F, are constant, we obtain the follow- 
ing expressions for H(©) and f: 


HOLS ie — wo ° —an (ya)-+-aAp—3,M, div u— +8,M, ((nV)-u+-V (n-u)), 


() (4 | d 
[ixBol: + My 5-H 4 a a (Morph) + > 


f, = ec?Au, + 9 (c} — Ch) or ae div u — = (Moi dive + Mor ae EH 
where 6, and 6, are the eee steer constants 

$,=2F, and 8, = 2F,. 
The linearized equations of motion for the magnetization and elasticity are of the form: 


- + M,divu = gM, |nxH™}, 
i = ctAu + (c}—c8) Viva + V (My, ») + - oe 5 (My div + (M,V)- p) + + 5 [ixBo) +—VMH®, (24) 
where By) =H) +4aM), cz and c; are the velocities 3 the longitudinal and transverse acoustic oscilla- 


tions. Assuming that all quantities vary as e—i(wt —k-r) and that o=0, we obtain the following dis- 
persion relation 


(0? — cf)*(0® — cf) (0? — QQ,/k*) — 6 (v? — c?) fy — Pf, = 0, (25) 
where 
ae eee fe Mo Q2 nD Dol 5 2 » H 
Oe iB es BAG =6; oo 2 (5, — 2x) cos?d + 26, —a M, —ak?], 
gMQr 


B 5 ; Qi pe LG a4 5 
ae a =) -1(C} = ¢2).cos?20 = a, (U7 C2) Cos?0 =: (1— se hte? —C j)sin?29}, 


(gM,)” 
fo= oe ) 
From this equation it is easy to obtain the velocities for the longitudinal (v,) and transverse (v5, vs) 
acoustic waves: : 
ll 


v2 = ce [Fs | gM 0 92 Q, cos?29 + Q cos?9 + [(Q, cos? 29 — O cos?9)? + 4? cos? cos? 29] 2 
\ 8c? oo? — OQ, 


(c? — c2) cos? cos?29.. 


— 4x)? - sin? raat, 


aa 


(26) 


0< 


2) 


yee 
890; 


— 29; 


f ! gM n2 Q; cos?29 + Q cos?9 — [(O, eee — © cos?9)? + 4? cos? 9 cos?2.9] . 
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These oes apply if w* is not close to QQ ‘yz. 
If w* is approximately the same as QQ, the magnetic and acoustic branches of the oscillations 
“cross”; this effect is now considered for $= 7/2 and 3=0.8 
If $= 7/2, the roots of the dispersion equation are: 
Ci 
a 
De le OO AN fitte SOO TNa M,Qx7 2° 
= (@+ )+5|(4— a +0eR 4 , eu 
A (oe OO ie Q01\2 , -gM,Quy 
Diet oa) bea 


The first two roots determine the phase velocities of the longitudinal and one of the transverse acoustic 
waves. When kez <vQ2Q, the third root determines the phase velocity of the magnetic wave while the 
fourth determines that of the other transverse wave. When kct >V 2Q,, on the other hand, the fourth 


root determines the phase velocity of the magnetic wave while the third determines the phase velocity 
of the acoustic wave. 


If #=0, the roots of the dispersion equation are: 


Cl 
pS gMo 
t 2\ ¢, ke, Oh 
v= 3ke, +047! 
4 O 1 gM, a A, p BM ee ‘ 
Gees ekeesoaea 2 iia ii, iain ero eee Oy (28) 
Eee ean [cee ee as 
Be wk 2 ¢, ke, +O PAN Re, ke, + Oy 


When kc; < 2,, the third root determines the phase velocity of the magnetic wave while the fourth de- 

termines that of the transverse acoustic wave; if, however, kct > Q, the third root determines the phase 

velocity of the transverse acoustic wave while the fourth determines that of the magnetic wave. 
Equations (27) and (28) apply if 


(A/gMo)?< 83 (Mo/4ect) Mo/(H + BM))- 


It can be shown that the transverse waves are elliptically polarized and are of the following form: 


k 
ie i) — ker}; 
Tie 0 He ree (wt — ker) an sin (wt —k hs 


Mo hey xk 
p= : 3, U cos 9 — sin (wt —- ker) 41K cos 2% cos (wt — ker) | F 

a == icos anal Ry (29) 

where U is a constant, 
Q 2 cos?S ot 00 
ne eee ee 2 Q- Q Ta m2 —— | cos 2% 
QF cos?23 + a cos?9 + | (cost28- oe cos? +4 — cos?9 cost28 { (30) 
1 1 Q2 


and k, and k, are the longitudinal and transverse components of k (with respect to My). The ratio 
of the semi-axes of the ellipse is 


b/a = cos 3/¥ (29°) 
(the semi-axis a lies in the (n, k) plane and is perpendicular to k). 

When 6 =0 we obtain two cylindrically polarized waves; with 0 = mt/2 we have two linearally polar- 
ized waves for which the vector u has components along My) and My) xk. 

8. We can analyze coupled magnetoacoustic oscillations in the high-conductivity case o > we*/ ce in 
similar fashion. 

Here we present only the formulas for the phase velocities of the acoustic waves for ¥8=0 and $= 
a2, I v= 0, 
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MG fase os H ) 
5 Sa re O. Go5=—— SN ae, el 5 
M1 ei] 2ece 2 1+ 242 6 My / 
(31) 
Me [ 8 PAP "oN mee ip i 
amma {lt oie 4 -Q; + 4zgM, (3. 2) py 
When 3 = 1/2 
2 His 
ne ieee 0 (@— 0 ( . 
mM ar Deck \ eae (31’) 
Ms gM, 


0, = 0,[1— |, = er 


8pc? 21 + 4ngM, 

Taking M)=0 and 6; =6,=0 in these expressions we obtain the velocity of acoustic waves ina 
high conductivity metal located in an external magnetic field Hp. If H3/ 8mpc} «1 these expressions 
assume the following form: for v3 =0 


U1 = C1, Up = V3 = C; (1 + Ho/8xnc}); (32) 
for 3= 7/2 
0, =¢1(1 + Hi/Sxoc)), U2 = Us = Ch. (320 
9. In the previous formulas we have neglected terms containing A’ and o. Taking these terms into 
account leads, firstly, to damping and, secondly, to an additional variation in phase velocity. We con- 
sider the second problem, having in mind a number of effects for which the condition (A/gMo oes 


63 (M2 /4pc?2) My(Hy + BMy)~' is satisfied. It can be shown that if this condition is satisfied the disper- 
sion equation leads to the following expression for the phase velocity of the acoustic wave when #= 0 


C @—Q, 
= @2| 1 aM 3 
Al e g oem OeMate | ( 3) 
The relative change in the acoustic velocity Av/v for A/gMy~ 107! and 8~ 107! is approximately 


0.1%. 

10. We now consider the absorption factor for magnetoacoustic oscillations. For this purpose, in 
accordance with Eq. (15), we compute the quantities and d3c/dt with values of the field correspond- 
ing to A=0 and o=0. Here we present only the final results. 


For small o the absorption factors for longitudinal r() and transverse I(t) waves are 


Me oF + OF 
(1) ek 2 0 = 3 2 1 . 
ip — Ao doc? (4x — >) fo? — QO\]? TER QO4]? sin? $ 
m2 |{H > \ 4ngM,Q 2 > of 4mgMow 2 : 
1, = ike + (4z —4, > OO; cos?o | + (4n — i es Gal cos*o} sin?3, 
(34) 
M2 2 2 2 
(ft) 4.2 10 99 2° + cos? 29 cos*9 5B) cos?9 
ore 4c? 1 7? + cos?9 [wan — Q, cos 29]? + ec? 1 + cos?9 
__ 2nM, 5 gM,cos’s 2 4 27M).  gM,cos29 72 
x {[1 BA 8 eT 4 + [1— Be 2 a ce | cos’ |. 

It is apparent that the acoustic absorption is [ o= QL, i“ “by foo Q24 + TQQ, where T is 
highly anisotropic and that the absorption is espe- the damping factor for the magnetic wave as given 
cially high at resonances at which the magnetic by Eq. (16). 
and acoustic frequencies coincide. The longitudinal absorption factor for acoustic 

To determine the acoustic absorption coeffi- waves at resonance when 3 = 17/2 is given by 
cient in the resonance region it is necessary to 5 4 . 
use the exact dispersion equation, which takes TO ~ a » = QO). (35) 
account of the conductivity o and the absorption a. y ‘ 
factor A. It can be shown that in this case the ab- We compare the damping at resonance with the 
sorption factor is given by (30) and (34) if in the damping due to thermal conductivity. The latter 


denominators of these expressions we replace is determined from the expression’ 


——E~ 
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y= (Q0,/C?) «Tazo, (36) 


where «x is the thermal conductivity, T is the 
temperature in degrees, C is the heat capacity 
per unit volume and a7 is the thermal expansion 
coefficient. 
The ratio rl) /y is 
TO ry = (Az — 85)? C2M3/Ana2uc3T: (37) 
with 


== 1037, C = 10%, x ~ 108, TF ~ 10?°K, 


MgM, ~ 107, 8,~1, c~ 5-108, M,~ 103, 


this ratio becomes T(!)/y ~ 102, 

Finally, we present the formulas which deter- 
mine the acoustic absorption in ferromagnetic 
media of high conductivity o >> c*w/c?. When 
v= 


My 4oc? \By + BM gM (38) 
a? More \2¢ By PM i. Bo\\?_ po 
tes pc? iS \ ia + > B+ eM, Mae I} i 3 
when 3 = 1/2 
Ty” = 0, Ts? = he® (Mo/4ocz) 83/02, (38’) 
hoes (w?/16 720) (c/c1)? Ho/oci. 


We see that the acoustic. absorption is non-resonant 
at high values of o. 

We compare this absorption factor (38) with that 
associated with thermal conductivity and internal 
viscosity. In metals the latter is determined from 
the expression:® 


wr<< Cz/Vo, 


where €) is the Fermi energy and vy is the cor- 
responding limiting electron velocity, n is the 
number of conduction electrons per unit volume 
and 7 is the relaxation time. The ratio of the 
absorption factors (38) and (39) is 


: ae Getler eS eC 2) (40) 


With o ~ 10!’ and w< 10° both factors are of the 


same order of magnitude. 
11. In conclusion, we consider the problem of 


exciting magnetic waves by means of an external 
LETTE IE aE AE ETS 


y ~ 70*N8,/pC?, (39) 


9 
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acoustic field. 

Suppose that the half-space z> 0 is filled with 
a ferromagnetic medium at the external surface of 
which (z= 0) is applied a displacement u = weit 
or astress oj; = fet (u, and f are assumed 
constant). It is required to determine u(r, t) 
and u(r, t). 

Since we wish to consider low resonance fre- 
quencies, the magnetization vector My) will be 
taken perpendicular to the boundary z=0 (to 
satisfy this condition we imagine a magnetization 
equal to My in the region z <0). 

It follows from Eq. (28) that when ¥=0 the 
interaction of the transverse sound with magnetic 
waves is distinctive only in the resonance effect. 
Hence we will assume that uy and f are in the 
(x, y) plane which contains the vector p. 

In our case, the basic equations (24) can be 
written in the form: 


,2u Md. 0 
mille ieas, 
= gM, | nx(- hy a(S “— h®) = 0, 
where 
s 0 H 
a wy = gM, (8+ 52.) 


It follows from the second equation that 
p= jh, 


where the tensor xy is of the form: 


a — gMw 
ars ? = : r \2 
o8— (oie, ar) 
IO Xr y .@ 
—i—-—4+(— > i —- 
| gMp & ait @o - 
x ms ees ( a 
A ’ wo gMo ® ' \gMy 


Assuming that u and yw are proportional to 
e-iwt we have 


ou + (c7 — Cy) 2u/dz? = 0, 


whence 
u= c, e742 ae Cet z, 


where c, and c, are integration constants and 


2 


C2 


2 Cy 9 ow? i 
ee —=—, H=55 — 
‘ cf Cf mat (Xxx ay Vets) Cy Cy — C (vee =F V eee) 
If u|,-) = Wo is given, | 
Cre = Cox = Wy =—iCoy = Ulo/2 
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(uy is taken along the x axis) and 
u (2, aeons fe! (kyz—ot) 1 ef ez—oy 7 4 + yy, {elie a2) gh (Rez—ot)\ J 


{ (2 t) —— aE Moo270u/0z. 


Here i and j are unit vectors along the x and y axes. Whence: 


1, (2, i) = Se ae \(o? = or) sin (wt — kz) — 200, ae cos (at — kz))} ‘ 
2c, [co — @5)? + 40705 an | 
dxm2gMo r | > 
uw, (Z, t) = eee eee {(o? w?) cos (wt — kz) + 20009 oh sin (wt — kz), ; 


2e; (o® — 03) + 40a? (2/gMy)') 


u(z, t) = uy cos (wt — kz) 
(here we have made use of the fact that k, and k, are approximately the same; thus k, = k, =k = w/ct). 
The equations in (41) apply if: 
gM, > (C/c?) gM,/%. 


At resonance: 


U 
res 


[My = 2 (gMo)? uo/de,. 


Assuming A/gM) ~ 107’, wy ~ 10", -and wouy/cy ~ 10-® we find preg /My ~ 10°. 
If the stress is given at the boundary, 


’ 


mee Soea,gMof (2? — we) cos (wt — kz) + 2a, (A/gMo) sin (wt — kz) 
oe oe me 2 


; 2c? (@? — «§)? + 4e@? @§ (A/gMo)? 
Socong Mor (@? — 5) sin (at — kz) — 2aa@, (A/gMp) cos (wt — kz) 
ee ania 2ecF (@? — «§)* ++ 40? w5 (A/gMo)? ‘ 
— 
Es E) = eiioy (wt — kz). 
These formulas apply when A/gMy > (¢/c#) gMy / wy. 5M. I. Kaganov and V. M. Tsukernik, J. Exptl. 
The authors wish to express their gratitude to Theoret. Phys. (U.S.S.R.) 34, 1610 (1958), Soviet 
Academician L. D. Landau for a number of valuable Phys. JETP 7, 1107 (1958). 
comments and to M. I. Kaganov for illuminating 6. A. Turov and Iu. P. Irkhin, ®usuxa meranzos 
discussions. uM MeTarnoBefqeHue (Physics of Metals and Metal 
Research ) 8, 15 (1956). 
1C. Herring and C. Kittel, Phys. Rev. 81, 869 "L. D. Landau and E. M. Lifshitz, Mexanuxa 
(1951). cuaommbIx cpem (Mechanics of Continuous Media ) 
2A. 1. Akhiezer and L. A. Shishkin, J. Exptl. GITTL 2nd ed., p. 776. 
Theoret. Phys. (U.S.S.R.) 34, 1267 (1958), Soviet 8 Akhiezer, Kaganov and Liubarskii, J. Exptl. 
Phys. JETP 7, 875 (1958). Theoret. Phys. (U.S.S.R.) 32, 837 (1957), Soviet 
31. D. Landau and E. M. Lifshitz, Soviet Phys. Phys. JETP 5, 685 (1957). 
8, 157 (1935). 
4T. Holstein and H. Primakoff, Phys. Rev. 58, Translated by H. Lashinsky 
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The formula proposed by Inglis for the nuclear moment of inertia is calculated by perturbation 
theory in an approximation that is quadratic in the deformation parameter. An infinite rectangle 
well is assumed. The obtained moment of inertia of closed shells is several times larger than 


the hydrodynamic moment of inertia. 


l. Assume a nonspherical potential well, rigidly 
coupled to a massive rotator. If we fill the lower 
levels of the well with non-interacting nucleons, 

we obtain a certain system (called the Inglis 
model! ), the rotary properties of which are of 
procedural interest in the study of the rotation of 
real nuclei. The moment of inertia of the system 
comprises the moment of inertia of the rotator 

and the moment of the inertia of the nucleons en- 
trained by the rotator. The latter moment is given 
by formula (4), previously investigated by Inglis!»? 
and by Bohr and Mottelson.*? These authors used 
the potential of the anisotropic harmonic oscillator, 
and were thus able to calculate (4) in closed form. . 
In the case of closed shells, the result obtained 
does not differ substantially from the hydrodynamic 
result. 

The present paper concerns results obtained 
for an infinite rectangular potential well. Because 
of the great mathematical difficulties, we restrict 
ourselves to closed shells. The wave functions 
were calculated by perturbation of the boundary 
conditions, up to and including the fourth approxi- 
mation. The perturbation due to the rotation was 
considered [see Eq. (4)] in the first order of per- 
turbation theory. Alltogether the moment of inertia 
of the closed shells was determined up to terms 
quadratic in the deformation parameter. 

2. In a coordinate system that rotates, together 
with the nucleus, around the x axis with angular 
velocity 9, the boundary S of the potential well 
is given by 


r= R,(1 +4), where « = >) «P, (cos 6). (1) 
A=0 
Here a are coefficients which will be considered 
in the following small compared to unity, @ is the 
polar angle, and P,(cos @) are Legendre poly- 
nomials with the usual normalization P,(1)=1. 
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The wave function © obeys inside S the time- 
independent Schrodinger equation of a free particle, 
augmented by a term describing the Coriolis force 


(tet . MQL,\¥ = 0, (2) 
with the boundary condition 
is 208 (3) 
Here k is the wave number, M the nucleon 
mass, and Ly the projection of the angular mo- 
mentum onthe x axis. 


The contribution to the moment of inertia from 
the given nucleon equals 


0 2m (¢%, L,9) 
Datla (FL9)|, =a (4) 
Here 
ay, re Fv cea S | a 
P=VNY 0-0; P= VN als 


(5) 
N= (9,9). 


The functions ~ and gy obey the following equa- 
tions and boundary conditions 


(+R) G=0; (Vi+R)e=— Ld ©) 
Pls = 0; 9 s=0. (7) 


In an unperturbed spherically-symmetrical square 
well the functions ~ have the form 


PO) = fz (Ror) Yim: (8) 


Here Yj are spherical harmonics, jjz(x) the 
spherical Bessel functions, and ky the eigenvalue 
determined by the condition jz(kpRy) = 0. In the 
following we shall denote kyRy = X. We shall char- 
acterize the excited states by the same numbers, 

1 and X. We shall speak about closed /-shells in 
the nonspherical well in the sense that the partici- 
pating states form closed /-shells for vanishing 


deformation. 
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In general ~ and @ are given by 


y= Pa x) Yr m, a= ip (9) 
= — ae) =) ’ 
o5 > (oH + 9) (10) 
Qi) = ela (x) + bvjv (x) BvY v, mop 
o) = » lavfv (x) +brjv (x)JCrvY v, m—1: (11) 


Vv 


Here 


By, = (Le) Asim = Vi +m + 1) (L — m); 
= (L—)m—i, if, Vi + m) (t—m St 1); 
Tie ees ie Ar: 


the numbers k, ay, by, and Cy obviously depend 
Onmesfin. and. xX. 

It is easy to see that the terms which contain 
the functions f,(x) =x a jy(x) are particular 
solutions of the inhomogeneous equation for 9, 
while the terms containing jj7(x) are solutions 
of the corresponding homogeneous equation. The 
coefficients b v4 are determined by the boundary 
condition vy) |g=0 and the coefficients cy 
are obtained from the by by changing m to —m. 

The moment of inertia is now given by 


Be sp iM GE) 
= 9 U4 +1); 14 =e ay 


y(t (2).Y pms pa lay fy 0) + bpip @) BLY tm) 
=i8 Say j (x) Y Qilyneoe oe 
(> vit (%) Vp, » wy on) 


e je 


(12) 


The moment I_ follows from lL, by the substi- 
tution of m by —m. We therefore do not have to 
investigate I_ separately, and correspondingly do 
not need the function g(-). 

We now expand all quantities in power series 
OL MO 


k= Ry + Ry + Re + Rs + Ra; 


ap Say) +a? +a for (el. -a,=—1; 


(13) 
bps by PO bP Oe, 


We have here written the terms needed to calculate 
the moment of inertia in the quadratic approxima- 
tion. All these terms are successively determined 
by the boundary conditions (7). 

The moment 1, can be written as the series 

Lp Oi Oe: G4) 

In summing over m, the terms I(- 1), 1(0) and 
(1) vanish. Thus, as could be expected! rhe ex- 
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pansion of the moment of inertia for closed shells 
begins with the quadratic term: 


(2 
k= uP 
m7 


After extensive calculations we obtain 


(15) 


= Vs e i 5 [(2l-— 1) (2+ 5) + 2X?) Bi (pun — qu)? 


+ >[F (BE-+ BY) (piv + giv) — BBrpwqe| (16) 


[2X? + (1 + 2er) be) }. 
Here 
ov = 14 fv (X) fie (X), bv =U +1) — X? + or — 815 


Pu = é; m|a|l’, m); gu = (l,m+ 1 |a| 2’, m + Li (17) 
Taking for qa the particular value 


and summing over m, we have 


1? = MRoxz 
(20 — 1) (24-45) ] 1 (1-44) (2+ 4) (21-45) 
x {g [1+ 2X2 » (1 — 1) (2i-+ 3p 


(1) 
a 


a raareeae ci reeiae lhe 


The moment of inertia of the whole nucleus equals 


I=g ix. 
Bx 


(2/— 1) 


(20) 


Here g=4 is the number of nucleons which can 
simultaneously occupy the state with given 1, X, 
and m. 

3. Table I lists the moments of inertia of several 
nuclei obtained by numerically summing (19), in 
terms of the hydrodynamic moment of inertia Thydr 
which is given in the began approximation by 


Tnyar = oy MAR ; ’ (21) 


here A is the atomic en of the nucleus. 

We see that in the considered range of A the 
ratio I/ Invdr is several times larger than unity. 
Thus the results obtained in references 1 to 3 do 
not occur in our case. 

Concerning the region of applicability of the 
quadratic approximation, we can make the follow- 
ing remarks. As was known earlier and confirmed 
in the present paper, the range of applicability of 
perturbation theory is rather small for states with 
angular momentum I~ 0. In this case the effec- 
tive expansion parameter turns out not to be Qs 
(whichis true for extremely large 1) but Xae, 


Be oe Leese fC | 


a 5s oe et 


eae 


et Sg m4 ey 


—— 
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180 184 


264 276 312 372 392 


T/T pyar 


10.5 | 8.8 | GS | 10.4 | 9.4 | 5.0 | 6.5 | 6 | 15.6 


where X=kjRy, and X*~ 100. Therefore the 
range of applicability of perturbation theory for 
the moment of inertia is determined, strictly 
speaking, by Xa, since the states with l= 0; 1; 
....give a large contribution. However, one can 
expect that the averaged value of the moment will 
be correct over a substantially larger range of Ql. 
This can be explained as follows. We divide all 
states into two groups, states with large 1 and 
states with small 7, where the latter contain the 
cases 1=0;1;.... Both groups will give approxi- 
mately equal but opposite contributions to the mo- 
ment of inertia, with an appreciable mutual can- 


cellation of terms containing the parameter (ax \e 
taking place. This cancellation, incidentally, turns 
out to be incomplete. This explains the obtained 
oscillations of the moment of inertia as a function 
of A. 


'D. Inglis, Phys. Rev. 96, 1059 (1954). 

?D. Inglis, Phys. Rev. 103, 1786 (1956). 

3. Bohr and B. Mottelson, Kgl. Dansk, Vidensk. 
Selsk. Mat.-Fys. Medd, 30, No. 1 (1955). 
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A general expression for the polarization of recoil nucleons appearing during the production 
of pions by photons has been obtained on the basis of the momentum and parity conservation 
laws. As an example, an expression is derived for the polarization in pion production in s, 


p, and d states. 


is Measurement of the polarization of the recoil 
nucleons that appear in photoproduction of mesons 
would help clarify, in principle, many important 
problems connected with the difference between 
the Fermi and Yang solutions, with the determina- 
tion of small phase shifts in meson-nucleon scat- 
tering, with the elimination of the Minami ambi- 
guity, etc. 

A theoretical study of the problems of polari- 
zation can be made, roughly speaking, in two ways. 
The first,! based on the use of the density matrix, 
leads to the most general expressions for polari- 
zation, a particular case of interest to us being 
the expression for the polarization P of recoil 
nuclei in meson photoproduction. The second 
method, which employs the phenomenological 


scattering S matrix,’ is simpler, albeit,more 
limited. An expression for P, was obtained by 
the last method in reference 3.* 

In the present work we should like to call at- 
tention to still another possibility of obtaining a 
general expression for P within the framework 
of the S matrix. Unlike the authors of reference 
3, we obtained a more general expression for P, 
in which summation over the spin projections of 
the initial particles leads to the Racah coefficient.{ 
The use of such a formula facilitates the calcula- 


*An expression for P, in the particular case when the 
mesons are produced only in the s and p states, is given by 
Fel’d* without proof. 

tNaturally, the expression we obtained for P is the same 
as obtained with the aid of the density matrix. 
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tions considerably, for tables are available for the 
coefficients that enter into the formula. By way 
of an example, we have calculated the expression 
for P in that case when the mesons are produced 
inthe s, p, and d states. If d-state meson 
production is disregarded, our expression for P 
goes into the corresponding expression of Fel’d.4 
2. We shall consider the reaction 


ytN—wN +7. (1) 


To simplify the calculations we assume that the 
incident photon moves along the z axis and that 
the nucleon is emitted in the xz plane. Then the 
non-vanishing nucleon polarization will be that 
along the y axis, i.e., we must find an expression 
for the following quantity 


P = (de, —ds_)/ (do, + ds_), (2) 


where do, and do_ are the differential cross 
sections for meson photoproduction, correspond- 
ing to the production of recoil nucleons with spins 
along and against the y axis. We calculate do, 
and do_ by the same method as used to derive an 
expression for the differential cross section for 
photoproduction (see for example reference 5 and 
the bibliography contained therein). The only dif- 
ference is that we do not sum over the finite nu- 
cleon spin projections, but calculate the cross sec- 
tions for the two spin projections separately, thus 
obtaining do, and do_. 

We shall perform the calculations in the center- 
of-mass system. The initial photon-nucleon sys- 
tem can be described in terms of the total angular 
momentum L of the incident photon, for the elec- 
tric and magnetic multiplicities p=0 or 1 re- 
spectively, and a nucleon spin I. The final meson- 
nucleon system will be described by a relative or- 
bital meson momentum Il’ and a total meson and 
nucleon spin s’, so that s’ = Yaa The probability 
of the transition from a photon-nucleon with total 
momentum J=L+1I into a nucleon-meson state 
having the same total momentum will be charac- 
terized by the matrix Shee LI* Then the amplitude 
of process (1), corresponding to the production of 
particles with definite values of each spin pro- 
jection, is written as follows:° 

pa ie Vs 


JLpv (3) 


1 JM JM J ff 
x (2L = 1) lkemP?Ciim; tm Crip’; s'mg SU's’; uy (9). 


P f Ley 
Yi" (9) Y#(9)=(—1Ip" 


n=|l—l’} 


y FEDerED 


Vi (AY FPRORTISIOYV 


Here m=+1 (two transverse photon polariza- 


, JM . 4 *~ 
tions ), Chm jam, are the Clebsch-Gordan coeffi 


cients, Yin (3) spherical functions, # the angle 
between the directions of motion of the photon and 
meson, and my, mg’, pw’ are the projections of 
I, s’ and I’. Here mg: = % corresponds to a 
recoil-nucleon spin directed along the z axis 
(let this state be described by the function @), 
and mg = —'/4 is directed along the negative 

z axis (this state is described by the function £). 
We are interested in the polarization of the recoil 
nucleons along the y axis, i.e., the relation be- 
tween the state of a nucleon with spins along the 
positive y axis (this state will be described by 
the function y) and the state of one with spins 
along the negative y axis (function 6). The 
functions @ and £8 are expressed in terms of 
the functions y and 6 as follows: 


a=(y+8/V2, B=—i(y—9)/V2. (4) 


Taking these relations into account, the expressions 


for the amplitudes f, and f_, for meson photo- 
production accompanied by production of recoil 
nucleons with spins along the positive and nega- 
tive y axis, are written 


fe = Sttte YE (on + 1yemeCh Mim Sige VE (8) 


USBET 
JLpl’ 
(5) 


JIM — pJM 
x [Cru F Crur}.—,)- 


The differential cross section averaged over the 
projections of the initial spins (m and my) will 
be of the form 


do. =z5 >) |faP dQ, 
IE nah (6) 


where k is the wave number of the photon. 

The expressions for do, and do_ contain 
terms with products of the Clebsch-Gordan co- 
efficients, both with equal signs of the projections 
m,, (denoted by a, and a_) and with different 
signs of m,, (i.e., b, and b_). It turns out 
that a, =a_=a and bial, 


ds4 = adQ + don, do_ = adQ — dog, (6’) 


where do, = b,dQ, 
Using the relation 


4r (2n + 1) Cho aw yee (9), (7) 
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we obtain 


: Se ees 
don = aes sy ee an toner 4 Va [(2L1 +1) (2Le +1) 


TalAD yt 
JoLopol,n 
, , 4 Yo : ‘ 
X (2h + 12 + 1) geez] “Im(S* (1) $2) SY (1m ech a, (8) 
mw iim y 
x C7eM: Gr, eee Ci C!s: My vi —ul (9) dO, 
LymIm 1 A0ts 0 Tul i= ui (Che! Noe Sle ye if tie ‘atl Cy eh n)¥ a al ) 


Inserting (6’) into (2) and bearing in mind that do, + do_=do, we find 
P = 2ds,/ds. (9) 


The quantity P can be sought with the aid of (8), but this leads to rather cumbersome computations. 
The calculations become much simpler if the summation in expression (8) is over the projections of the 
spins m,; and m. To perform this summation, we use the following relations:® 


Carbo Coxtpas = >) V (2e + 1) (2F + 1) Carpe ChEds W (abod; ef, (10) 


DiCHECE p26r—e-0 Chit ap = V Be +1) OF £1) Copa W (abed; ef), et 
& 


where W(abcd;ef) are the Racah coefficients (the Latin and Greek letters denote momenta and projec- 
tions of momenta respectively ). 
Using the symmetry properties of the Clebsch-Gordan coefficients together with relation (10) and (11) 


we get 
don = phy ibe tettinre fF [Ly + 1) (La + 1) (2 + 1) (her 
4 


on n 
x (24 $1) Ode) [FP] "CioreCiie W (LviLoles 3 2) nce 


x[W (> (oat di n) WI boy Fn n—sh)—W(z ln+5 Say n) W (lodi57 n+sJ2)| 


x Im { S*(1) S (2)} Yn71dQ. 


The summation is over J,J_L,Lopypol{2, and n. 


Using (12), and bearing (9) in mind, an expression 

can be found for P. Here it is necessary to em- Transition L J v 

ploy the tabulated numerical values of the Racah ; 

coefficients’ and of the Clebsch-Gordan coeffi- oe : eg : 

cients.® Mn ‘ a ae 
8. To illustrate the use of the formula obtained, ony 2 ae i 

let us find an expression for P for the case when ue 2 om ; 

the mesons are formed inthe s, p and d states. ae 3 Bij 9 

The transitions possible in this case are listed in 

the table. 


The letters in the first column denote the matrix elements of the corresponding transitions; E and M 
represent electric and magnetic transitions respectively (the first index is determined by the quantity L, 
and the second equals 2J). 

Taking these transitions into account, the expression for P becomes 

V3 oe 


} % 4 3 
p= $20 tm (Ex[—Mu— a Mas —g Ees) +(Z Eee Mes 


Ea be «1/3 ae 
—V 3M25 — V 6Ess) cos 9| peeve lé Mis + —— Exs) cos # 
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f V3 V3 3 * 
+(—> Bist = Mes oF oF X Mo; a V 2 XEs5)| + Mis psc 
+ V3(1 — 3cos? 3) Mog + V3(-1 +. = cos? 9) Mz, — roe XExs| 


“Pio [2 V 3(1 — 8 cos?) E13 — 6cos? 9M., — 5 cos’\Mog (13) 


= A a Ver 
+ 31/2 (—3 — cos*s) Ess| eR, |— eee ge ieee cost) Es] cos9 


+ Mss ie (15 + 6 cos?d) Ms, + ore (69 + 15cos*d) E35 cos 9} \ 
where X = (5 cos? 3 — ie 

If meson production in the d state is disregarded (i.e., putting E 43 = Mp3 = Mgs5 = E35 = 0), Eq. (13) 
goes into the corresponding expression obtained by Fel’d (reference 4).* 


1A. Simon, Phys. Rev. 92, 1050 (1953). 6G. Ia. Liubarskii, Teopua rpynn u ee npumenenna 
2 J. Blatt and V. E. Weiskopf, Theoretical Nu- B du3uKe (Group Theory and its Applications in 
clear Physics, N. Y., 1952. Physics), GITTL, M. 1957. 
> Hayakaw, Kawaguchi, and Minami, Progr. "Simon, VanderSluis, and Biedenharn, Oak Ridge 
Theoret. Phsy. 12, 355 (1953). National Laboratory report ORNL-1679. 
4B. T. Fel’d, Nuovo cimento 12, 425 (1954), 8A, Simon, Oak Ridge National Laboratory Re- 
oN. F. Nelipa, Usp. Fiz. Nauk (in press). port ORNL-1718 (1954). 
atk eae Ad Se, 9 Keck, Tollestrup, and Walker, Phys. Rev. 101, 
*It must be noted that the expression given in reference 9 1159 (1956). 
for P, follows from our expression if we make, in addition, 
the following substitutions: Translated by J. G. Adashko 
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The influence of elastic strains on the properties of the electron gas in a metal is considered. 
It is shown that if the metal contains electron groups with significantly different numbers of 
electrons, the de Haas —van Alphen effect is very sensitive to deformations of the metal. An 
explanation is offered for the oscillations of the thermodynamic quantities, which can be pro- 
duced, by changing the external pressure, in a metal placed in a constant magnetic field. 


ieee recent articles deal with experimental in- 


vestigations of the influence of elastic deformations 


(particularly uniform compression) in metals on 
the physical phenomena that are due to the charac- 
ter of the energy spectrum of the conduction elec- 
trons.'~* In the present work we shall study cer- 
tain effects in deformed metals, starting with a 
semi-phenomenological account of the influence 
of elastic deformations on the electron spectrum. 
1. Following Akhiezer et al.® we shall assume 
that the influence of elastic deformation on the law 
of electron dispersion can be taken into account 
in the form of a small addition to the electron en- 
ergy in the undeformed metal:* 


s* (p) = £0 (P) + Qin (P) Un, (1) 


where e@(p) and ee (p) are the energies of the 
electrons of group a@ in the deformed and unde- 
formed metal respectively,+ uj, is the deforma- 
tion tensor, and ot. (P) is a tensor function of 
the quasi-momentum p, characteristic for the 
given group. In writing (1) it is assumed that the 
inhomogeneity in the deformation field is small, 


*Since the electron energy e(p) in the metal is a periodic 


function of p with the period of the reciprocal lattice, the de- 


formation of a metal changes not only the form of the function 
e(p) itself, but also its period. In the case of electron trajec- 
tories in quasi-momentum space, located in one or several 
neighboring elementary cells of the reciprocal lattice, both 
these changes in e(p) can be described, in the case of small 


deformations, by formula (1). If, however, the electron trajectory 


covers a very large number of reciprocal-lattice cells, then a 
small change in the period of the deformation cannot be taken 


into account in the form of a small addition to the function e(p); 


however, we shall not be interested henceforth in such trajec- 


tories. 
+Hereinafter, zero in the subscript will denote the corre- 


sponding quality in the undeformed metal. 


ee 


i.e., that uj, changes substantially over distances 
that exceed considerably the average de-Broglie 
wavelength for the electron. Note that if uj, in 
(1) is taken to be the field of the sound wave, then 
the second term in (1) becomes the classical ana- 
logue of the electron-phonon interaction Hamilto- 
nian. Therefore the gj,(p) are connected with 
the effective cross sections for the absorption 
and emission of a phonon by an electron. 

Starting with (1), it is easy to calculate the 
spectral characteristics of the electron gas in 
a homogeneously-deformed metal: the number 
of states of anelectron of group a@ with ener- 
gies less than « is n%(e) and the total number 


of states is n(ce) = 2,n@(e). It turns out that 
a 
in an approximation linear in uj, we have 
n* (2) = nj (2) — winging’ (), 6 (2) = dng (c) / de, 


where g@ is the average value of g%(p) over 
the equal-energy surface ¢%(p) =e: 


a= $e / $F. 


(integration over the surface ¢§’(p) =€), and 
also 


fi (€) = Ny (2) — UinGinPo (2), 


Let us consider an electron gas in a homoge- 
neously-deformed metal of volume V at low tem- 
peratures (kT «K £, where ¢ is the chemical 
potential of the electron gas at T= 0°K), when 
the number of electrons per unit volume can be 
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considered equal to n(¢). From (2), and from 
the condition that the number of electrons is con- 
stant, 


Viel) = 7 oi, (Go) = Const 


we can then determine the change in the chemical 
potential 6¢, due to the deformation of the metal 


ary 
OL = —AXRpUin, Sip = 


where 6;, is the Kronecker symbol. 

Naturally, the coefficients aj, are determined 
in terms of the functions gj, for all electron 
groups. If the metal contains electron groups with 
substantially differing numbers of electrons then, 
generally speaking, aj, is determined essentially 
by the groups with large numbers of electrons i.e., 
Aix, ~ 8", where ¢8" is the chemical potential 
reckoned from the “bottom” of the energy band of 
the fundamental group of electrons. Assuming the 
usual value of ¢8° for metals, the order of mag- 
nitude of ajx can be estimated to be 1 ev. 

Since Qj, is a symmetrical tensor of second 
rank, the number of its independent components, 
meaning also the number of independent experi- 
mental measurements of 6¢ from which aj, can 
be established, is determined by the symmetry of 
the crystal. For example, for cubic metals aj, 
has one.independent component (Qj, = @6j,), and 
for uniaxial metals it has two independent compo- 
nents. 

In case of uniform hydrostatic compression at 
apressure p, Eq. (3) becomes 


(4a) 


we 5 
05 = ap, A= &&rSikil, 


where Si;jm is the tensor of the coefficients of 
elasticity of the metal (repeated indices are 
summed ). 

The value of the scalar coefficient a in (4) 
can be readily estimated from the following con- 
siderations. Were the examined “electron gas in 
the metal” a free gas, then at constant tempera- 
ture it would obey the relation 6£=v)6dp, where 
Vo is the volume per gas particle. For an electron 
gas in metal, this relation can be satisfied only in 
order of magnitude, i.e., a ~ vy. Considering that 
in a metal there is approximately one electron for 
each atom, we obtain, in order of magnitude, a ~ 
10°~"em*. This estimate, as expected, corre- 
sponds to the values of the coefficients aj, esti- 
mated above. 

In the case of uniaxial compression of a metal 
at a pressure p (for example, along the x; axis), 
formula (3) becomes even simpler: 


7 
Os = DssP; bsg = %ikSikgs- 


(4b) 
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Finally, we note that the change in the electron 
work function of the deformed metal follows from 
(3) and (4), As a result, a contact potential differ - 
ence arises between two specimens of the same 
metal, if one specimen is elastically deformed. 

2. Consider a metal having one or several 
groups with an anomalously small number of elec- 
trons. For such a group, cB « 8% (éP is the 
chemical potential, reckoned from the bottom of 
the B energy band). As is known, the presence 
of such a group of electrons leads to a very strong 
de Haas —van Alphen effect. Here the period of 
the corresponding oscillations due to a change in 
magnetic field H is determined by the extremal 
area SB (f2) of the intersection between the 
Fermi surface for the anomalously small group 
and the plane perpendicular to H.® In the de- 
formed metal, the area cut from the Fermi sur- 
face varies both because of change in the form 
of the equal-energy surfaces and because of the 
change in ¢. Taking account of both factors that 
influence the variation of Sy, we readily obtain 
from (1) the area of the central section of the 
Fermi surface after deformation. 


Sin (6°) = Sm (Go + 86) (1 + Bantecn); (5) > 
Here Bj, is a coefficient that takes into account 
the change in the form of the 6 -equal-energy sur- 
face. This coefficient depends on the orientation 
of the plane of intersection. If the intersection 


considered is fully contained in one cell or covers 
only several cells of the reciprocal lattice, then 


Bin = —2Qnmbpgin/ Sm, Inmg = dSm / dbo, 


where g*P is the average value of gf(p) along 
the trajectory which encloses the area 8° ( cB) 
in the quasi-momentum space. Generally speak- 
Ings) Pik mol. 

Since, in order of magnitude, 6¢ ~ uy", we 
can use in (5) 


aC /cP Swe (ce Ch): 


For anomalously small electron groups we 
usually have ¢8"/¢, ~ 10? to 103, and therefore 
for deformations uj, ~ 107 to 107° it turns out 
that 6g ~ &P , i.e., the change in the chemical 
potential is commensurate with cB . In this case 
it follows from Eq. (5) that 

(a) with varying H, the oscillation period 
changes, because of 6£, by an amount comparable 
with the period itself, in spite of the fact that the 
deformation, and hence the relative changes of 
the crystal-lattice constants, is small; 

(b) anisotropic changes in the period of the 
oscillation determined by the second term in the 
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curly brackets of (5) give a relatively small con- 
tribution to the total change in the period. 

‘This means that of the two indicated factors 
that influence the oscillations in a deformed metal, 
the change in the chemical potential of the elec- 
tron gas is the more significant. The change in 
the form of the 6 Fermi surface affects very 
little the oscillations due to the group of elec- 
trons. 

If the electron dispersion in the undeformed 
metal is not quadratic, then the effective mass 
m?, of the electron depends in general on the 
energy, and should therefore be considerably 
changed by the above deformations. This leads, 
in particular, to a considerable change in the 
temperature dependence of the amplitude of the 
oscillation that is determined by the quantity mp. 

A similar type of period variation and a sim- 
ilar temperature dependence of the deformation 
were observed for single crystals of zine by 
Dmitrenko, Verkin, and Lazarev,?? 

Let us note that simultaneous measurements 
of the changes in the oscillation periods, i.e., 
OSm, and of the effective mass of the electron 
m? in one form of deformation makes it possible 
to determine 6£, and consequently the coefficients 
a or b in (4). With several loads it is possible 
to determine the coefficient aj, in (3). In fact, 
we have 


8S5, = Qnm_ed6 = 2x [mp (So) -+ Srrg] dC, (6) 


where Omg is the average change in the electron 
mass due to the deformation. Relation (6), to- 
gether with (3) and (4), solves the above problem. 

If the coefficient a (or b) is known, it is 
possible to establish the energy dependence of Sea 
over a considerable range of energies, from the 
dependence of the period on p. This energy de- 
pendence makes it possible to establish the law 
of electron dispersion in the anomalously small 
group for a sufficiently large region of the Fermi 
boundary energy. 

Finally, since so (€) is a monotonic function 
of energy for closed equal-energy surfaces, then 
the following is true: 

(a) In the presence of anomalously small groups 
of carriers of opposite polarity, the corresponding 
periods will change upon deformation in different 
directions (increase for particles of one sign and 
diminish for those of the opposite sign). 

(b) Changing the sign of the pressure in uniaxial 
loading, as can be seen from (4b), leads to a change 
in the sign of 6S, for anomalously small groups 
(in the case of a quadratic dispersion law, the ef- 
fect should be symmetrical, accurate to terms 


BiKUjk )- 


A change in the sign of 636, was observed by 
Verkin and Dmitrenko upon reversal of the uni- 
axial loading of single crystals of zinc.’ 

3. Equation (5) leads also to an explanation of 
another possible oscillation effect, namely oscilla- 
tions of thermodynamic quantities in a constant 
magnetic field due to changes in the external load 
applied to the metal.* Actually, at low tempera- 
tures, oscillations produced in any thermodynamic 
quantity by the 8 group of electrons are deter- 
mined by a factor of the form® 


sin (cS%, (G,) /ehH +), (7) 


where ¢ is a certain practically-constant phase. 
A change of 27 in the argument of (7) corre- 
sponds to one period of oscillation. As can be seen 
from (5) and (7), this change can result, at constant 
H, from a change in ¢ due to the deformation of 
the metal. In the presence of an anomalously small 
group of electrons, it is easy to determine from 
(5) and (7) what change in chemical potential cor- 
responds to one period of oscillations: 


AC = QnenH | c (dS%,/d2) = ehH/mec = pol. (8) 


Naturally, (8) coincides With the distance between 
the electron energy levels in the magnetic field. 
Formula (8) becomes quite obvious in the case of 
a quadratic dispersion law, when the argument of 
(7) contains 2m, /ugh. 

In the case of uniform hydrostatic compression, 
the change in pressure p, corresponding to the 
oscillation period, is 


Ap = AC/a = well /a. (9a) 


In uniaxial compression along the x3 axis, the 
period of the pressure oscillations is determined 
by the formula 


Ap = pell/b. (9b) 


Formulas (8) and (9) show (a) that the period of 
oscillations due to changes in applied pressure p 
is proportional to the magnetic field H, and 
(b) that the anistropy of the period and its depend- 
ence on p are determined by the anistropy and 
pressure dependence of the effective mass m av- 
eraged over the period. 

Measurement of the oscillation periods due to a 
change in pressure in weak magnetic fields, when 
the energy period of A¢ = ugH is small, makes it 
possible to determine directly the effective mass 
of the electrons of anomalously small groups and 
its dependence on p (meaning also on the energy ). 

The possibility of experimental observation of 


*That such oscillations can be observed is suggested also 
by Alekseyevskiy, Brandt, and Kostina.4 
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the above oscillations is confirmed by the fact in 
references 2 and 8, at p= 1500 atmos, the change 
6g is comparable with ¢% for an anomalous group 
of electrons in zinc, while in weak fields usually 
Heh «K &g.* 

In conclusion, I use this opportunity to thank 
I. M. Lifshitz for counsel and discussions, and 
also B. I. Verkin and I. M. Dmitrenko for discus- 
sing the results of the work. 
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Processes that can compete with electromagnetic processes at high energies are considered. 
It is shown that these can be processes associated with four-fermion interactions. 


1. INTRODUCTION 


le has been shown in reference 1 that the appli- 
cation of the present method of renormalization 
in quantum electrodynamics leads to a difficulty 
in principle — to the vanishing of the renormalized 
charge. Although objections have been raised? 
against the unconditional cogency of the proof, 
nevertheless it seems to be quite convincingly 
demonstrated that there are difficulties in prin- 


ciple in the range of energies E defined by the 
condition @ In(E/mc*)~1 (a=e*/fic). The 
typical length corresponding to this energy, 
L~ (fi/mc)e737/@, lies far beyond the limit of 
the gravitational radius of the electron, as was 
first shown in reference 3. The limiting energy 
itself is enormously large (Ep) ~ meze37/@), 

It can therefore be expected that in actual fact 
the limits of the applicability of the present elec- 
trodynamics will show up considerably earlier, 
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for example through a possible change of the 

Space-time structure in regions of space and 
time that are small, but still markedly larger 
than 1. 

There is, however, another limitation on the 
meaningfulness of quantum electrodynamics, more 
accessible to theoretical analysis. 

Besides the purely electrodynamic interac- 
tions of photons, electrons, and positrons there 
occur processes involving mesons and nucleons. 
These processes can be brought about in a purely 


electrodynamic way, for example by the interaction 


of a photon with an electron. 

If it should turn out that the contribution of 
these nonelectromagnetic processes exceeds that 
of the electromagnetic processes, then we should 
lose the possibility of dealing with pure electro- 
dynamics without including other types of inter- 
actions in an essential way. In particular, begin- 
ning at a certain energy E,, it would become 
meaningless to think of an expansion in powers 
of e?/tic. 

We shall show that the weak four-fermion 
Fermi interaction can be a competing interaction 
of this kind. The validity of this interaction in the 
high-energy region has not been experimentally 
verified, and various theoretical doubts as to the 
applicability of this interaction for energies E > 
mc”? can be put forward. We shall, however, start 
from the assumption that this interaction can be 
used right up to very high energies, and we shall 
consider the consequences following from this 
assumption. 

A physical peculiarity of the pure fermion in- 
teractions is the fact that the matrix elements of 
these interactions do not fall off with increase of 
the energies of the fermions taking part in the 
process, whereas the matrix elements of proc- 
esses that involve bosons (photons, m mesons 
and K particles) decrease with increasing en- 
ergy of the bosons. The reason for this is that 
with increasing boson energy the boson field falls 
off like k7¥?: 


DM, = V i/2ke'**b, + conjugate, 
(here k is the momentum of the boson and by 
is the creation operator ofthe boson), whereas 


the fermion field remains constant with increas- 
ing energy of the fermion: 


dn ~ unei**an + conjugate, 


(u, is a spinor amplitude, and a, is the creation 
operator of the fermion). 

In what follows we shall show that because of 
this peculiarity of the fermion interactions they 


become important in electromagnetic processes 
considerably before the logarithmic limit E ~ 


meze3"/@ is reached. 


2. THE FERMION-ELECTROMAGNETIC INTER- 
ACTION 


Let us consider the process of interaction of a 
photon (k) with an electron (e) leading to the 
formation of a 4 meson () and two neutrinos 
G7 D): 


Pave es ieee y: (1) 


Such a process will be described by the interaction 
Lagrangian W: 


W=ewW.+ eWu + gWuev, (2) 


where eWe = (JeA) is the interaction of the elec- 
tron (Je is the electron current) with the electro- 
magnetic field (A is the vector potential ); ew, 
has the same meaning for the ~ meson. Finally, 
gWeyp is the four-fermion interaction of electron, 
4 meson, and neutrino; g= fic A? ~ 10° erg-cm? 
is the Fermi constant (Aj) = 6 x 107!" cm), and 


Weuy = (be01,) (P02) + conjugate 


Here Ye, by, py are the spinor fields of elec- 
trons, mesons, and neutrinos, respectively, 
and O, and O, are certain spinor operators. 
The total effective cross-section for the proc- 
ess (1) will be: 
Z p2dp, dQ 
o, = — \ | W a5 [? ne, ie (3) 


where Wa¢z is the matrix element of the interac- 
tion energy (2) for the process (1), Dp,, Dp are 
the momenta of the neutrino and antineutrino, and 
Eg is the energy of the final state. The structure 
of this matrix element is such that in the first 
nonvanishing approximation it is given by: 
(a@[W.lc)(C[Weylf) | (@lWeuy lee] Wulf 

Wor =e D Fao he EE. | 


(4) 


where Ej, is the energy of the initial state and Ee 
that of the intermediate state. In the center-of- 
mass system of the photon and electron Ey — Eg 
~ fick (k is the wave vector of the photon); 

(al Welc) ~ KY? (c|Wy| f) ~ k7'/2. Therefore 
| Wal? ~ e’gk™*. The weight factor in Eq. (3) is 
proportional to k®. Thus the total cross-section 
is 


oy, = aAGkF, (5) 
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where F is a factor of the order 1 which depends 
weakly on k.* 

In a similar way we can consider the process 
of collision of two electrons with simultaneous 
transformation into two mesons, 


ete’ +". (Le) 


The differential cross-section (in the center-of- 
mass system) for this process will be 


doy, = Aogip?F dQ, (6) 


where q is the momentum transfer and p is the 
initial momentum of the electron, measured in 
reciprocal-length units. 

On the other hand, the cross-sections for the 
purely electromagnetic processes are given by 
(a = e*/fic): 


ae dee ie, 
Da ore & 2 ar +) (7) 


for the Compton effect, 
A3ee = a (p?/q*) dQ (8) 


for the elastic collision of electrons, 


280 8a 4h? 
op = Se Te TE i Be = (9) 


2 
ky °C 


for pair production (here kg = mec/h), and 
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2 
ke 


4k? 
opie as ee (10) 
¢c 


for bremsstrahlung from electron collisions. 

A comparison of these cross-sections with 
those for the mixed processes (1) and (1’) shows 
that 


gee aaeton ke = ah: (11) 
Sur>sp for kSa'h(a/ Agkc)/ Ag; (12) 
dou, >deee for gSak/ Ag; (13) 
Cun > sy for g~ p> (a2/KM9)/Ao. - 


*These qualitative conclusions are confirmed by more de- 
tailed calculations carried out by Doctor M. Meier (Romania), 
to whom the writer expresses his thanks. 
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As can be seen from these inequalities, if the 
four-fermion interaction can be regarded as applic- 
able in the energy region k > 1/Ag, then the proc- 
esses with the production of neutrinos and » me- 
sons are more intense than the purely electromag- 
netic processes. For this the corresponding en- 
ergies of the photons or electrons in the center- 
of-mass system must be larger than hc/Ag ~ 2 | 
Bev. This is an enormous energy, but it is never- | 
theless much smaller than that from the logarith- | 
mic formula. | 

It must be noted that the production of pairs of 
nucleons and mesons will play a much smaller | 
role, since their production cross-section will be | 
smaller by a factor (m/M)* than that for the ; 
production of electron-positron pairs. 

Processes with production of neutrinos and 
boson mesons will also become important only 
at higher energy because of the above-mentioned 
difference in the behaviors of the matrix elements 
of bosons and fermions. 

Thus the fermion interaction may be the one 
which limits the range of applicability of electro- 
dynamics to dimensions larger than Ap. For 
smaller lengths, and consequently for energies 
larger than fic/Ag, there is no sense at all in 
studying electrodynamics without directing at- 
tention to processes with mesons and neutri- 
nos and to the Fermi constant g as well as e*/fic. 


‘ Landau, Abrikosov, and Khalatnikov, Dokl. 
Akad. Nauk SSSR 95, 1177 (1954). 

2N.N. Bogoliubov and D. V. Shirkov, Bsezenue B 
Te€OPHIO KBaHTOBaHHBIX HoteH (Introduction to the 
Theory of Quantized Fields), pp. 355-356. GITTL, 
Moscow, 1957. 

3M. A. Markov, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 17, 661 (1947). 
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The participation of fast neutrons with various angular momenta in the interaction with semi- 
transparent nuclei is studied within the framework of the complex square-well model for the 


nucleus. 


The exact expressicns for the partial cross sections are approximated with the help 


of special asymptotic formulas for the cylindrical functions which are valid throughout the 


momentum range of interest. 


This approximation allows a more precise determination of the 


participation of waves with angular momentum J ~ kR in neutron scattering and absorption 
processes as compared with the results obtained in the quasi-classical approximation. Cor- 
rections to the integral absorption and scattering cross sections are obtained, which are im- 


portant for high and low effective absorption. 


Iw many recent papers! on the scattering of 
particles from nuclei use is made of the model 

of a complex potential well. With this model it 

was possible to determine accurately the depend- 
ence of the cross section on energy in both the low- 
and high-energy regions. For small neutron ener- 
gies only the wave with low angular momenta par- 
ticipate in the interactions with the nucleus. In 

the calculation of the cross section one can there- 
fore sum directly over the partial cross sections. 

For high neutron energies many waves (with 
momenta 2 < kR), interact with the nucleus, and 
for the calculation of the cross section it is neces- 
sary to sum over the whole contributing interval 
of momenta, and to determine accurately the upper 
limit of this interval. In addition, the diffuseness 
of the nuclear boundary also affects the value of 
the cross section. 

Fernbach, Serber, and Taylor! regard the nu- 
cleus as a homogeneous sphere with a certain ab- 
sorption coefficient and a certain refraction index. 
Applying a quasi-classical method based on an 
optical analogy (in the following we shall call this 
the optical approximation) to this model, it was 
possible to fit satisfactorily the neutron scatter- 
ing experiments for energies of order 100 Mev: 
However, the differential scattering cross sec- 
tions came out incorrectly. As shown by Paster- 
nack and Snyder,° this discrepancy is for the most 
part due to the inaccuracy of the optical approxi- 
mation, and not due to the model. The optical 
approximation gives the true partial cross sec- 
tions only for waves with momenta 1% KR/ 22 'In 
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the region of momenta 1 < kR the values for the 
partial cross sections appear to be too low, and 
waves with momenta 1>kR—'% are not accounted 
for at all. 

Drozdov® obtained an expression for the ab- 
sorption cross section for fast neutrons, solving 
the Schrédinger equation approximately with the 
help of the semi-classical method of Petrashen’.® 
This paper improves on the results of the crude 
optical approximation, since the Petrashen’ 
method gives good accuracy in the region / < kR; 
however, Drozdov applies without justification the 
formulas thus obtained also in the region 1~ kR 
and cuts off the integration at the momentum ]= 
kR — ae arguing that only waves with momentum 
corresponding to an impact parameter smaller 
than the nuclear radius participate in scattering 
and absorption processes. 

Thus both methods!»? give a good approximation 
only for partial waves with momenta /<kR. The 
momentum region /~ kR is treated incorrectly, 
and in the calculation of the cross section the inte- 
gration is cut off at the momentum J=kR — ep 
It is therefore of interest to investigate in more 
detail the role of the momenta /~ kR in the in- 
teraction of neutrons with the nucleus, and to de- 
termine the behavior of the scattering and absorp- 
tion coefficients in this momentum region. This 
paper treats this question on the basis of the sim- 
pler model of a complex square potential well. 
This well, for which the Schrodinger equation can 
be solved exactly, permits an estimate of the ac- 
curacy of the results obtained. In addition, the 
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effect of the diffuseness of the nuclear boundary 
is excluded. 


1. REGION OF SMALL MOMENTA 


With the model of a square complex potential 
well it is appropriate not to start from an approx- 
imate solution of the Schrédinger equation, but to 
obtain the exact expressions for the scattering and 
absorption coefficients. In summing these we use 
more exact approximations, taking account of all 
waves participating in the interaction. 

If the interaction potential of the neutron-nucleus 
system has the form U(r)=—-V-iW for r=R 
and U(r)=0 for r>R, where R is the nuclear 
radius, the Schrédinger equation for the radial neu- 
tron wave function with momentum 7 and energy E 
can be solved exactly. The reflection coefficient 
has the form: 


XJ 14.1),(2) Jeo (x) — 2J;_1), (2) HYP), 1 (*) 
4 PCr 2 on) ay 
ale I—*}p I—|, 14 Ia 
x=kRR=V2MEVR/[t, z2z=V2M(E+V+IWY4R/[A, 
where m is the reduced mass of the neutron- 
nucleus system. 

In order to get from (1) expressions for the co- 
efficients of scattering, |1- Bales and absorption, 
1- IBy 12 which are convenient for inspection and 
for the integration over the whole contributing 
momentum interval, we have to use approximate 
formulas for the cylindrical functions. However, 
the usual formulas for 1«x and /~x are ap- 
plicable only in a rather narrow region of mo- 
menta: to those of order x’/? for small momenta, 
and to those below x'/3 for 1~x. Below we shall 
therefore use special formulas for the cylindrical 
functions in the region /<x (see reference 7), 
and the formulas of Fock® for the TeZOn Vax, 

In the region 7<x the asymptotic formulas 
used, e.g. for the Bessel functions, have the form: 


J, (vsec 8) = V sc [cos (v tan 8 — v8) + O(1/ytan8). 


The retention of only the first term in this expan- 
sion gives an error’ of order 1/3v tan; in the 
momentum region 7 < 3x/4 this error does not 
surpass 5%. This approximation gives for the re- 
flection coefficient the formula 


= exp (2i [V2 —TF hy —-VP UF PP 


ae 


which agrees with the result obtained by Drozdov.? 


2) 
+ (1 + 1/2) (cos™! ee = C0 


For high energies, where n=Imz<«x and 
£=Rez-—x <x, the phase at infinity 67, which 


is related to the reflection coefficient by B7 = e261, 
has the form: 

A ae Ty ae See (Nay ae ge 

& = + im) [1—-( z y--+( - yo] 


= (E+ in) VI=U 4 4A). 
In the optical approximation! 


8) = [(n— 1) x FiKR/2]V1—C +72)? /%*, (3) 


where K is the absorption coefficient, and n the 
refraction index. At high energies we have thus 
the following correspondence between the param- 
eters: 1 corresponds to KR/2, and é corre- 
sponds to (n-1)x. This enables us to compare 
the results of the optical approximation with ours. 
Since 7 depends not only on the imaginary part 
W of the potential, but also on the real part V, on 
the neutron energy, and on the mass of the nucleus, 
we Shall in the following call this parameter the 
“effective absorption.” Analogously, we shall call 
— the “effective refraction.” 


2. REGION OF INTERMEDIATE MOMENTA 


Of special interest is the momentum region 
l1~x. For an approximation of expression (1) in 
this momentum region we use the asymptotic for- 
mulas for the cylindrical functions of Fock.’ For 
example, for the Bessel function we have: 


heul= a(S) 
x {0() — a(S) be) +401 + 1. (4 


With the help of these formulas the reflection co- 
efficient takes the form 


_ xu (t) w*(t’) —20 (t’) w *(é) 


Derren ms Tee (5) 
where 
w(t) = Vr /dernls (— t)'e HY [?/,(—t)"] = w(t) + iv (E) 


w *(t) = u(t) aU (t), 
b= (+ %e—x)/(x/2)h, t= (L—"/yg — x) | (x / 2)", 
t= (U4 /,—2)/ (2/2), vo = (L—"Y2 — 2) / (2/2). 


In formula (5) we retain only the first terms of 
expansion (4). This TH eed a introduces an 
error of order |t|5/ LY 3; in the region 
of momenta |1—x|< x? this error does not 
Surpass 2%. i formula (2) gives a good ap- 
proximation for the reflection coefficient in the 
region 1 <x, while formula (5) applies to the 
region 1~x. Thus the whole contributing mo- 


‘ 
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mentum interval is covered. 

We calculate the scattering and absorption 
coefficients with the help of formula (5) and ex- 
pand the resulting expression in powers of (x/2)'/? 
We obtain: 


[ee eye eg ye 
|1 — 8B: (3? + 9) 5 (6) 
arte aC : 
ata cae a ane (7) 


In going from negative to positive values of the 
argument, the Airy function v(t) changes from 
an oscillating function to an exponentially decreas- 
ing function. Therefore the scattering and absorp- 
tion coefficients decrease rapidly after some char- 
acteristic value l)~x — ¥%. However, I) does 
not in general equal x — he for absorption coef- 
ficients with high effective absorption (n > (x/2)1/3) 
1, Sx —',, for those with low effective absorption 
(7 <«1)l<x —'%. It was found that the waves 
with momentum />x —- y, contribute significantly 
to the absorption cross Section for high effective 
absorption (see Fig. 1): their inclusion gives a 
correction of order 20% at relatively low energies 
(x ~ 10, 7 ~ 2). For small effective absorption 
(n <1) the partial cross sections begin to de- 
crease rapidly already for 1<x — ip (see Fig. 2), 
so that the approximations of references 2 and 3 
give these incorrectly in the region 7S x. Asa 
result, these approximations yield too high values 
for the cross section (of order 20% for x ~ 10). 
It was found that the region 1 >x — 4 contributes 


(20 M1) 
20 


0 2 4 6 ih tall fe t 
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FIG. 1. Partial absorption cross sections for the parameters 
x= 10, €= 1, 7 = 1.875; the solid curves are obtained with 
formulas (2) and (7), the dotted curve is obtained with the op- 
tical approximation (3). 


(abit) 
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FIG. 2. Partial absorption cross sections for the parameters 
x= 10, €=1, 7 = 0.05; the solid curves are obtained with 
formulas (2) and (7), the dotted curve is obtained with the op- 
tical approximation (3). 


nothing to the partial cross sections for all con- 
ceivable values of the effective absorption and re- 
fraction. A comparison is possible only with the 
optical approximation, since Drozdov? investigated 
only the absorption of neutrons. We shall show 
below that our results differ from those of the 
optical approximation only for small effective 
absorption and refraction. The optical approxi- 
mation gives somewhat larger values in this case. 


3. CROSS SECTIONS FOR SCATTERING AND 
ABSORPTION 


With the approximations obtained for the co- 
efficients of reflection, scattering, and absorption 
it is possible to calculate the cross sections by in- 
tegrating* over the whole momentum interval (sep- 
arately for 1=<1l) andfor l= 1). Integrating, 
we obtain: 


loo} 


age =| 204+) (1— id= fi+ —* +... 
ae ie Mar tres 


x {1 fel + nt +++] — 2e-™ [cos 26(1 + 2+ ---) 

+ sin 28(3 +--+) |} +E (0.011 — 0.044%, +--+}, 
(8) 

“= = (21 + 1) (1 — |B) al =[1+ efi i | (9) 


x {Ie [1 4+ J+ © 0.096 — 0.21 t+ -+-I) 


where ty is related to the characteristic l) by 
ty = (lo + */2 — %)/(%/ 2)", 


and is separately determined, for the scattering 
coefficient from the identification of the expres- 
sion |1—- |? in formulas (2) and (6), and for 
the absorption coefficient from the identification 
of the expression 1 — | $7|* in formulas (2) and 
(7). For example, for 7»«1 and <1, ft) is 
the same for the scattering and for the absorption, 
and has the form 


ty = 0.685 — 1.315 (x/2)" + 04/(%/2)"—---, (10) 
while, for large 7, ty for the absorption is 
fy = 050 0,650) 2) eee (11) 


For comparison with the results of the optical 
approximation and with the approximation of 
Drozdov, we consider formulas (8) and (9) for, 


*The relative error introduced by changing the summation 
over the partial scattering and absorption cross sections (to be 
performed in the calculation of the cross section) into an in- 
tegration is very small (~ x’) and can be neglected. 
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the cross sections, expressed in terms of the 
effective absorption 7 and the effective refrac- 
tion £, in the limiting cases. Depending on the 
relation between the neutron energy and the param- 
eters of the potential well the expressions for 7 
and é have the following form: 

OK Wi<e VW StS Vee 


eas 


y? Gi Sige ; 
=~ £(i-SS3* + ee 


for W< E.< V_ (oy? <x*<y"): 


RV wy f Ee Need = 
DY ee Woeay eis) ae oe ape eo 
(13) 
2mR2V E E \ 
=V 7B G-V¥ + 97 ) 
x x2 of 
rape oy 
=y(I-2 +35 is 
where 


y=V2mVER/k, C=W/V. 


For small effective absorption (n «1) we 
obtain from (9), (10), and (12):* 


1.86 1.48 
nal =9.79n(I-S +S) 
11) se oy see (14) 
ie ty? / 1.86 41.48 ; 
oe are leer ae Ie 


in the same case references 1 and 3 give, respec- 
tively: 


Cn RR” = 2,0/%;- oe tR* = 2.127; 


We see that the optical approximation and Drozdov’s 
results give too large values for the cross section 
(with a relative error of order —0.6x~'/ ie 

For large effective absorption (7 > (x/2 1/3) 
we obtain from (9), (11), and (13): 


5 we er a 

apr = 1 +166; — 0.63 Gaye + 

ae cy ee en aete 15 
ail 20.83 104 1b ; ‘an s¢ &(15) 


in references 1 and 2 og/mR?=1. The correction 
to the absorption cross section is in this case 
~1/x. 

As mentioned above, for the scattering cross 
section we are interested in the results for small 


*We emphasize in relation to formulas (14) to (16) that the 
inclusion of the region of intermediate momenta changes some- 
what the dependence of the cross sections on energy. 
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effective absorption and refraction (nKX1, €K1); , 
we find from (8), (10), and (12) (see footnote*): 

% 2 2(e + 7) ce 1.86, 0.865 — +) 
TR? 


x l2 xls. 


ji (16) 
yt : rman 1.86 0,865 Me 
=H ie 


x [2 Egierieee 
while reference 1 gives 
o5/TR? = 2 (2 + 7°). 
For a graphical illustration of the accuracy of 
the above calculations see Fig. 3. The points rep- 


resent the exact values of the absorption coeffi- 
cient for the parameters £=1, n=0.5, x =10; 


ie 


-\6, 
1 
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FIG. 3. Absorption coefficients for the parameters x = 10, 
€= 1, n = 0.5; the points denote the exact values, the solid 
curves are obtained with the formulas (2) and (5), the dotted 
curve is obtained with the approximate formula (7). 


the solid curve represents the values of the ab- 
sorption coefficient calculated with the approxi- 
mate formulas (2) in the region 1< x, and (5) in 
the region /~ x. In addition, in the region 1~x 
the dotted curve represents the absorption coeffi- 
cient calculated with formula (7), i.e., retaining 
only the first term in expansion (5). We see from 
Fig. 3 that the approximate values are close to 
the exact ones. Although in region 1 <x the ap- 
proximation gives only a smooth curve for the ab- 
sorption coefficient, the error in the calculation 
of the cross section is found to be insignificant. 
The absorption coefficients are integrated over 
the momenta (with weights 21+1). Estimates 
show that the accuracy of the cross section cal- 
culations is on the order of 1 or 2%; thus the cor- 
rections to the cross sections obtained with the 
optical approximation and by Drozdov are greater 
than the calculational error by an order of magni- 
tude. We note that our asymptotic expressions 
tally well (in the mean) in the region 1 < J, 

(see Fig. 3; in Figs. 1 and 2 the region of over- 
lapping of the asymptotic curves is not shown). 


CONCLUSION 


Let us estimate the neutron energies for which 
the above results are valid. We base our estimate 
of the upper limit on the assumption that the neu- 
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tron-nucleus interaction can be summarily de- 
scribed with the model of a complex potential only 
for energies corresponding to a wavelength of the 
same order or larger than the average distance 
between the nucleons in the nucleus. Then this 
limit is in the region of energies of order 100 Mev. 
In addition, the asymptotic formulas for the cylin- 
drical functions used in this paper are valid only 
for sufficiently large arguments (x «1). This 
limits the applicability of the above results at the 
low energy side. Our results refer thus to ener- 
gies of 20 to 200 Mev. 

We note further that for an accurate calculation 
of the cross sections in the framework of the com- 
plex potential well model one must, together with 
the effect of the intermediate momenta, also con- 
sider the effect of the diffuseness of the nuclear 
boundary. Both effects are included in the paper 
of Nemirovskii.t His numerical treatment of the 
formulas containing the cylindrical functions al- 
lows him to circumvent the difficulties connected 
with the approximation of these functions in the 
region of intermediate momenta. However, the 
great number of approximations in his paper 
makes it difficult to estimate the accuracy of 
his results. 

- The comparison of the results of the present 
paper with the results of Nemirovskii shows that 
the consideration of the diffuseness of the nuclear 
boundary always leads to an increase in the ab- 
sorption cross section, while the inclusion of the 
intermediate momenta leads to an increase in the 
cross section for large effective absorption, but 
to a decrease for small effective absorption. 
Hence, for neutron energies of order 100 Mev 
and small ¢ the two effects work in opposite 
directions. The increase of the cross section 
due to the diffuseness of the nuclear boundary 
(for diffuseness $ k7!)* is of order 10% (for 


*The comparison of the effects of the region of intermediate 
momenta and of the diffuseness of the nuclear boundary is made, 
difficult by the absence of experimental data on the diffuseness 
parameter for ES V. 


heavy nuclei). On the other hand, we have shown 
above that the decrease in the cross section due 
to the proper inclusion of the intermediate mo- 
menta for a nucleus with sharp boundary is of 
the same order of magnitude. As a result, the 
proper inclusion of the region of intermediate 
momenta for neutron energies of order 100 Mev 
is just as essential as the consideration of the 
effects of the diffuseness of the nuclear boundary. 
The authors express their gratitude to A. I. 
Akhiezer for a discussion of the results of this 
paper. 
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We derive an equation describing the behavior of superconductors in a high frequency field. 
With the aid of this equation the frequency and temperature dependence of the impedance of 


a bulk superconductor have been evaluated. 


As is, well known Bardeen, Cooper, and Schrieffer! 
have recently constructed a microscopic theory of 
superconductivity in which they succeeded in ex- 
plaining a whole number of properties of supercon- 
ductors. In particular, in that paper they consid- 
ered the behavior of superconductors in a constant 
weak field and obtained a new equation expressing 
the connection of the current with the field, replac- 
ing the equation of the phenomenological theory of 
F. and H. London. This equation turned out to be 
non-local; with its help the problem of the pene- 
tration of a weak static field into a bulk supercon- 
ductor was solved in reference 1 and the depend- 
ence of the penetration depth on the temperature 
was found. 

In the present paper we consider the behavior 
of a superconductor in a high frequency field. The 
calculation given below shows that in an alternat- 
ing field the character of the connection between 
the current and the vector potential changes, and 
depends in an essential way on the frequency. For 
non-zero temperatures or a sufficiently high fre- 
quency this equation, written down for the Fourier 
components of the current, contains imaginary com- 
ponents, which are connected with the absorption 
of radiation in the superconductor. The impedance 
of the bulk superconductor is determined with the 
aid of the equation obtained. 


1. THE EQUATION FOR THE CURRENT IN THE 
SUPERCONDUCTOR 


In the non-stationary problem under considera- 
tion, it is most convenient to start directly from 
the expression for the current operator in second 
quantization: 


I@M=—s FMOVI@-WHdH) a) 


—-— F(x) D(x) A(x) 
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The operators pr and D are here written down 
in the Heisenberg representation and depend on 
the field A. This dependence has the usual form 


d(x) = S7(t)d(x) § (0), (2) 


where ~(x) is the second quantization operator 
in the absence of the field, and S(t) the S-matrix 
satisfying the equation 


Ses 4 —~ (Via dx) 3 (). (3) 


The field A(x) is, as usual, assumed to be adi- 
abatically switched on at t= —. The value of 
the current in the superconductor at a given point 
and at a given instant can clearly be obtained by 
taking the average of the operator (1) over the 
Heisenberg state of the system coinciding with 
the state of the system in the absence of the field: 


i) =— Hvb— we —£ Gs, aww. 


In a weak field it is sufficient to perform the 
calculations up to terms linear in A. We can 
therefore in the second term at once put p= v; 
this is the usual “London” term 


—(e2N / mc) A (x). (4) 
In the first term it is necessary to expand the 


operators pb and pr according to (2) and (3) up 
to terms of the first order in A: 


Us 
b@)=9)—— | th), o@IA.W)dty — ) 
with a similar formula for y+. It is sufficient in 
turn to retain in formula (5) for j(y) only the 
first part of expression (1) 


fi) = -—sE(.- Ve) oe) oi | 6) 


Poin 
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After substituting (5) into (6) we obtain the term in ji (x) = <j, (x) > which is linear in the field: 
ao t 
gmie (Ve Ve) J (AY) (Vy— Vy)) <9* (yd (y) OF x") (2) — 8 (KO (A) HY) OY) dy. (7) 


—oco 


ji (x) = 


Here and henceforth the primed coordinates differ only in the space variables, which must be put equal 
after performing the differentiation. 


The evaluation of the averages of the products of the four ~ and %* operators in (7) can most con- 


veniently be performed by using the method developed by one of the authors in reference 2. These aver- 
ages are expressed in terms of pair averages: 


Gag (¥ — x’) = —i CT (pa (x) Op (x'))>s Fae (89 — x") = CT (bE (x) OF (x'))>s Fag (% — x’) = <T (Ya (2) U6 (#'))- 
The dependence of these quantities on the spinor indices is as follows: 
/ , / , / 0 4 
Gag (xX — x’) = bueG (x — x’); FD etre 0") =P gy ae) F(x—x 1, aie 
Performing the averaging in (7) we get 


oe Re x t x x 
jn (*) = pay (Pe— Be) | (AY) By — Pv) (IG (Y— 2) Gey) —F' — y') F(x Cc} dy. (8) 


OD 


Going over to Fourier components we find: 


(ea) OY Be | de |e ak, oD) 
TR) ag) 1 57 Os) ay a er 


The Fourier components of the functions G(x — x’) and F(x — x’) were found in reference 2. It is 
convenient to write them in the form 


eo den) on v3 (1 — np) un 
ae Sp iY ’ pp p p pp ; 
G(p, o) = o—e,+i8 ap ote, + id a o+e,—id o-—ey—i8 : 
9) 
1—n n 1—n n ( 
=e Pp = p or P a z, : 
F (p,0) = tite | soe ea ofe,+id afe,—id ! Seo 


where 
£2 A2: oe IT | al 
Up */s (1 Ep /®p); Up con "ls (1 Ep / &p); Ep ae) (p oan Po); oi) = Ve H S iy ( # 1) : 


The quantity A depends on the temperature in the way found in the paper by Bardeen et al. 
Substituting equations (9) into the expression for the current and integrating we find for the Fourier 


components of the current: 


UjUg U,02 ) 


202 
(Kc, !) oH aime \PP PCPA (k, 2) [ (ate — uses) (= ety Sun Onee = OSyhy 
(10) 


Uy Us UU e : 
x (1 — ny — Me) + (Uitte + 0102) (—*. SOR Ase ear mre 2) (ny —n,)|— = NA (k, w), 


when the aides corresponds to the momentum p+ 3k, and the index 2 to the momentum p —- ak. Sub- 
stituting into (7), assuming the vector A to lie in the surface plane of the specimen and performing the 


integration over y we get 


Eo 
i(k, «) Bea (k,.0) cos bsine 6 \ dé [(: se BREA) (ante -Ltanh op \(5e33 ae ess) 


32mc €1€2 


-, —E, 


(11) 


i 1 4 zt k, «). 
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In this expression we used the fact that terms con- 
taining one é give zero on integration. Indeed, we 
have 


bo =é+1/, vkcos G, (12) 
and the integrations over cos 6 and é are per- 
formed over a symmetric domain. The quantity 

&) determines the upper limit of integration over 


a 


2. PIPPARD’S LIMITING CASE 


Further evaluations are impossible to perform 
without more concrete assumptions about the mag- 
nitude of the parameters important for the prob- 
lem considered. Of the greatest importance for 
us is the fact that, apparently, the penetration 
depth of the field for the majority of supercon- 
ductars is much less than the quantity v/A, i.e., 
vk > A (See reference 1).* This inequality is 
violated only in the neighborhood of the transition 
point Tce, where the region with vk < A occurs. 
As was shown in reference 1, the basic domain of 
electrodynamics is founded upon the equation pro- 
posed earlier by Pippard.* We shall call this re- 
gion the Pippard region. In the second region the 
applicability of the London electrodynamics‘ is 
conserved (London region).f 

In the case of a variable field the London re- 


Q(e)—QO) = as = [(1 —eve2)( 


1 


1 2 


gion gets narrowed. This is clear, though, from 
the fact that a normal metal is a Pippard one, 
since A= 0 for it, whence follows that the Lon- 
don region cannot continue up to the transition 
point itself. Leaving a detailed analysis of this 
problem until the next section, we shall consider 
here how Eq. (11) simplifies in the Pippard region. 
We shall at the same time also assume vk > w. 
As we shall see in the following, this is always 
correct in the range of frequencies of most inter- 
est. 

Equation (11) can be transformed in the follow- 
ing way. In view of the fact that w only enters 
into denominators such as €;+€,+w+id, we 
can subtract from the coefficient for A(k, w) 
which we denote as —(3e2NA/4mevk) Q(w) its 
value in the’static case. The remainder will be 
the integral over & and cos @ where the impor- 
tant region of integration is the region § « vk, 
cos @ <1. We introduce now as new variables 
&, and é). If we put vk > T (this will be shown 
below) we can assume that the integrations over 
£, and & proceed independently with limits from 
—« to +o, Terms with the product £&,& will 
thus drop out of the integral. Apart from that, the 
factor sin? 6 can be replaced by unity. Finally 
we go over to the variables €,/A and ¢€,/A 
(denoting them againby ¢«, and €,). Asa result 
we get: 


tanh 4 + tanh a) ( : 


1 
2T QF ]\ a fe told +is- 


(13) 


ahs a oe 2,0 eA eA 4 E 1 2 
ee SON =Ez) (1 + e122) (tanh $4 tanh or) (geo ES + aay ae) |- 


To fix ideas we shall now assume w >0 and isolate the imaginary part from the integral (13). By 
means of slight transformations one can convince oneself that the real part of expression (13) is always 
of the same form as at T=0, but with A depending on the temperature. The final expression is of 


the form 


ew —eo=\ pal ya 


@/{A—1 


[( — ££.) ( 


a [e (a / A —e) — 1] [tanh( /2T — cA /2T) + tanh (eA / 27)] 


1 is 4 2 \ 
ate ta/A ' y+e—o/A ea 


~$0(5—1)"| 
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co 


V2—1V@/A—er—1 


(14) 


—in\ de [e (@ / A +e) +4] [tanh (w / 27 + eA / 2T) — tanh(eA / 27) 


1 


Ve—1V(e+o/Ap—t 


where 6(x) = (i ee 


*Strictly speaking, the strong inequality vk > A is not valid. But the applicability of the formulae obtained in this limiting 


case is provided by the insertion of significant numerical factors. 


tSuch a family of superconductors we shall cali Pippard superconductors. The opposite case (which can be called the Lon- 
don case) when the superconductor for w = 0, is described by the equations of F and H. London in the whole temperature range 


is, apparently, less common, and we shall not consider it. 
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One integration in the real part of Q(w) canbe performed. After this there remains 


Re [Q (o) — Q(0)] = J@/A) + J(—a/ A) — 29 (0), (15) 


where 


de [e(e + w/ A) +14] 


Ie) =| Ve—1VeE+a/AP—1 cosh (e+). 


1 


Although each of the integrals in (15) diverges, together they give a finite expression. 
J(—w/A) inthe region where 1>¢€ — w/A>0, we must replace 


and in the region where ¢« — w/A is negative we 
must take —arccos(w/A —€) or, respectively, 
am + sin™!(w/A —€). The limiting value of this 
expression in the region of small frequencies is 
of the form 


Re [Q (@) — Q (0)] = (Sn? / 12) (@/ A). (17) 
In the region w/A >1 we get 
Re [Q (@) — Q (0)] = 2In(20/A) — x. (18) 


An expression for Q(0) was found in Bardeen, 
Cooper, and Schrieffer’s paper.' It is of the form 


Q (0) = x? tanh(A/27). (19) 
The integration (16) can be carried out in the 
case w= 2A. In view of the fact that according 
to (14) the imaginary part of Q(w) is equal to 
zero for w< 2A, we get 
Q (2A) — Q(0) = 2n +2V34-4In(V3+ 1) 
a OF 


Hence it is clear that for T=0 the magnitude 
of the current, and consequently the penetration 


depth which is proportional to Q(w)'/? (see Sec. 4), 


changes little when the frequency is changed from 
0 to 2A; 


3 (2A) /8 (0) |p_, 0-93. 


The imaginary part of formula (13) depends in 
an essential way on the relations between A, w, 
and T. We consider first of all the case T= 0. 
Then there remains only the first term of the 
imaginary part in equation (14) (we shall call it 
the “pair” term) which is different from zero 
only for w > 2A. Physically this is completely 
clear. As is well known, the imaginary part of 
the current determines the absorption and in the 
absence of an excitation such an absorption can 
only take place thanks to the destruction of a pair. 
The quantity 2A determines the energy necessary 
for this, when the statistics are taken into account. 

Performing some simple transformations of 
the integral-we find 


(16) 


In the integral 


@ 
Im Q () = — 2n8 (5 = 1) 
Seat a ao nets (20) 
{[(@ / 2A + 2)? — 4] [(@ / 2A —)?— 1} * 


This integral can be reduced to an elliptical one. 
Near the threshold, i.e., for w/2A —1<«1 it has 
the form 


Im Q (w) = — 7? (w/ 2A —~ 1). (21) 


In the limiting case of large frequencies w >A 
it becomes equal to 


Im Q (#) = —nw/ A. (22) 


In the case of temperatures different from zero, 
of most interest are some limiting cases, as we 
shall see in the next section. 

(a) The case T~ w <A. Here, of course, only 
the second term of the imaginary part of Eq. (14) 
(which we shall call the “electron” term) will 
take part. Transforming it, we find 


Im Q(#) = — 4x sinh F Ky (sr) e~ Al , (23) 


where K)(x) is a Hankel function of an imaginary 
argument. In particular, we have for Txw<«<A 


Im Q (o) = — 2a VaT Joe", (24) 
andfor w<xT<«<A 
rg aye 
Im Q (w) = — 2n-- In ——e 7; (y= e¢ = 1.78). 
a rip Rae (25) 


(b) The case w «< T~A. Again only the elec- 
tron term takes part. By means of a series of 
transformations we find 


ew 2A 
Im Q(o)=—7 | 2-cosh 4 5p In2 Vs 


(26) 
@ A ® A 
Beet tenhi on) ele 
where the function P(x) is the integral 
> de cosh x€-cosh % : 
=\ eee 27 
ro) | —T (cosh x€ +1) (cosh x+ 1) ae 


1 
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The limiting values of this function are as follows: 


65-1 Po) =e sina, 
(28) 
x<1 P(x) =4xn-2 (3) = 0.485x. 


From expression (26) we find that for wx T<«<A 
the result coincides with (25) while for wx<xA<«<T 


Im Q() = —n0/A. (29) 


(c) The case w~A<T. Although the pair 
term in principle takes part in Im Q, its contri- 
bution turns out to be small. As to the electron 
term, we get from it again equation (29). 

(d) The case Txww-A. Here there are two 
possibilities. If w< 2A, only the electron term 
will take part which gives 


as But LA 
ImQ(«)=—2Vay p+te 7, 


In particular, Eq. (24) is obtained for Txw<«A. 
If w>2A, expression (30) is exponentially small 
compared to the contribution from the pair term 
(of course slightly away from the threshold). In 
view of the smallness of the temperature we can 
then use Eqs. (20) to (21). 

(e) The case A <« T~ w. Here both the pair 
term and the electron term take part to an equal 
degree. The calculation leads to the result 


(30) 


Im Q(#) = —x(-2 —2tanh sr)" (31) 
Although in this formula the second term is much 
smaller than the first one, we have retained it for 
a reason which will be given below. 

(f) The case T~ A <w. Here the most im- 
portant contribution is given by the pair term, and 
it is sufficient to consider only the main expression 
which is the same as Eq. (29). 

At the end of this section we must note that in 
all cases when w >A the real part of Q(w) is 
small compared to the imaginary part which is, 
independently of the temperature, equal to —7w/A. 
In this way the relation between the current and 
the vector potential is in the case w >A of the 
form 


j(k, o) = i (3xe?NVw/ 4mcvk) A(k, ©). (32) 


This relation does not contain A and is exactly 
the same as the one obtained from the theory of 
the anomalous skin effect in a normal metal. This 
result is natural. 

However, in the cases w >A we can not re- 
strict ourselves only to the main term. In order 
that the difference between the superconducting 
state and the normal state can be revealed, it is 


necessary to take into account also terms of the 
next order. Inthe case A<«< T~w these terms 
come both from the real and from the imaginary 
part of Q(w). Just for that reason was the main 
expression in Eq. (31) supplemented by a small 
term. In the last case T~A<w the main cor- 
rection gives only the real part of Q(w). 


3. THE LONDON REGION 


We shall now elucidate under what conditions 
the London region vk <A occurs. We shall not 
consider, as already stated, the possible, but ap- 
parently very uncommon, case when under static 
conditions the superconductor is a London one for 
the whole temperature range. 

As was already noted in the preceding section 
the London region can appear only near Tg. On 
the other hand near Tg the gap width A becomes 
very small and since for w >A the metal differs 
little from a normal conductor, the London region 
cannot extend to the critical temperature itself 
and in any case has an upper limit through the 
condition w <A. 

To find the more exact location of the London 
region we find first of all the connection between 
the current and the vector potential in the case 
A > vk. To do this we take into account the ear- 
lier noted fact that for the whole range of frequen- 
cies of interest we can assume w < vk and also 
that the London region occurs only in the immedi- 
ate neighborhood of Te, i.e., that we can assume 
that A <«<T. The necessary equation is obtained 
from Eq. (14). Only the integral with the differ- 
ence of the tangents is then essential and the 
last term in that equation. 

We find in that way 


5 _ ___&NA(k, a) A2 Sito) , 
j(k, o) = {a aes 


mc 


(33) 


where 


4 sinh xdx 7 (3) = 0.21. 


% cosh? x 4n? 


If we restrict ourselves to the real part of this 
relation, we obtain the equation of the Londons, 
where the expression within the braces plays the 
role of the ratio of the number of superconducting 
electrons Ng to the total number of electrons. 
The imaginary part corresponds to absorption. 
We note that this expression is obtained under the 
assumption w«<A<«< T and w «vk but the re- 
lation between vk and A and between vk and 
T can be arbitrary. This explains indeed also 
the fact that this expression coincides within a 
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small correction term with the corresponding 
equation for the Pippard case. 

As a criterion for the transition from the Pip- 
pard region to the London region one can take the 
equality of the coefficients of A in the expression 
for the current. For the Pippard case, assuming 
Ww <A <T, we find from (17), (19), and (29) 


3n2 A? So} ray 
Sie ap (34) 


i(k, ©) =—<TA(k, «){ 


We shall compare this formula with Eq. (33). We 
assume that the imaginary parts in both equations 
are small compared to the real parts. In that case 
the criterion coincides with the criterion for the 
static case. The London region occurs for 


vk < vk, = 3x7, | 80 = 17.77. (35) 


Assuming k ~ 1/6 where 6 is the penetration 
depth, one can show, using the well-known London 
equation for the penetration depth 67, = 
(mc?/4mNge”)'/? and Eq. (33), that this corre- 
sponds to the condition 


me? 


3 T 3le "Ne > 
(se) ( yaar) Te. 


From this inequality it follows that for instance 
for aluminium the London region occurs for 
ft =t1)/ it. ~4-x 10-, for tin for .(Te —T)/Te 

ea 10S 

. When the temperature is increased the real 
part in Eq. (33) becomes small compared to the 
imaginary part. But since in the latter case the 
superconductor differs little from a normal metal, 
we obtain necessarily the Pippard case (we re- 
member that the imaginary part in (33) refers to 
that case). In that way we can assume that the 
London region is bounded by the condition 


A< (36) 


uk “> vk, = (3n0/4a) (T/A)? (37) 


or, after substituting for the London penetration 
depth, 
3) laqq'le mc2 sy 


A > Gaye (ems) 7 


(38) 
Comparing Eqs. (34) and (35) we get the condi- 
tion for the occurrence of the London region 


Or4 mec? 3 
“(8a)8 ( Nez? ) Te. 
*Tin is in fact not a genuine Pippard metal and is on the 
boundary between the London and the Pippard situations, since 

for tin vk ~ vk, already at T=0. But since far from T¢ the 
temperature dependence and the penetration depth are very weak, 
essential departures from the Pippard equations occur only in 
the neighborhood of T¢. 


OZ Oe = (39) 
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Such a limitation can mean completely differ- 
ent frequencies for different substances. For al- 
uminium, for instance, this frequency corresponds 
to 2x10?T. or ~3%X10% sec. For tin it is 
equal to 0.5 Tg = 2 x 10!! sec™!, 

In view of the fact that of the greatest interest 
is the range of frequencies not too far from A (0) 
which for a Pippard metal is practically always 
beyond the limits of the region bounded by the in- 
equality (39) we shall in general not consider the 
London region. 

It is appropriate to note here also that apart 
from a limitation as to frequencies, the applicabil- 
ity of F. and H. London’s equations in the form 
(33) is also limited from the high temperature 
side by the condition that the dimensions of pairs, 
which is of the order of v/A, must be small com- 
pared to the mean free path. In the opposite case 
the constant coefficient occurring in F. and H. 
London’s equation can no longer be described by 
the first term within the brackets of Eq. (33). 
Since the mean free path can on the average be 
assumed to be of the order of 107-3 cm, and 
v/A (0) ~ 107* cm, the region of applicability 
of Eq. (33) is generally speaking small. As to 
the case v/A > 1, the electrodynamics for it 
has not been formulated and we shall not dis- 
cuss it. 

To conclude this section, we note that, as can 
be easily seen, for frequencies larger than We 
a direct estimate gives vk > Tce for the whole 
range of temperatures, including the neighborhood 
of Tce where the penetration depth is maximum. 
Such a relation between vk and T was essential 
for the conclusion reached in Sec. 2. 


4. THE IMPEDANCE 


The relation between j and A canbe substi- 
tuted into the Maxwell equations and one can obtain 
an expression for the dependence of the vector 
potential on the coordinates. 

In the Pippard case considered by us the corre- 
sponding calculations are not different from the 
static case 1. Assuming the reflection of the elec- 
trons from the surface to be diffuse, we get for 
the penetration depth: 


me { C Re A (0) 
B= ag Re \ Hd ne 
0 (40) 
V3 ( emo V's iif 
ane ( SSK) Re[Q()]”. 


The impedance is determined as follows: 
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ad re te eB) 
Z=R+ik = £00) [\ j= — SF 


4xiw A(0) _ ewes 


: mc*u Is 
ce? H (0) <r oe 3ne2NAQ (a) 


For complex Q(w) the value of the root is deter- 
mined as the analytical continuation of the real 
root for real Q(w). 

It is convenient to relate the magnitude of the 
impedance to the value of the active resistivity in 
the normal state which is equal to 


= V3 (mucin /3Ne?)? o/c? (42) 


Such an expression is obtained by substituting 
Q(w) =-—imw/A into (41) (see also reference 5). 
The ratio Z/Ry is determined by the equation 


Z (@)/ Rn= — 2i (nw / AQ ())". (43) 
For the case T=0 the frequency dependence 
of the impedance is obtained from Eqs. (48), (15), 
(19), and (20). 
In the case of non-zero temperatures we carry 
out an analysis of the temperature dependence of 
the impedance for different frequencies. 


(A) The case w «A(0) 


(1) For the lowest temperatures there occurs 
the region T«<w«<«<A. Then T becomes of the 
order of w and finally we go over to the region 
w<«<T<A. A description of that transition is 
given by Eqs. (19), (23). Substituting into (43) and 
taking into account that Re Q(w) > Im Q(w) we 
get 


i a (5 i. [ = sinh a Ko (sr) oe 


(2) When the temperature is raised further, we 
get into the range w «<A~T which then goes over 
into the range w <A <T. This transition is de- 
scribed by Eqs. (19) and (26). As long as 
A/T > w/A, the imaginary part of Q(w) will be 
small compared to the real part, as before, and 
we get in that way 


INU il. (44) 


- Exrrcrsoll Ea Saha TTY ee Ve 
oe 32% (coth = = 1)—=P (+) cothsx — i| ; 


(45) 
where P(A/T) is given by expression (27). 

(3) For still higher temperatures, A decreases 
so much that it becomes comparable with and then 
less than w. This region is described by Eqs. (19), 
(15), and (29); for w~A the real and imaginary 
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parts of Q(w) are of the same order of magni~ 
tude, and for w >A the real part of Q(w) turns 
out to be small compared to the imaginary part. In 
that limiting case the equation for the impedance 


is of the form 
Z () 1 A 20 9 
ieee se (zn +2) 


—iV3[i— = ae In +m). 


(B) The case w~ A(0) 


(46) 


(1) At low temperatures we have Txww~A. 
In this region one applies Eqs. (15), (19), and (30) 
in the case when w < 2A(0), or Eq. (20) if w > 
2A (0). In the first case the imaginary part of 
Q(w) will be small compared to the real part, 
and the expression for the impedance will be of 
the form 


where Re Q(w) is given by Eq. (15) with an addi- 
tional 7*. In the case w > 2A(0) the equations 
for the case T= 0 can be used. 

(2) When the temperature is raised we go over 
to the range w ~ A~T and finally we get into the 
range A < T~w. Here we can use equations (18) 
and (31). Inasfar as the real part of Q(w) is less 
than the imaginary part we can again use an expan- 
sion. As a result we find: 


Z () 
a = 
Re 2 V3 x 


asa 4\ 
las es 3V3 570 


*(2I +n? 4+ T= tanh ai 


le In 2 + x2? —Ie V3 Eel 


(48) 
It is interesting to note that when the temperature 
is lowered starting from Te, the real part of the 
impedance initially does not decrease, but slightly 
increases. 


(C) The case w >A(0) 


In this case only the relation between T and 
A changes, but w is all the time large compared 
with them. Here we apply Eqs. (18), (19), and (29). 
Taking into account again that the real part is 
small, we find: 


7 | ‘vax ee In? 4 a2(1 a) 
. (49) 


_iys ji *(21n n= + =*(1—tanh =). 


os 
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In view of the fact that a detailed comparison of 
the theory with experimental data requires large 
numerical calculations (first of all a tabulation of 
the functions (15) and (20), which at this moment 
has not yet been concluded) such a comparison 
will be given in a later paper. 

In conclusion the authors express their \deep 
gratitude to academician L. D. Landau for his in- 
terest in this paper. 
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PROTON-PROTON SCATTERING IN THE 
1D. STATE AT 616 Mev 


L. M. SOROKO 
Joint Institute for Nuclear Research 
Submitted to JETP editor March 28, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 276-277 
(July, 1958) 


De eas of m mesons in p-p collisions, 
which proceeds rather intensively beginning with 
proton energies of ~400 Mev, complicates sub- 
stantially the character of the elastic scattering. 
The connection between elastic and inelastic scat- 
tering is analyzed with the aid of the unitarity of 
the S matrix. In the region of proton energies 
of ~600 Mev, the initial ‘Ds state of the two pro- 
tons plays an essential role. 

If we consider only processes with the produc- 
tion of a single 7 meson, and also neglect d- 
states of the a meson, then the following proc- 
esses can go through the “IBS state: (1) elastic 
p-p scattering; (2) the transition 1D, = (3s,p de 
in the reaction p+p—d+ 7‘; (8) the transition 
'D, > (3S;p). inthe reaction p+p—-n+pitm'; 
(4) the transition *D, — (3P,s). in the reaction 
ptp-m+ptp. 

The probability of emission of m meson in an 
s state is rather low, since process (4) is negli- 
gible in the energy region considered. Then the 
S matrix for the initial ‘D, state (T=1; J =2; 
Il=+) can be written 


| 


where the suffix 1 denotes the p-p system, 2 
the (td) system, and 3 the (np) system. 
The values of |S,.|? and |S,3|? can be deter- 
mined using the results of references 1 and 2 and 
also of reference 3, For the energy Ep = 654 Mev 
we obtain |S, |? = 0.31 and |S,3|? = 0.41. Then, 
using one of the unitarity conditions | S,;|?"+ | S4» |? 


0 


Sn iSy_ 1Sj3 
=< iSyp Sox Sos 
— iSy3 Sx3 S33 
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Dependence of the squares of S-matrix elements on proton 
energy. O — results of reference 1. 


400 £,, Mev 


+|Si3;|2=1, we find | S,,|? = 0.28. In the figure 
we show the data for a wide range of Ep, from 
400 to 800 Mev. It can be seen from the graph that 
all three curves have the tendency to go through 
the same point at a proton energy of Ep = 616 Mev, 
which has the feature that the total energy of two 
colliding protons‘ in the center-of-mass system is 
equal to the resonance energy for meson-nucleon 
scattering, when account is taken of the m-meson 
rest mass. 

If we assume that this, in fact, occurs, then the 
remaining two unitarity relations give 


|Sool? = |Sag|23 |Sae|? + jSoal® = 2/3: 


These results can be used in carrying out phase- 
shift analyses of p-p scattering and scattering a 
mesons on deuterons. 

The author would like to express his gratitude 
to R. M. Ryndin for valuable advice. 


'M. G. Meshcheriakov and B. S. Neganov, Dokl. 
Akad. Nauk SSSR 100, 677 (1955). 

2 Akimov, Savchenko and Soroko, J. Exptl. 
Theoret. Phys. 35, 89 (1958), (this issue, p. 69). 

1S) Mandelstam, Proc. Roy. Soc. A244, 491 
(1958). 

* Meshcheriakov, Neganov, Soroko and Vzorov, 
Dokl. Akad. Nauk SSSR 99, 959 (1954). 


Translated by G. E. Brown 
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AN ESTIMATE OF THE ENERGY OF 
SHOWER-PRODUCING PARTICLES WITH 
ALLOWANCE FOR THEIR ENERGY 
SPECTRUM 


Zh. 8S. TAKIBAEV 


Institute of Nuclear Physics, Academy of 
Sciences, Kazakh S.S.R. 


Submitted to JETP editor January 23, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 277-279 
(July, 1958) 


‘line importance of accounting for the energy 
spectrum of shower-producing particles in esti- 
mating their energy from the angular distribution 
of the secondary particles has been stressed ina 
number of discussions.* One can account for the 
spectrum without recourse to any theory of mul- 
tiple-meson production. 

Let 6* and @ represent the angle of + meson 
emission in the c.m. and laboratory systems re- 
spectively. We have then 


Yc tan 8; = sin 6*/(cos 6* + 8,/8*), 


where £c/f* is the ratio of the velocity of the 
c.m.s. to the velocity of the meson in that system, 
and yo = (1 —- fc) '/*. Calculating hence y + 1 = 
oy, taking the logarithm and summing over all 
shower particles, we obtain 


; 4 = i 2 eles sin 6, 2 
nN Pes 19 Kigeeoyae 5 Pere Nn * 2 *- 
War) ie 2 tan, ie 2 cos 07 ++ 3,/3° 


Let us introduce the notation 
Z 


a 10, ’ u=In(y+ 1), 
sin@; |? 
Cl ah cos 0; + 8/8; 


Let us assume further that, corresponding to the 
assumptions of Castagnoli et al.,! the Uj are ran- 
dom quantities. We then have 


U; = x; —p = In (2/tan?6,) — In (y + 1). 


Let us first assume, for the sake of simplicity, 
that Bc/B=1. Let us assume, besides, that the 
mesons are emitted symmetrically in the c.m.s. 
This means that the angle @* occurs as often as 
does m7 —0*. We have then y+1=2 and the av- 
erage of Uj equals zero, i.e., the random Uj are 
distributed uniformly about a zero mean value. 

We have investigated, furthermore, the distri- 
bution of the experimentally measured values Vj 
=xj —x for a number of showers. The analysis 


shows that in a number of cases the distribution 
law of random Vj coincides to a satisfactory de- 
gree with the normal distribution law 


4 mins 
as Le Ase (%—x)? 
Vino exp {— Ve \, 


where o” is determined for each shower from 
the measurements of the angles of the shower 
particles with respect to the direction of the 
primary particle. Basically, a normal distribu- 
tion of the Vj is not a necessary condition. If 
we assume that x © wu, then Vi= Ui, which fully 
corresponds to the physical sense of Uj. 

The quantity x is itself random and subject 
to statistical fluctuations; in other words, it varies 
as the n measurements, on which it is based, are 
repeated. According to the theory of probability, 
x has anormal distribution for all n, witha 
mean value p anda standard deviation o’ =a/Vn. 
We shall call the quantity 


exp i fe—n "| 


2 (x) 


9 (x) a ZO) 


V dno’ 
the probability P(x/y) that an event x takes 
place after the event w(y). In other words, it 
represents the probability of observing x fora 
given value y of the energy of a shower-produc- 
ing particle. 

On the other hand, the spectrum of shower- 
producing particles is given by the expression 
P(5)=Ay2"". We calculate 


P (y/2) = P(y) P(x/y)/\ P (x) P&M) ay, 
and obtain from the condition dP (y/x) dy =0 
2.70 (y +1) =y[x—In(y+ 1)] 
or In(y-+ 1) = x — 2.70”. 


This means, for example, that the energy of a 
shower-producing particle, found equal to 5500 
Bev without accounting for the spectrum, must be 
reduced to 4500 Bev if o? * 1. 

We have assumed, in the above, that Bo/B = 1. 
It can be easily seen that this assumption is unnec- 
essary. It has been shown by several authors? 
that the introduction of the energy spectrum leads 
to a change of In(y+1)=I1n B’ +x. In conse- 
quence, in all previous formulae, one has to sub- 
stitute x for x +1n B’. The energy of the pri- 
mary particle is then found from the relation 


In(y-- 1) = x+1n B?—-2.7 o/s; 
the value of o is determined experimentally 


il = ' 
from the usual formula 0” ee (x= x). It is 
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then immaterial whether the distribution of x is 
normal or not. Such an estimate accounts for the 
energy spectrum BA. of shower-producing par- 
ticles, and for the energy spectrum of secondary 
shower particles (through the factor B). The 
factor B depends also on the angular distribution 
of shower particles. (cf. references 2 and 3). 

More detailed data on actual energies of pri- 
mary particles for individual showers and fluctu- 
ation curves will be given in a work devoted to the 
study of showers detected in emulsions at high al- 
titudes. 


*The necessity of this has been demonstrated by N. L. 
Grigorov. A number of important observations has been made 
by G. P. Zhdanov. 


‘ Castagnoli, Cortini, Franzinetti, Manfredini, 
and Moreno, Nuovo cimento.10, 1939 (1953). 

2w. Heisenberg, Kosmische Strahlung, Berlin- 
Gottingen-Heidelberg (1953).pp. 563-564. 

31. v. Lindern, Z. Naturforsch Ila, 5, 340 
(1956). 


Translated by H. Kasha 
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CONTRIBUTION TO THE THEORY OF THE 
POMERANCHUK EFFECT IN He®* 


D. G. SANIKIDZE 
Khar’ kov State University 
Submitted to JETP editor February 8, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 279-280 
(July, 1958) 


PotenaNenure predicted that the melting curve 
of He® would have a minimum on the p-T diagram, 
and that below this minimum the heat of melting 
would be negative. Since this effect has been ob- 
served experimentally,” it is interesting to exam- 
ine this problem by using the thermodynamic func- 
tions calculated on the basis of the Fermi-liquid 
model, as proposed by Landau.? Our purpose is 
to reconstruct the left branch of the melting curve 
from the experimentally-known portion of the curve 
above the minimum. 

The equation relating the two melting tempera- 
tures, for equal pressure, is of the form 


@'(p, T1) —®1(p, T2(p)) = O"(p, T;) —O"(p, T2(p)), 
(1) 
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where o1(p, T,) and oll p, T,) are the thermo- 
dynamic potentials below the minimum point for 
the liquid and solid phases respectively, and 

él (p, T,(p)) and oll (p, T,(p)) are the corre- 
sponding quantities above the minimum point. 

It is known that above 0.5°K the entropy of 
liquid He® is essentially of spin origin. On the 
other hand, the spin entropy should increase with 
increasing pressure, owing to the increase in the 
exchange interaction that contributes to the paral- 
lel orientation of the spins*»4 and competes with 
the Fermi tendency towards the anti-parallel spin 
arrangement. From the equality (0S/op)T = 
— ( 8V/aT )y we see that the coefficient of expan- 
sion is negative in that region of temperatures, in 
which (9S/dp)T > 0. Consequently, the density of 
liquid He? should have a maximum, as indeed was 
observed experimentally® (the temperature of the 
maximum is Ty) © 0.4°K). In view of the fact that 
the density of liquid He? has a maximum near the 
minimum point of the pT diagram, it is easy to 
show that the effect of the change, in volume can 
be neglected. Assuming that the coefficient of 
expansion of solid He® is of the same order of 
magnitude as that of He’, the change in volume 
can also be neglected in the solid phase. Equa- 
tion (1) dan then be replaced by 


EAT Vi Be a) 
2 
= PT, Vy ee Dyn Ve) oa 


where F(T, V) is the free energy. 


p, atmos 
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Using the results of Khalatnikov and Abrikosov,*‘ 
it is possible to calculate the free energy of liquid 
He® for two possible forms of the spectrum 


© (p) = p?/ 2m, ee 
© (p) = (p — py)? / 2m. (3b) 
The calculations yield, respectively 
FYE RT (— 2) oh ney (4a) 
FY= RT {= 2h fT in Ay, (4b) 


where 
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Q, cal/mole 


Os 


08 


I,=\. pee, Cele T, 
0 


In the solid phase, according to references 1 
and 2, the spin orientation begins at temperatures 
considerably below those of the liquid phase. Con- 
sequently, we can write for the free energy Fll = 
—RT In 2. The thermal portion of the free energy, 
proportional to RT ( T/®)?, we neglect since 
T<X<@®. 

Solving (2) graphically, we find the connection 
between T,; and T,(p). Knowing T,(p) from 
experiment,® it is possible to plot the p-T dia- 
gram (Fig. 1). In view of the fact that the entropy 
and specific heat of liquid He® are in better agree- 
ment with experiment for the spectrum (3b), the 
corresponding curve should fit better the transition 
from the liquid phase into the solid phase. As can 
be seen from Fig. 1, where the letters a and b 
correspond to spectra (3a) and (3b) respectively, 
the p-T diagram should have a minimum at 
T + 0.5°K and p & 30 atmos. 

The heat of melting is computedas Q=T(Sj7-Sg). 
Below 0.5°K the heat of melting is negative and 
reaches a maximum value at T © 0.25°K (Fig. 2).* 

In conclusion the author considers it his pleas- 
ant duty to thank Professor I. M. Lifshitz for sug- 
gesting the problem and for valuable advice. 


*In the calculation of Q, no account was taken of the 
dependence of the entropy on the pressure. 


1Ta, Pomeranchuk, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 20, 919 (1950). 

2G. Walters and W. Fairbank, Bull. Amer. Phys. 
Soc. 2, 183 41957). 

31. D. Landau, J. Exptl. Theoret. Phys. (U.S.S.R.) 
30, 1058 (1956), Soviet Phys. JETP 3, 920 (1956). 

47. M. Khaltnikov and A. A. Abrikosov, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 32, 915 (1957), Soviet 
Phys. JETP 5, 745 (1957). 

5D. M. Lee and H. A. Fairbank. The Fifth In- 


ternational Conference on Low Temperature Phys- 


ics and Chemistry, U. of Wis., Madison, 1957. 


§ Weinstock, Abraham, and Osborne, Phys. Rev. 
85, 158 (1952). 


Translated by J. G. Adashko 
40 
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‘Tue yield of secondary electrons in metals is 
small. This is explained by the interaction be- 
tween the secondary electrons that move in the 
substance and the conduction electrons. As a 
result of this interaction, many secondary elec- 
trons reach the surface with an energy less than 
the work function in vacuum. The loss of second- 
ary electrons in dielectrics and semiconductors 
should obviously be due to a different mechanism. 
As early as in 1939, Bruining and deBoer proposed 
that substances with high and low values of the sec- 
ondary-emission coefficient 6 have different ar- 
rangements of the energy bands. ! 

The electrons reflected after interaction in 
media, like the incident electrons, participate 
apparently in the formation of secondary electrons. 
If it is assumed that secondary electrons are pro- 
duced by the incident and reflected electrons via 
the same mechanism, then investigations on the 
energy losses of the reflected electrons can be 
generalized to include the incident electrons. 

Many investigations?~® have led to the conclu- 
sion that the discrete energy losses of the low- 
energy electrons incident on matter are due to 
the electron excitation by the crystal lattice and 
to their transition from the filled band to one of 
the allowed free bands located above the potential 
of vacuum. Such a loss mechanism is accompa- 
nied by the appearance of electrons with increased 
energies in media. Under favorable conditions, if 
the energy of an electron reaching the surface of 
the substance is greater than the work function, 
it can escape into the vacuum as a secondary elec- 


tron. 
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7 7 Tsub- 
_|stance 
1 


| Cad 100-500 l ' 
Ba0 | 100-400 | ' 48 
NaCl] 50 1 g 
KCL 40 a 8 


O62 48 8 f 2 4 6 I 20 22 f4ev 


It is interesting to compare the values of the 
discrete energy losses Vp- V_ with the values 
of the work function eg and with the maximum 
value of the secondary-emission coefficient Onax 
for a given substance. The table shows schemat- 
ically the discrete energy losses of the incident 
electrons, obtained in our laboratory for many 
substances,”’*~® and also the value of ey.’ The 
last column shows the values of dmax obtained 
with the same targets as used to determine the 
discrete energy losses. In the case of insulators, 
6 was measured with a balanced pulse curcuit de- 
veloped in our laboratory.* The table includes 
also data on the discrete energy losses for CaO 
and BaO, taken from the work of Rudberg,® and 
for NaCl and KCl, taken from the work of Shul’- 
man and Fridrikhov.? The work functions are 
represented by lines. In the absence of reliable 
data on the work function, the line is shown dotted. 
By comparing the relation between the values of 
Vp- Vk and eg with the value of day for 
various substances given in the table, we can 
separate these substances in three groups. 

1. Substances for which all values of the dis- 
crete-loss energies are greater than eg havea 
large secondary-electron yield. These include 
MgO, CaO, BaO, NaCl, and KCl. 

2. Substances for which the most intense dis- 
crete energy losses have values less than eg. 
These have a low yield of secondary electrons 
and include Ge and MoO). 

3. An intermediate group is characterized by 
the fact that, in addition to discrete losses with 
energy values greater than ey, there exists also 
a more or less intense loss with an energy value 
less than ey, occurring principally at low values 


of Vp. If the relative intensity of the discrete 
losses with energies less than eg is consider- 
able, then dmax is small (Cu,O). If the indi- 
cated intensity is insignificant compared with the 
intensity of the discrete losses with energies 
greater than ey, then O;,,x Can be compara- 
tively large (GeO, and BeO). 

The dependence of the yield of secondary elec- 
trons on the ratio of the values of Vp - Vk and 
ey, found for the above substances, can be ex- 
plained as follows. The secondary electrons pro- 
duced inside the substance can lose energy to ex- 
citation of the valence-band electrons only if their 
energy is not less than the minimum energy of the 
discrete losses. At lower values of the secondary- 
electron energy, the electrons can lose their en- 
ergy only to interaction with the lattice vibrations, 
giving up very small batches of energy, on the 
order of kT, in each collision. 

The secondary electrons produced in the sub- 
stances of the first group can cover a relatively 
large distance before their energy is reduced by 
phonon losses to a value less than ey. The sec- 
ondary-electron yield will therefore be greater 
for substances of this group and Omax occurs at 
large values of Vp (max): 

In substances of the second group, the second- 
ary emission is produced only because electrons 
in the valence bands receive from the primary 
electrons energies Vp -— Vx greater than eg. 
Since the intensity of such discrete losses is 
small, the number of corresponding secondary 
electrons is also small. In addition, the only 
electrons in this group capable of escape to the 
vacuum are those which have not had time to re- 
duce their energy to a value of less than ey and 
which obviously occur only relatively close to the 
surface of the target. Therefore dmax is small 
and Vp (max) Should be less than for the first 
group of substances. 

Everything said above concerning the second 
group of substances is correct also for the inter- 
mediate group. The only difference is that the 
number of secondary electrons occurring in the 
substance and having energies Vp- Vk >eg will 
be greater, and the probability of their losing en- 
ergy to the excitation of electrons from the va- 
lence band will be less. Consequently, the values 
of dmax can be greater for substances in the in- 
termediate group than for substances in the sec- 
ond group. 

We can thus conclude from the above compari- 
son of the experimental data that the inter-band 
transitions play a substantial role in secondary 
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emission in insulators and Semiconductors, and 
determine essentially the value of 6, 


*A. lu. Reitsakas, Diploma Thesis, 1957. 


H. Bruining and J. H. de Boer, Physica 6, 834 
(1939). 

*N. B. Gornyi, J. Exptl. Theoret. Phys. (U.S.S.RB.) 
27, 649 (1954). 

3. R. Shul’man and I. I. Farbshtein, Dokl. Akad. 
Nauk SSSR 104, 56 (1955). 

*N. B. Gornyi, J. Exptl. Theoret. Phys. (U.S.S.R.) 
31, 132 (1956), Soviet Phys. JETP 4, 131 (1957). 

oN: B. Gornyi and A. lu. Reitsakas, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 33, 571 (1957), Soviet 
Phys. JETP 6, 443 (1958). 

SN. B. Gornyi, Izv. Akad. Nauk SSSR, Ser. Fiz. 
(in press). 

"B.N. Tsarev, Konraxruaa pa3sHOCTbh NOTeHWMaIOB 
(Contact Potential Difference) GITTL, M. 1955. 

ok, Rudberg, Proc. Roy. Soc. A127, 111 (1930). 

9A. R. Shul’man and S. A. Fridrikhov, J. Tech. 
Phys. (U.S.S.R.) 25, 1344 (1955). 


Translated by J. G. Adashko 
41 


ON THE DAMPING OF ELECTROMAGNETIC 
WAVES IN A PLASMA SITUATED IN A MAG- 
NETIC FIELD 


K. N. STEPANOV 


Physico-Technical Institute, Academy of 
Sciences, Ukrainian S.S.R. 


Submitted to JETP editor April 11, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 283-284 
(July, 1958) 


Lie damping of high frequency electromagnetic 
waves in a completely ionized plasma is usually 
determined by the frequency of collisions between 
electrons and ions! vege = 2V 2m e'nyL/m¥? T¥?, 
where e is the charge, me the mass, ny the 
electron density, T the plasma temperature, and 
L the Coulomb logarithm. For high temperatures 
and low plasma densities, veff is small. Under 
these conditions it may turn out that the damping 
of electromagnetic waves y due to the existence 
of thermal motion of electrons is significant (this 
damping is similar to the well known? damping of 
longitudinal plasma oscillations. y increases 
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sharply when the frequency of the wave w be- 
comes close to the Larmor frequency wy of the 
electron or to a multiple of it (wy = eH)/mec, 

Hy is the intensity of the external magnetic field). 
Using the expressions obtained by Silenko and 
Stepanov? for the components of the dielectric per- 
mittivity tensor, we obtain for the damping coeffi- 
cient y=Ym for w*mwy, m=1, 2, 8,... the 

following expression: ) 


+ 21 +=) (1 —o—sin* Gn] 
x [(2 — 3u — 30 + 4uv cos? 6) n* + 
+ (4u + 8u — 2 — 6v? — 3uv — 3uv cos? 4) n? 


—u —v(3 — 6u 4 3u? — 2u)]t, 


(1) 


V en sink 27 0 (un 1) OP 


(32 
— 2a 
on eer wee (Bn)2"—8e°m 
gmt *lem! | cos 9 | wz, 


1 — mo;,/@ 
V26ncos® ’ 


2m = 


where n= kc/w, k is the propagation vector, 
6 is the angle between k and Hb), 


U = (@4/o)?, 0 = (Q/w)?, Q = (4xe?n,/m.)*", 


8 = uz/c, vr =(T/m,)"*. 
In deriving expression (1) it was assumed that 


kop <K On, Yn<K kur | cos 4 | , | 212 | Sa 
The frequency w is found from the equation 
(1 —u —v + uv cos? 6) n* — [2 (1 — v)? (2) 
+ u(v— 2) + uv cos? 4] n* + (1 —v) [1 —v)? —u] = 0. 


If it follows from (2) that w © wy, 2wH, with 
| Z1,2| ~ 1, then formula (1) is not valid for y,,.. 
In this case V1,2/W ~ Bn for values of @ which 
are not close to zero. However, the exact value 
of y1,2 for |z1,.| ~ 1 may only be obtained nu- 
merically. For thecase @=0, the resonance 
w = wy which occurs for the extraordinary wave 
has been investigated by Silin.* 

The damping (1) is determined by the interac- 
tion with the electromagnetic wave of those elec- 
trons, whose thermal velocity in the direction of 
Hy is close to (w — mwy)/k cos 8. For n>1 
formula (1) gives for ym the result obtained by 
Sitenko and Stepanov.? 

For large T and small np, Ym may be con- 
siderably larger than veff. For example, let 
No ~ 108cm=?, Hy ~ 20 gausses, n~ 1, then 
¥1,2/Veff ~ 10° for T~10°K. Far from reso- 
nance, y is exponentially small and is usually 
much less than Veff. 

In conclusion, I wish to express my sincere 
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gratitude to A. I. Akhiezer and la. B. Fainberg 
for discussing the results of this work. 
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sy two earlier works! we predicted a shift of the 
atomic spectrum of In! TIT as the result of nu- 
clear isomerism. 

This result can be generalized to include all 
odd nuclei, subject to the following assumptions: 
(1) In accordance with the shell model, the nuclear 
transitions are single-particle transitions. (2) In 
nuclei with optical protons, the shift is connected 
with the Coulomb interaction. In nuclei with op- 
tical neutrons the shift is due to the electron- 
neutron interaction. (3) In the first approxima- 
tion, the effect is expressed in terms of perturba- 
tion theory in the Rosental-Breit form.” The “un- 
perturbed” wave functions of the electron are cal- 
culated for uniform charge distribution over the 
nuclear volume. 

It can be shown that the absolute value of the 
shift is determined only by the difference in the 
nucleon distributions in the nucleus. Since the 
nuclear excitation is connected only with the 
change in the state of the optical nucleon, the 
effect is expressed, in the final analysis, by the 
difference between the mean-squared radii of the 
optical nucleons. This is an important property 
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of the phenomenon and determines its significance; 
it can yield new information on the outer shell of 
the nucleus and on the mechanism of nuclear ex- 
citation. 

The sign of the shift depends, on one hand, on 
the entire nuclear configuration and, on the other, 
on the quantum numbers of the two corresponding 
nuclear states. For a given configuration, the 
sign, in the case of the potential of a harmonic 
oscillator, is determined by the sign of the differ- 
ence N—N’, where N and N’ are the principal 
quantum numbers of the ground and excited states 
respectively. An analogous result is obtained for 
the quantum orbital number J in the case of a 
well with infinite walls. Incidentally, in the latter 
case the shift is proportional to the difference in 
the orbital momenta of the corresponding nuclear 
states and, thus, the measurement of the shift 
consists in principle of measuring these momenta. 

The theoretical value of the shift AE was cal- 
culated for two transitions, 1g9/—2p;/, and 
2d3/2 —lhy,/. (these transitions are characteris- 
tic of a large number of isomers with an optical 
proton). The shape of the well was found to have 
little effect on the result of the calculation, car- 
ried out with the aid of four potentials independent 
of the velocity (harmonic oscillator, rectangular 
well with infinite walls, and diffuse well of two 
types, given in references 3* and 4). 

For these transitions, in nuclei with odd Z 
and even N, the shift AE was found to be greater 
than 10-2 cm! for s electrons. This can appar- 
ently be observed experimentally. The Nilsson 
nonspherical potential leads in our case to prac- 


tically the same results as the harmonic oscillator. 


This is due to the degeneracy of the eigenfunctions 
of the harmonic oscillator, which were assumed in 
reference 5 as the basis vectors. 

In nuclei with even Z and odd N, the isomer 
excitation causes a change in the neutron distribu- 
tion, which in turn leads to a change in the energy 
of interaction between the electron and the neutron. 
Although here the theoretical order of magnitude 
of the shift is at the experimental limits of obser- 
vation (in Hg!*"II, for example, AE ~ 1074 em! 
for the transition 3p4/, — 1ij3/.), it would be par- 
ticularly important to be able to observe this ef- 
fect. Actually, we deal here in principle with a 
pure electron-neutron interaction (if we neglect 
the possible exchange effect), even in those par- 
ticular conditions when the neutron is bound.+ In 
those conditions, the effective mass of the nucleon 
in the nucleus is less than the mass of the free nu- 
cleon and the magnetic moment of the nucleon can 
also be expected to have another (greater) value 


4 


BETTERS TO\THE EDITOR 


in the nucleus than in the free state.® However, 
inasmuch as the magnetic moment of the neutron 

is due essentially to its interaction with the elec- 
tron,' the attraction between the electron and neu- 
tron will be stronger in the case of a bound neutron 
(let us note that this can increase the theoretical 
value of the shift, which we have calculated for the 
free neutron). 

An experimental observation of the isomer shift 
can lead to a new method of investigating the nu- 
clear structure and will permit checking assump- 
tions 1 and 2. At the present time, F. Bitter (pri- 
vate communication) is attempting to observe the 
isomer shift in Hg'*’ by means of double magnetic 
and optical resonance. 

The author is grateful to Academicians S. Titeica, 
H. Jussim and D. Bogdan for many valuable remarks 
and to Academician E. Bedereu and Professor Ia. A. 
Smorodinskii for interest in this work. 


*I am grateful to R. L. Lawson who was kind enough to 
supply me with the corresponding wave functions, calculated on 
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Ir was shown by Akhiezer and the author! that the 
sound absorption in ferromagnetic dielectrics, 
which is associated with the internal friction in a 
system of elementary excitations, phonons and 
spin waves, is, at low temperatures, principally 
determined by the spin waves and does not depend 
on the temperature. An external magnetic field 
changes the relaxation time in such a system and 
leads to a change in the temperature dependence 
of the sound-absorption coefficient. 

The relaxation times of spin waves and phonons 
are determined from the expressions 


1/m=ol/wt+ 1/2, t/y= Ifo? + 1/<), 


where 7(1) is the relaxation time of the spin waves 
and is connected with the interaction of the spin 
waves with spin waves; 7(2) is the relaxation time 
of the spin waves connected with phonon interaction; 
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the Berkeley differential analyzer (some of the functions were 
calculated specially for our problem). 


tIn the case of an isotopic shift, this effect is masked by 
the Coulomb interaction. 
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7!) is the relaxation time of the phonons relative 
to phonon interaction, while 72) is the relaxation 
time of the phonons relative to the spin-wave in- 
teraction. 

As was shown by Akhiezer,’ the following ele- 
mentary processes are of the greatest importance: 
the conversion of two spin waves into a single spin 
wave, the conversion of two phonons into a single 
phonon, and the scattering of spin waves by phonons. 

In the presence of an external magnetic field, the 
energy of the spin wave depends on the field and has 
the value €) + 26H, where €, is the energy of the 
spin wave in the absence of a magnetic field, H is 
the intensity of the magnetic field, 8 is the Bohr 
magneton. This dependence leads to a dependence 
of the relaxation times of phonons and spin waves 
on the magnetic field. Carrying out the calculation 
gone through in detail in reference 2, we can deter- 
mine the relaxation time in the presence of the 
field. In such a case, it is shown that the relaxa- 
tion time has a different form relative to the spin- 
spin interaction for the cases of large and small 
value of 2GH/KT (Kx is Boltzmann’s constant, 
2B/K ~ 107*): 


Oh / 8, \'le 26H =H 2 
Oe eE (Bey pa aes Jel See 
ier A eM a ere Tr ay 


Oh / 8, \'l2 28H\ H 02 
2 c c oN 
em i les) exp } age 10¢, T< a, 
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Here w =£?/a" is the energy of the magnetic in- 
teraction of two atoms, and a is the lattice con- 
stant. 

The relaxation times of the spin waves and 
phonons relative to interaction among the spin 
waves and among phonons do not change in the 
presence of an external magnetic field and have 
the form 


0\5/ @2 \*le 2 @2 
aoe Bay (et foe Te 
th => 4) aT. exp 40,7) ° f bis 0,’ 
O.\5 @E2 2 Q2 
(OY ps a ) (3) 0 if et eee 
Mega Ae NO Ort" exp {ie Ios 


@.\5 2 \5 
Ww 27 :) ( 9 ) A eye 
i RAC Ty 6,7 ; T<ZO; 


where p is the density of the material. 

As a result, it follows that for H/T « 10* and 
T « ©’/@g, the dissipation function and the sound 
absorption coefficient I are determined by the 
relaxation time 7); 


’ w+ 28H 
r= Ce? (Ag jt) mere ’ 

where u,;; is the change in the deformation tensor 

of the crystal, rij is some tensor, C is a con- 


stant, and w is the sound frequency. In this case, 
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hy a previous paper the authors considered a 
system of an ionic crystal and an F-center ina 
macroscopic approximation and obtained expres- 
sions for the energies of the ground and excited 
states of the system and for the parameters of 

the corresponding absorption bands. These ex- 
pressions depend, according to reference 1, on the 
sums q, = cos? Vo [ts and q) = cos? Onr7irys 
where @ is the angle between the displacement 
vector of the medium u and the wave vector k 
for the a -th branch of the elastic vibrations of 
the crystal a =1, 2,3); fq determines the angu- 
lar dependence in the dispersion law for the fre- 
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the magnetic field increases the sound absorption. 

For H/T >» 10! and T « ©?/@g, the spin-spin 
interaction has a small probability, and the princi- 
pal contribution to the distribution function is made 
by the interaction of the spin waves with the phonons. 
The absorption coefficient in this case is deter- 
mined by the time 7) and has the form 


TP = C’o? (Az,uzj) exp{O?/40,T }. 


In a sufficiently large magnetic field, the sound ab- 
sorption depends exponentially on the temperature 
and not on the field. 

In both cases, we can show that tp «7, for 
T « @?/@¢, and, consequently, the phonons play 
a small role in the sound absorption. 

The author thanks Prof. A. I. Akhiezer for dis- 
cussion of the problem. 


1a. 1. Akhiezer and L. A. Shishkin, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 35, Soviet Phys. JETP 8 
(in press). 
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quencies of the elastic vibrations Wyg:fg = 
wro/Ikl. 

In reference 1 we used for the evaluation of the 
sums q, and q, the results of a paper by Tolpygo? 
where the consideration was based on a microscopic 
approximation. It turned out, however, that it was 
possible to perform, in general form, a consistent 
macroscopic consideration for a large group of 
crystals for which the anisotropy was not too large 
(for crystals which did not satisfy this condition 
it was necessary to resort to numerical calcula- 
tions ). 

The quantities fg are, as is well known, the 
solutions of the characteristic determinant 


Here ea) ee BR i) i 2a re 
where 
v= (4—C) ne + C—x; A=2aya/(Arz29 + Daei9); 
C = Xyore/(Aqte2 + Ageia); 
x = pf? /(Arze2 + Agony); 


(1) 


AikIm re the elasticity moduli of a cubic crystal; 
nj a unit vector in the direction x, and p the 
crystal density. It is convenient to rewrite Eq. (1) 
in the form 


LETTERS TO 


x° + bx? +cxtd=0, (2) 
where 
eA OG), HOC (2 ="3C) 
(2a) 
+ 29 (C + Lo) + Lor?; 


d= — [(C?(C + 1)+7(C? + 2CL,) 
+ 9? (CLy + 3L,) + 4PLy); 


Ly = nen + nen? + nene; 


gg; Ly = nen?n2. 


Lea 33 


The quantity n=A—-—C-—1 canbe considered 
to be the “anisotropy parameter” (in the isotropic 
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case 7-0). Approximate solutions of Eq. (2) 
can be written as series in powers of 7. For 
many crystals retaining terms of the first order 
in 7 is already a good approximation: 

AgBr NaBr NaCl Ge Si MgO LiF 


0.22 —0.27 0.35 —0.46 —0.46 —0.46 —0.48. 


yy = 
In zeroth approximation the roots of Eq. (2) are 


(3) 


Looking for corrections in the first and the sec- 
ond approximation, we get 


eR ees Pa OtE 


3L 
m= C+ belt /i- Ts )r 
0 


(4L8 — L? — 8h oL1) // 1 —3L,L~? + (4L3 — L? — 91 Ly + 2L1) 


Using the equations of motion for the elastic 
vibrations of the lattice we get easily the expres- 


= 2 eee 
2bo ff 1—3LL-3 one es 
%=C+1+4+(1 — 219) 4 + (Lp —4L2 + 3L,) 94? 
ve I LAR GA ees) 
FASS Fi age aC) (1 ores ") 
= "hp yt 2bo | (6) 
ae (Ariz2 + Ar2i2) (C + 1) | [1 d(C) | j 


sions 
cos *6, = n2/(n? — y,)? 


+ Bn? — Ye)? + 102/(n2 ys)’. 


Substitution of (4) into (5) enables us to get final 
expressions for cos’ @. and after that to evaluate 
the sums q; and q). Restricting ourselves to 
linear terms in 7 we get 


(5) 


aes e? z 
3 Us. Cae 3 = (3z a. GC) hy al 


Use of (6) leads to final expressions for the quan- 
tities Jo, Ji, 04, 02, With the aid of which the re- 
quired energy levels are determined according to 
reference 1 and also the frequency of the corre- 
sponding absorption band and its half-width (in the 
limiting cases of high and low temperatures ). 


3 
eee OR GN 
Uo Zoe” 3 


se Toi(Gose 1)? (area + Arai). 


& (z + 0.39142c) 8 — 


28x (C + 1) (Arzee + Areie) 


437a%ue (C +1—0.6n)’ 


Os 
3e? gi U0 | ; 


(7) 


\ a? (27v? + 14u + 2) 


Bare e8 (9 (C 1) — 4190/7] ’ 


Jy (4) = 7 
Lo = 
J,18)= ee 
&1 
3 
tad “! (ai Gat ag) 
wee ae 183 (pe 
ee CG ha (olor Ca 


¥ = 7u3 — 2 Se +9 49 
We have used in these formulae the notation of 
reference 1. 

The approximation used above can also be used 
to consider the behavior of an electron of an im- 
purity center in homopolar crystals. 


1. F. Deigen and V. L. Vinetskii, J. Exptl. 
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Theoret. Phys. (U.S.S.R.) 32, 1382 (1957), Soviet 
Phys. JETP 5, 1125 (1957). 

2k, B. Tolpygo, Tp. Mu-ra cbusuxu AH YCCP 
(Trans. Phys. Inst. Acad. Sci. Ukrainian S.S.R.) 
6, 102 (1955). 
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THE 1t-MESONIC ATOM AND CORREC- 
TIONS TO THE DISPERSION RELATIONS 


V. A. MESHCHERIAKOV 
Moscow State University 
Submitted to JETP editor April 3, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 290 
(July, 1958) 


Recentiy there appeared a series of papers! 
devoted to various corrections to the dispersion 
relations. All those effects due to the mass dif- 
ference between the neutral and the charged me- 
sons and to the electromagnetic interaction proved 
to be too small to explain the Puppi-Stanghellini 
puzzle.” This consists in the fact that the disper- 
sion relations for the process 7 +p—~m7 +p 
agree with experiment with the choice of f=004 
for the coupling constant of the nucleon-meson 
interaction up to the resonance, whereas f? = 0.08 
after the resonance. Such a marked energy de- 
pendence of f* contradicts the results of other 
methods for the determination of f*, which give 
the value f? = 0.08 for the above energy region. 
The aim of this paper is to estimate the magnitude 
of the corrections due to the + mesonic atom. 

The appearance of a state with only a nucleon 
and a photon in the expansion of the antihermitian 
part of the scattering amplitude in terms of a com- 
plete system of functions does not fully account for 
the electromagnetic interaction. In the case of 
™ -p scattering we have to consider the 7 me- 
sonic atom. For this purpose the forward scatter- 
ing amplitude f_.(w) for the process m +p— 
™ +p has to be investigated more carefully. It 
can be represented as the sum of three terms: 

(1) the Rutherford amplitude, (2) a purely nuclear 
term, and (3) an interference term of the preced- 
ing two. The last term is small for energies of 
some 10 Mey, since it is proportional to a/n 

(q@ is the fine-structure constant, 7 = p/m,c). 
But in the dispersion relations it is important 

to know the scattering amplitude for small w 

— m,>0, in which case the interference term 
is not small. We note that the dispersion rela- 
tions are strictly proven? only for the nuclear 
part of the scattering amplitude. Therefore we 
have to regard the interference term as a cor- 
rection to the usual dispersion relations for the 
processes m+ p— 7+ p. 

The interference term contains poles corre- 
sponding to the bound states of the system 7, p. 
The correction to the dispersion relations due to 
these states is equal to 


Ds 6 2 
A ( =| a gpa m3 [== (4a? ++ a? + 4aya5) } 


ro a) 


x Daa + 9]. | 
where . D,. = Re fy (w), f9 = h/m,c, and the index 
b implies taking the value in the center-of-mass 
system. The sum arises from the inclusion of all 
bound states. These states are considered stable, 
the finite level width effecting only the terms 0(@). 
The quantities a;, a, are equal to a;/n, a3/n 
and are taken from the paper of Orear.* Numerical | 
calculations show that the correction coming from 
the ma mesonic atom is a small effect and accounts 
for only 4% of the deviation of the coupling con- 
stant f? in the region of 120 Mev. 

In conclusion I express my gratitude to D. V. 
Shirkov for helpful discussions and interest in 
this work. 


14. Agodi and M. Cini, Nuovo cimento 5, 1256 
(1957); 6, 686 (1957). Agodi, Cini, and Vitale, 
Phys. Rev. 107, 630 (1957). V. K. Fedianin, 

J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 1301 
(1957); Soviet Phys. JETP 6, 1001 (1958). 

Ce Puppi and A. Stanghellini, Nuovo cimento 
5, 1305 (1957). 

3N. N. Bogoliubov and D. V. Shirkov, 
Bsegxenue B TeopHtO KBaHTOBaHHBIX nosen (Intro- 
duction into the Quantum Theory of Fields), 
Gostekhizdat, M. 1957. 

4J. Orear, Phys. Rev. 96, 176 (1954). 
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EFFECT OF UNIAXIAL ELASTIC DEFOR- 
MATIONS ON THE MAGNETIC PROPER- 
TIES OF ZINC CRYSTALS AT LOW TEM- 
PERATURES 


B. I. VERKIN and I. M. DMITRENKO 


Physico-Technical Institute, Academy of 
Sciences, Ukrainian S.S.R. 


Submitted to JETP editor April 4, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 291-293 
(July, 1958) 


Untrorm compression of zinc crystal at an ap- 
proximate pressure of 700 kg/ cm? increases the 

period of oscillations of its magnetic susceptibil- 
ity by 40 to 50%, and reduces correspondingly the 
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number of mobile charge carriers in the anoma- TABLE I 

lously small group by more than 40%.! Thanks to ' 

the anisotropy of the compressibility of the zinc giipaien! ole a nue” PE aire pair e h 
crystal, uniform compression leads to a reduction “ File Our 8 | PAC Oey 

in the ratio c/a of the crystal axis and thus makes | 

its lattice structure closer to that corresponding to Peete ems slo ae ip ee aukerern, 
hexagonal dense sphere packing. 20/0.455| o.7s [a0/o.aes| | osab4 


We considered it important to investigate the 
influence of uniform elastic deformations of the 
lattice on the de Haas —van Alphen effect in zinc 
crystals, in order to establish above all the con- 
nection between the change in the number of 
charges in the anomalously small group and the 
sign of variation of c/a. 


We first investigated the anisotropy of the 
magnetic properties of the unloaded zinc crystal. 
The prestressed spring was then unloaded by ro- 
tating screw 1 and the zinc crystal was subjected 
respectively to either uniaxial compression or 
uniaxial tension along the hexagonal axis c. We 
a b then investigated, at the same crystal orientation 
in the field, the anisotropy of the magnetic prop- 
erties of the uniaxially deformed zinc. 

During the investigation the orientation of the 
zine crystals in the field was such that the axis 
of suspension of the spring and of the specimen 
was perpendicular to the hexagonal and binary 
axes of the crystal. The load does not exceed 
100 kg/cm? in uniaxial compression or 20 kg/cm? 
in uniaxial tension. 

The results of the measurement (the periods 
T of the oscillations of the susceptibility due to 
the small group of charges) are given in Table I 
(@ is the angle between the field vector H and 


ii” 


an 


FIG. 1. Clamping springs for the investigation of the aniso- 
tropy of magnetic properties of uniaxially elastically-deformed 
crystals. 


Figure 1 shows an instrument that produces 
elastic uniaxial compression or tension in zinc 
crystals at low temperatures. Special springs 
made of very pure beryllium bronze were cali- 
brated at low temperature. Having determined 
the elastic constant of such a spring it became 
possible to establish by means of screw 1, the 
fixed value of spring tension or compression re- 
quired to apply a specified load to the crystal. 
Crystals of the required size were pricked out 
of a large cylindrical zine crystal, freely grown 
in a vessel of pyrophyllite on a plate in which a 
temperature gradient was produced. One spalla- 
tion surface of one specimen investigated was 
glued to the smooth arm of the clamp spring, and 
the second surface was glued either to a small 


thimble 2 (for uniaxial tension of the crystal — ; cai Sy ay arene 
Fig. 1b) or to a knife edge 3 with a polished base FIG. 2. Curves of L,/H? (which is proportional to Ay= x, 
(for uniaxial compression of the Cry et ee: —X,) VS. 1/H for free and uniaxially-compressed zinc crystals; 
la). The clamping spring was attached together T= 4.2°K: A — free crystal ( p = 0); 0 — prior to loading, 
with the crystal to the suspension system of the + — after removal of load; B — uniaxially-compressed crystal 
usual instrument used to investigate the aniso- (p ~ 100 kg/cm*); C — n(1/H) for free and uniaxially-compressed 
tropy of magnetic properties.” crystal at 0 = 20 and 30 degrees. 
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| the principal axis of the crystal). 

In the graphs of Fig. 2, the influence of uni- 
axial elastic compression of the zinc crystals is 
illustrated by the shapes of the curves Ay(1/H). 
The same figure shows the straight line n(1/H), 
which determine the period of oscillation of sus- 
ceptibility of a free and compressed crystal at 
9 = 20 and 30°. 

The uniform compression of zinc crystals in 
the region 6 < 30° increases the period of sus- 
ceptibility oscillations by 4 to 5%. With increas- 
ing @, the oscillation period increases less, at 
6 = 70° it stays unchanged, and at @ = 80° the 
period of oscillation even diminishes somewhat 
(AT/T ~ 1%). 

Uniaxial tension of zinc crystals in the region 
6 = 30° decreases the period of the susceptibility 
oscillations by 2 or 3%. The amplitude of the sus- 
ceptibility oscillations diminishes several-fold in 
uniaxial elastic deformation of the crystal. After 


INFLUENCE OF MULTIPLE SCATTERING 


ON THE DEVELOPMENT OF HIGH-ENERGY 


ELECTRON-PHOTON CASCADES IN LEAD 


T. G. VOLKONSKAIA, I. P. IVANENKO, and 
G. A. TIMOFEEV 


Moscow State University 
Submitted to JETP editor April 8, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 293-294 
(July, 1958) 


Tae influence of the multiple scattering of elec- 
trons on atomic nuclei on the processes of brems- 
strahlung and pair production was investigated in 
recent years by several authors.'!~4 It was found 
that the cross-sections for the above processes 
for particle energies > 10!! ev are considerably 
different from the Bethe-Heitler cross sections.°® 
For an experimental test of the theoretical pre- 
dictions, it is necessary to recalculate the devel- 
opment of cascade showers using the new values 
of the cross-sections for the basic processes in 
the early stages of development. 

We carried out calculations of the longitudinal 
development, for two cascade units, of 154 show- 
ers initiated by 10! ev electrons, and of 40 show- 
ers initiated by an electron or a photon in lead, 
for four cascade units. The calculations were 
carried out by the Monte-Carlo method using the 
“Strela” electronic computer. The cross sections 


removing the load the period and the amplitude of © 
the oscillations return to their initial values. 

The investigations performed have thus shown 
that reducing c/a for elastic deformation of the 
crystal leads to an increase in the periods of the 
susceptibility oscillations, leading in turn to an 
increase in the number of charges in the anoma- 
lous group. On the contrary, an increase in c/a 
causes a reduction in the oscillation periods and 
a corresponding increase in the number of charges 
in this group. 


1 Dmitrenko, Verkin, and Lazarev, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 33, 287 (1957), Soviet 
Phys. JETP 6, 223 (1958). 

2D. Shenberg, J. Exptl. Theoret. Phys. (U.S.S.R.) 
8, 1271 (1938). | 
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for bremsstrahlung and pair production were taken 
from reference 4, accounting for the fact that the 
refraction index of the medium is different from 
unity. Ionization losses were neglected. 

The circles in the figure represent the mean 
energy spectrum of electrons at the depth of 0.5, 


A) 208 | log n(Ey, E) 


20 y p— 7 


15 / 
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i 
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Mean energy spectra of electrons at various depths. Solid 
curves are taken from referenee 5; circles represent calculations 
of the authors. The scale indicated refers to the curves for 
t= 0.5, 1.0, and 1.5. In order to obtain numerical values the 
ordinate of the first curve should be multiplied by 10°}, of the 
second — by 3 x 10°}, and of the third — by 1. The curve for 
t = 4 is represented in a logarithmic scale. The latter curve is 
calculated according to reference 5, since that given in refer- 
ence 4 is subject to a ~ 30% error. 
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Number of showers having N electrons with 


energy >E at depth t 
ea ee 


t= 0.5 tem 4.5 
E, ev E, ev 
N 

1029] 4-169 10° 4.108 102° | 4-409 10° | 4.108 
0) it 0) 0) 0 O—5 |103) 76 46 41 
4 |102} 94 84 83 6—10} 45) 57 49 44 
2 24) 23 14 9 11—15| 4) 418 35 29 
3 16) 24 38 41 16—20-| 4 ey 14 21 
4 7 6 4 6 21—25]| 0 4 6 14 
By 4 5 9 8 ||\26—30)| 0 0 3 0 
6 0 2 0 2 31— 35] 0 0 0 3 
7 OlipeO 4 4” || 3640) 0) 0 4 il 
8 oO; 0 1 0 
9 Oh -@ 0 0) 
10 0 0 0 1 


1.0, 1.5, and 4 cascade units, and the solid curves 
represent the spectra calculated using the usual 
values of the cross-sections.® It is evident that 
the energy spectrum calculated accounting for 
multiple scattering is different: there are more 
high-energy particles and less low-energy par- 
ticles (< 10? ev) present than in the usual spec- 
trum. 

The distribution of showers with respect to the 
number of particles with energy >E at two depths 
is given in the table. It can be seen that the fluc- 
tuations of N(> E), of the order of +0.7 N(>E), 
occur in about 30% of all cases at the depth of one 
cascade unit. Fluctuations of N( > E) in showers 
calculated using the usual values of the cross sec- 
tions are, evidently, of similar magnitude. Great 
statistical accuracy is, therefore, needed for a 
confirmation of the effects predicted in references 
1 to 4 by a measurement of the energy spectrum 
of electrons with energies 4 x 10° ev in showers 
initiated by 10'*-ey particles. 

The authors thank V. Ia. Pivkin for help in the 
reduction of data. 


1T,, D. Landau and I. Ia. Pomeranchuk, Dokl. 
Akad. Nauk SSSR 92, 535 (1953). 

21,, D. Landau and I. Ia. Pomeranchuk, Dokl. 
Akad. Nauk SSSR 92, 735 (1953). 

3M. L. Ter-Mikhaelian, Dokl. Akad. Nauk SSSR 
94, 1033 (1954). 


44. B. Migdal, J. Exptl. Theoret. Phys. (U.S.S.R.) 


32, 633 (1957), Soviet Phys. JETP 5, 527 (1957). 
°S. Z. Belen’kii, Jlasunnpre mpoueccsi B 
Kocmuy4eckux ayuax (Cascade Processes in Cosmic 
Rays) Gostekhizdat, 1948. 
6N. Arley, Proc. Roy. Soc. A168, 519 (1938). 
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INCREASE OF THE BAROMETRIC EFFECT 
WITH THE ENERGY OF EXTENSIVE AIR 
SHOWERS 


D. D. KRASIL’ NIKOV 
Yakutsk Branch, Academy of Sciences, U.S:S.R. 
Submitted to JETP editor April 9, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 295-296 
(July, 1958) 


‘Two series of observations of the time variations 
of extensive air showers frequency were carried 
out in 1954 through 1956 in Yakutsk, latitude 62°N 
longitude 129° E, elevation 100 m. The measure- 
ments covered a range of mean shower densities 
and arrays of self-quenching Geiger-Miiller count- 
ers were used. 


FIG. 1. Diagram of the VEN 
position of counter trays ye x 
under 60 g/cm? of matter. fl . is 
Effective counter tray ve ie 
area: o; = 0.1m’, 0; = 0.033 / Le \ 
2 / \ 
m”. / \ 


In the first series (Fig. 1), triple coincidences 
of counter trays of area o, and fourfold coinci- 
dences C3 and Cy, were recorded under 60 ¢/cem? 
of matter. In the second series (Fig. 2), the thick- 
ness was reduced to 2.5 g/cm? of a light substance. 
Six-fold coincidences Cg of counter trays of area 
0;, eight-fold coincidences Cg and, independently, 
coincidences C3 not accompanied by a six-fold 
coincidence were recorded in the second series 
besides the coincidences C3 and Cy, in the two 
independent arrays. 


[4]9 fal 

/ GR 
FIG. 2. Diagram of ip x ve 

the position of counter fs ‘gy iN 3 

trays under 2.5 g/cm’ iY y 


/ 
of matter. Effective v 
counter tray area: 0, 
= 0.1 m’, o, = 0.033 m’. 


A statistical analysis of the variation of the 
mean daily number of showers, correlated with 
the variations of the mean daily values of the 
temperature and pressure at the point of obser- 
vation, revealed a marked increase of the baro- 
metric coefficient with increasing mean particle 
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flux density p in the showers. The measured 
partial coefficients of the barometric effect, in 
percent per millibar of pressure variation, are 
given below for different densities p (particles/ 


=. Under Under 
: 60 g/cm? | 2.5 g/cm? 
As = G3 —G, 15 —().55+0.05 
Cs 26 |—0.68-40.07)—0.58-L0.04 
Gi 50 |—0.76-40.11 
Gi 53 —0.70-40.05 
CG 100 =O oc ONOe 


Assuming that p equals the particle flux den- 
sity in recorded showers at a certain distance 
from shower axis, and using the energy estimate 
given by Greisen,! it is possible to estimate the 
mean energy of the primary particles initiating 
the showers. We found that the energies are 
1x10 and 2x10 ev for coincidences C3; and 
Cg respectively. 

The observed increase of the barometric effect 
with energy can be explained on the lines of the 
theory proposed recently by Nikol’skii, Vavilov, 
and Batov.? 

The author would like to thank S. I. Nikol’skii 
for a discussion of the work and to N. N. Efimov, 
N. P. Emel’ianov, and T. F. Panfilova for help in 
reducing the data. 


1K. Greisen, Progr. in Cosmic Ray Physics 3, 
1-141 (1956). 

2 Nikol’skii, Vavilov, and Batov, Dokl. Akad. 
Nauk. SSSR 111, 71 (1956), Soviet Phys. “Doklady” 
1, 625 (1956). 


Translated by H. Kasha 
49 


A CONTRIBUTION TO NEUTRINO THEORY 


V. V. CHAVCHANIDZE and M. E. PEREL’? MAN 
Submitted to JETP editor December 24, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 296-297 
(July, 1958) 


We show in the present article that all the ex- 
perimental results which can be explained by a 
two-component neutrino theory! can also be ex- 
plained without introducing a longitudinal (asym- 
metric) neutrino. We suggest replacing this lon- 
gitudinal-neutrino assumption by the assumption 


that in B, , and m decays there is emitted a 
quantum mechanical mixture of two light neutral 
Dirac particles of opposite parity, each being the 
antiparticle of the other, and for this purpose we 
introduce a possible new particle-antiparticle con- 
jugation rule. 

We shall, for simplicity, consider only B de- 
cay, given by a Hamiltonian of the form 


Ho m2 Ci(‘pnOihp) ($eOi®). (1) 


Before the work of Lee and Yang” the symbol @ 
stood either for 7», or %p, which is equivalent 
to postulating the possibility of experimentally 
differentiating between v and vy. The possibility 
that a quantum mixture vy +v may be emitted 
was not considered, i.e., the number of leptons 
assumed to be conserved. In the two-component 
theory, however, we write 


D> O) = (1 Fy) W/V2 = (WH vh)/V2- (2) 


Let us write, to be specific, ~, =~ (the ex- 
plicit form for the solutions to the Dirac equation 
are given by Schiff;? we write everywhere E = 
E,=-E_). Then 


i een Os ee — p2/E 
0 0) 0 —!1 — (Px + ipy/E i(pr—Ft) 
eee = =| 0 0 0 | ae 
OR 0) yA \ 0) / 
—| 
0 ra 
p2/E elpr—Et) = = by (— 13) 


(px + ip, )/E 


Our hypothesis is equivalent to the assumption 
that 


Py (E) = $_(— E) = — yey (E) (3) 


behaves like the wave function of v, while 4, = 
~4(E) is the wave function of v. 

Usually the wave function of a particle and an 
antiparticle (such as, for instance, the electron 
and positron) are related by 


Pa == Ch” (—p). (4) 
This relation is necessary, and is the only possible 
one because in the negative-frequency equation 


[% -(p — eA) + Bm + eA, + E]p_ =0 


it is necessary, on going over to the antiparticle 
equation 


[a+ (p+ eA) + Bm —eA,—E] bn =0, 


to change the sign of both the energy and the charge. 
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Because of its zero mass, however, the neutrino 
does not participate in electromagnetic interactions, 
and therefore the transition from [a@-p + E] ~_(E) 
=0 to the anti-particle equation [@-p — E] vp(E) 
=0 is possible only with the aid of (3). 

It is not evident that (3) must be true also for 
the neutrino (see Gell-Mann and Pais‘). In par- 
ticular, the C matrix is necessary to interchange 
the large and small components of a bispinor so 
that the wave function of a real antiparticle will be 
different from zero even in the nonrelativistic limit. 
For a neutrino, however, such a matrix is not nec- 
essary. 

Thus assuming (3), we find that a Hamiltonian 
of the form of (1), where 


Di) = (by +5) /V 2 


[which is equivalent, from the analytic point of 
view, to (2)] gives the same cross sections for 
decay as does the two-component theory. In this 
way, the reason for the asymmetry in decay is 
not assumed due the properties of one of the par- 
ticles, but to nonconservation of the lepton charge 
nonconserving in the interaction itself. At the 
same time it is seen that only mixtures of the form 
v+v or v—v have a definite type of interaction* 
(which means that it is just these which are emit- 
ted in 8, uw, and m decays). The selectivity of 
the interaction lies in the choice of the phase fac- 
tor of the emitted mixture. 

We note that with our approach it is possible, 
though less preferable, to take mixtures of v and 
v with different statistical weights in the form 


@ = ah, + bbs, 50) 


which would correspond to the more general as- 
sumption? that 


D = (1 + dys) h- (7) 


It should be noted that the difference between the 
analytical expressions obtained from our approach 
and from the two-component theory will become 
evident if one finds “analyzers” (nuclei or par- 
ticles) capable of absorbing from a mixture those 
Dirac particles which in themselves conserve 
parity (compare with Pontecorvo®). According 
to Landau! such “analyzers” cannot exist, since 
the longitudinal neutrino will not reduce to any 
particle with other properties. 

In conclusion the authors consider it their duty 
to thank Professor V. I. Mamasakhlisov for valu- 
able discussion and intérest in the work. 


*The situation is then similar to that for neutral K mesons. 4 


*L. D. Landau, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 32, 405 (1957), Soviet Phys. JETP 5, 
336 (1957); T. D. Lee and C. N. Yang, Phys. Rev. 
105, 1671 (1957); A. Salam, Nuovo cimento 5, 299 
(LOS Tie 

2"T. D. Lee and C, N. Yang, Phys. Rev. 104, 254 
(1956). 

ey Schiff, Quantum Mechanics, McGraw-Hill, 
Niel sel 9oD ap? o15: 

*M. Gell-Mann and A. Pais, Phys. Rev. 97, 1387 
(1955). 

°B. M. Pontecorvo, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 34, 247 (1958), Soviet Phys. JETP 7, 172 
(1958). 
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THE STATISTICAL WEIGHTS OF K* AND 
K~ MESONS PRODUCED IN PION-NUCLEON 
COLLISIONS 


E. K. MIKHUL 
Joint Institute for Nuclear Research 
Submitted to JETP editor April 8, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 298-299 
(July, 1958) 


By projecting the isotopic space of the initial 
pion-nucleon system in the subspaces of the indi- 
vidual strange particles, we find the probability of 
production of one or more strange particles of par- 
ticular signs of charge. For the statistical weight 
of the particles produced, independent of the charge, 
we have used the data of reference 1. 

We furthermore take into account the fact that 
a number of pions may be produced together with 
the strange particles,” and also that isobaric states 
may exist.? 

In this way we have calculated the statistical 
weights on two sets of assumptions: those of 
Schwinger and Gell-Mann‘ about a global interac- 
tion of pions with baryons, which we denote by W;; 
and that in which it is assumed that the interaction 
of pions with K, A, 2, and © particles is much 
smaller than that with nucleons, which we denote 
by W2. 

In particular, for pions of energy 5 Bev we find 
the following values for the statistical weights on 
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the hypotheses stated; we compare these results 
with the experimental data: 


Experiment W , (theoretical) W (theoretical) 


0.399 % 
0.741% 


K-28 271.2% 
Ro .20:6:% 


3.341% 
0.655 % 


Since K™ (or KT) occurs only in the group 
KK, for which there is no essential difference be- 
tween the hypotheses stated above, we cannot ex- 
pect any difference between the corresponding 
values. For Kee however, which occurs also in 
the group KZ, we get a marked difference, since 
in this case there is a decided difference between 
the two hypotheses. 

As can be seen from the data given above, the 
hypothesis of Schwinger and Gell-Mann is in better 
agreement with experiment. 

The writer thanks V. S. Barashenkov for his 
constant interest in this work. 


1. S. Barashenkov and V. M. Maltsev, Acta 
Phys. Polon. 17, 177 (1958). 

2Y. Yeivin and A. de Shalit, Nuovo cimento 1, 
1146 (1955). 

3. S. Barashenkov and V. M. Barbashov, Suppl. 
Nuovo cimento 7, 19 (1958). 

4M. Gell-Mann, Phys. Rev. 106, 1296 (1957). 

» Besson, Crussard, Fouche, Hennessy, Kayas, 
Parikh, and Trilling, Nuovo cimento 6, 1168 (1957). 
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REFLECTION OF ELECTRONS FROM A 
HIGH-FREQUENCY POTENTIAL BARRIER 


M. A. MILLER 
Gor’ kiy State University 
Submitted to JETP editor April 9, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 299-300 
(July, 1958) 

if the works of Gaponov and the author? it was 
shown that the nonrelativistic motion of a charged 
particle in a high-frequency electromagnetic field 
is determined by the time-averaged distribution 
of the high-frequency potential ® = (n/2w)*|E|?, 
where 7 is the charge-to-mass ratio, E the field 
strength, and w the angular frequency of the field. 
In particular, the average trajectory of the motion 


is found directly from the energy integral 
1/, r2 + M(r) = const. (1) 


The simplest experimental test of these conclu- 
sions involves studying the reflection of particles 
from high-frequency potential barriers. Let the 
barrier be given by the function ®(z), which has 
a maximum at the point z= z,. Then a particle 
flying toward the barrier with a speed Zz (v=v2]71V) 
will, as can be seen from (1), be reflected from it 
if the condition 


JE jx, > 20VV/| 9). (2) 


is fulfilled. 

The experiment was conducted with a continu- 
ously evacuated electron tube comprising a rec- 
tangular resonator (2.9x1.3x10cm), excited 
through a narrow inductive “window” and tuned to 
resonance by a special vacuum piston (wave mode 
TEs, resonant frequency w = 5.8 x 10"° sec."'). 
Cylindrical pipes (0.97 cm in diameter) were 
soldered from the outside into the two wide walls 
of the resonator in such a way that their axis would 
go through the antinode of the field E. Since only 
exponentially decreasing waves were excited inside 
the cylinders, the distribution of the potential © 
along their axis had the shape of a potential barrier 
with a maximum in the center of the resonator and 
zero points deep inside the cylindrical pipes. In 
one of the pipes we placed a two-electrode electron 
gun, and in the second a disc-shaped collector. To 
prevent dispersion of the electrons, a weak-focus- 
ing magnetic field (on the order of 40 oersteds ) 
was superimposed. The absence of high frequency 
fields near the surface of the electrodes eliminated 
the detected current due to phase sorting of the 
electrons. 

The resonator was excited by high-frequency 
pulses of 107° sec duration. The height of the bar- 
rier was measured by the value of the positive 
compensating voltage pulse applied to the electron- 
gun anode, i.e., by the value of the minimal speed 
of electrons necessary to overcome the barrier. 
The results are presented in the figure. The power 
P (in kilowatts) fed into the resonator is plotted 
on the abscissa and the height of the barrier V 
(in volts) is plotted on the ordinate. The dotted 
line in the same figure is calculated from formula 
(2), taking into account the configuration of the 
fields in the resonator and its Q factor. The dis- 
crepancies do not exceed the error limits of the 
measurements. 

The experiment was conducted at relatively 
low power levels, although, in principle, peak 
powers up to 10° w may be fed into such systems, 
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i.e. barriers up to 104 v may be realized. How- 
ever, in experiments with reflection of fast par- 
ticles, it should be taken into account that the time 
of motion of the particles along the slope of the 
barrier should comprise a sufficiently large num- 
ber of high-frequency cycles, or else the potential 
picture itself would lose its sense and the particle 
could jump the barrier at favorable phases (some 
kind of “tunnel effect” ) even though its velocity 
satisfies condition (2). 

Boot and Harvie? described an experiment to 
demonstrate the presence of a potential barrier 
in a multicavity magnetron. The electrons that 
appear close to the anode block as a result of ioni- 
zation (high-frequency discharge ) roll down the 
slope of the barrier to the cold cathode. This ef- 
fect was detected by the appearance of current in 
the external circuit and by cathode heating caused 
by electron bombardment. Experiments with mag- 
netrons conducted by us previously have shown 
that for unambiguous interpretation of the effect 
it is necessary to remove the electrodes from the 
high frequency field, i.e., to avoid a sharp slope 
of the potential distribution in the whole interac- 
tion space. 

The author is very grateful to B. G. Eremin, 
E. V. Zagriadski, V. A. Lopyrev, S. B. Mochenev 
and V. A. Fliagin who took part in the construction 
of the tubes and in the experiment. 


14. V. Gaponov and M. A. Miller, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 34, 242 (1958), Soviet 
Phys. JETP 7, 168 (1958). 

2M. A. Miller, Hs3s. Betem. orkous1 Mun-sa 


BbIcIU. O6paszos., PagnodbusuKa (Bull. Higher School 
of Ministr. of Higher Educ., Radiophysics )(in press). 


3H. Boot and R. Harvie, Nature No. 4596, 1187 
(1957). 
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NUCLEAR MAGNETIC RESONANCE SHIFT 
IN MOLYBDENUM 


S. I. AKSENOV 


P. N. Lebedev Physics Institute, Academy of 
Sciences, U.S.S.R. 


Submitted to JETP editor April 14, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 300-301 
(July, 1958) 


We have investigated the shift of the nuclear 
magnetic resonance, due to the paramagnetism of 
the conduction electrons (Knight shift )! in metal- 
lic molybdenum. The spectrometer was similar 
to the one used before.” An electromagnet with 

a pole diameter of 300 mm and a gap of 42 mm 
made possible work in fields up to 14,000 gausses, 
stabilized with deuteron resonance as reference. 
The frequency was measured with a type 528 
wavemeter. 

In order to avoid the influence of skin-effect 
on the resonance line,? we worked with a powder 
prepared by filing a molybdenum sheet and sifting 
the filings through a sieve of 150 mesh. The 
molybdenum content in the sheet was not less than 
99.9%, and the paramagnetic impurities not more 
than 0.008%. To relieve the internal stresses, the 
powder was annealed at 1250°C for two hours in a 
vacuum of 107+ Hg. 

Resonance caused by both odd isotopes of 
molybdenum was observed in the powder thus ob- 
tained. The amplitude ratio of the resonance lines 
of Mo* and Mo*’ was 3:1, whereas the isotope- 
content ratio was only 1.5:1. An even bigger dif- 
ference was obtained in the unannealed metal, 
where the Mo®” line was not observed at all, al- 
though the Mo” resonance exceeded the noise 
level by 5 to 6 times. The Mo” signal in the 
powder immediately after filing was nearly one 
order lower than in the annealed one. All this 
points to a strong effect of the interaction between 
the nuclear quadrupole moments and the gradient 
of the electrical field, an interaction due to the 
disturbance of the lattice structure. The quadru- 
pole interaction was noticed to be greater for Mo™, 
This agrees with the data of W. G. Proctor 
F. C. Yu on nuclear magnetic resonance of mo- 
lybdenum in an aqueous solution of K,MoO,.* 

Bloembergen and Rowland® showed that a shift 
of the resonance lines becomes possible at a 
quadrupole interaction big enough for second- 
order quadrupole effects to appear. The shifted 
line should be asymmetrical. For molybdenum, 
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comparison of the amplitudes of the resonance 
lines of Mo” and Mo* with the ones expected, 
taking into account the sensitivity of the measur- 
ing apparatus, shows that, at least for Mo*’, the 
weakening of the line is caused to a considerable 
extent by second-order quadrupole effects. At 
the same time, both resonances in the annealed 
molybdenum are symmetrical and, in spite of a 
noticeably different influence of the quadrupole 
interaction, they have approximately the same 
width. This brings us to the conclusion that the 
observed part of the resonances corresponds to 
nuclei weakly exposed to the influence of quadru- 
pole effects. Because of the sharp dependence of 
second-order quadrupole effects on the distance, 
the resonance caused by other nuclei closer to 
points of structural disturbances becomes so 
blurred as to be unobservable.’ The effect of 
quadrupole interaction on the shift in molybde- 
num can tfus be neglected. 

The Knight shift was measured relative to the 
resonances of Mo® and Mo®” in an aqueous solu- 
tion of K,MoQ,, i.e., with an accuracy up to the 
value of the chemical shift in this compound. From 
a series of successive measurements with metal- 
lic and nonmetallic samples in a field of 12600 
gausses, we obtained the following values of the shift 


FH (Mo®) = (0.582-0.005)%, 


AH (Mot) = (0.686-0.005) %. 


Analogous results were obtained in a field of 8300 
gausses. 

The fact that the same shift was obtained for 
both isotopes at two values of the field also proves 
the assumption that the influence of the quadrupole 
interaction upon the shift can be neglected. 


‘w. D. Knight, Solid State Physics, II, N. Y. 
(1956) p 93-136. 

2S. I. Aksenov and K. V. Vladimirskii, Dokl. 
Akad. Nauk SSSR 96, 37 (1954). 

3N. Bloembergen, J. Appl. Phys., 23, 1383 
(1952). A. C. Chapman et al., Proc. Phys. Soc., 
B70, 345, 448 (1957). 

4W.G. Proctor and F. C. Yu, Phys. Rev., 81, 
20 (1951). 

oN. Bloembergen and T. J. Rowland, Acta 
Metallurgica, 1, 731 (1953). N. Bloembergen, 
Report of the Conference on Defects in Crystalline 
Solids, Bristol (1954) p 1-32. 
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STIMULATED R.F. AMPLIFIER WORKING 
ON HYPERFINE LEVELS OF PARAMAG- 
NETIC ATOMS 


K. A. VALIEV and Sh. Sh. BASHKIROV 
Kazan’ Pedagogical Institute 
Submitted to JETP editor April 15, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 302-303 
(July, 1958) 


‘Tae idea of using a paramagnetic crystal as an 
active element (substance) in stimulated micro- 
wave amplifiers was expressed by Bloembergen.! 
Such an amplifier was realized with crystals of 
salts containing Gd°* ions, by using the dipole 
transitions between the energy levels of the elec- 
tron spins of paramagnetic Gd’* ions.? In the 
work of Itoh? it was shown that diamagnetic crys- 
tals, containing atoms with substantial quadrupole 
splitting of nuclear spin levels, can be employed 
in amplifiers at low frequencies (10° cps). Abra- 
gam and others‘ have pointed out the possibility of 
the appearance of a stimulated radiation in transi- 
tions between thé energy levels of proton spins in 
liquid solutions of paramagnetic ions. We would 
like to call attention to the possibility of obtaining 
amplification of signals in the frequency range of 
108 to 10° cps by employing transitions between hy- 
perfine levels of paramagnetic ions. 

As an example let us consider crystals of salts 
containing bivalent ions of the CuS4 isotope (ground 
state 7D,S = VEN = 1) (obviously, the conclusions 
reached here are applicable to other paramagnetic 
atoms). The scheme of the spin levels of Cutt 
ions in a strong magnetic field is shown in the fig- 
ure. The relaxation transition probabilities, the 
ratio of which determines the possibility of cre- 
ating negative differences of populations between 
adjacent hyperfine levels at temperatures of liquid 
helium and fields of about 5000 oe, have the follow- 
ing values: Wa’a = 10° to 10* sec™! (for electron 
transitions) and Wa’p’ = 0.1 to 1 sec! (for nu- 
clear transitions). The stationary populations of 
hyperfine levels that appear upon saturation of the 
electron transitions, were calculated in our work? 
devoted to the polarization of Cu® nuclei. 

Thus, upon saturation of the electron transition 
a—a’, the populations of the hyperfine levels are 
characterized by the following relations:°® 


a’ jb’ =1+43A/2, b'/e’ =1, cfb=1, 
bla=1+A/2, A= g.8H,/2kT. 


We see that the upper of the two adjacent levels 
a’b’ (or a,b) is much more populated than the 
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lower one. Because of that, a signal of frequency 
Va'b’ (Or Vab) acting on the crystal should bring 
about stimulated atomic radiation (emission) at 
the same frequency. The above-mentioned fre- 
quencies will be of the order of 10° cps for ions 
of the iron group and approximately 10° cps for 
rare-earth ions. At Hy = 5000 oe, T = 2 to 4°K, 
and N= 10" (number of paramagnetic ions), the 
stored energy for one pair of hyperfine levels 
(e.g., a’, b’) will be on the order of 1 to 2 ergs. 
When pulsing with pulse durations of 107 sec, 
the output power may reach 107? w. 


A STUDY OF FAST DEUTERONS AT 
3200 m ABOVE SEA LEVEL 
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Physics Institute, Academy of Sciences, 
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Submitted to JETP editor April 15, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 303-305 
(July, 1958) 


K study of cosmic ray deuterons was carried 

out at 3200 m above sea level (Mt. Aragats) using 
new and improved apparatus — a magnetic spec- 
trometer used in conjunction with two multiplate 
cloud chambers. ! 

The deuterons were identified by their momen- 
tum as measured in the magnetic spectrometer, 
and by their ionization range in the lower cloud 
chamber. The new apparatus was different from 
all previous magnetic mass spectrometers in that 
it permitted, first, to distinguish properly between 
particles stopped ionization losses and those 
stopped by nuclear collisions and, second, to follow 
the paths of the particles in the upper chamber and 
to observe the events of local particle production 
in the matter of the chamber. The total equivalent 
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Negative differences between the populations 
of lower and higher adjacent hyperfine levels ap- 
pear also upon saturation of “forbidden” electron 
transitions (M,m) > (M+1,m-1) (ef. refer- 
ences 5 and 6). 

In conclusion, the authors would like to thank 
A. 8S. Altschuler for helpful discussions of the re- 
sults. 


tn, Bloembergen, Phys. Rev. 104, 324 (1956). 

2 Scovil, Feher and Seidel, Phys. Rev. 105, 762 
(1957). 

J. Itoh, J. Phys. Soc. Japan, 12, 1053 (1957). 

aie Abragam et al., Compt. rend., 245, 157 
(1957). 

°Sh. Sh. Bashkirov and K. A. Valiev, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 35, 678 (1958), Soviet 
Phys. JETP 8, (in press). 

6G. Feher, Phys. Rev., 103, 500 (1956). 
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of the chamber, including the top and the bottom, 
amounted to ~ 87.5 g/cm? Pb. | 

In all, ~ 242 deuterons with range in the lower 
chamber between 1.2 and 5.4 cm Pb were reg- 
istered. Of these, 81 entered the chamber from 
the air, 104 were produced in nuclear processes 
in the matter of the top chamber, and the remain- 
ing 57 deuterons could not be traced in the upper 
chamber for various reasons (the tracks were 
invisible due to incidence upon non-illuminated 
region of the chamber, etc.). Simultaneously 
with these deuterons, ~ 3200 protons were de- 
tected. 

The fraction of deuterons which came from 
the air, traversed the top chamber, and were 
stopped in the lower chamber within the stated 
range interval, amounts to 0.063 + 0.0072 of the 
analogous number of protons, in agreement with 
references 2 and 3 (taking into account correc- 
tions for the optical aperture and nuclear absorp- 
tion). If one considers the fraction of air deuter- 
ons compared with the number of protons of the 
same momentum range (1.2 to 1.39 Bev/c), the 
result, 0.086 + 0.010, coincides with the data of 
Aivazian.* 

An analysis fo the produced particles revealed 
that the number of deuterons produced by primary 
neutrons is (2.64 + 0.62) times the number of 
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FIG. 1. Distribution of produced deuterons with respect to 
the number of prongs in the star (N). The dotted lines repre- 
sent production by charged particles, dot-dash — by neutral 
particles, solid — total production. 


proton produced deuterons. This is due to the 
fact that the deuterons are mainly produced in 
low-energy stars, for which the number of pri- 
mary neutrons is larger than that of primary 
protons. 

It follows from Figs. 1 and 2 that the number 
of produced deuterons decreases sharply with in- 
creasing number of prongs (energy) of the star, 
or with the total range of the deuteron itself. The 
ratio of deuterons produced by neutrons to deuter- 
ons produced by charged particles decreases also. 

The momentum spectrum of deuterons pro- 
duced in 1 g/cm? of matter, calculated by us 
with allowances for all the necessary corrections, 
is shown in Fig. 3. For p21 Bev/c, the spec- 
trum can be approximated by the expression 


n(p) dp = (7.85-+1.48)-107 
-p-814+0-44 dn particles/g-sec-sterad 
i.e., it is clearly somethat steeper than the spec- 
trum of the primary producing particles. 


An estimate of the cross section for the pro- 
duction of deuterons with momentum between 


n(o){— 


FIG. 3. Differential momentum spec- 
trum of deuteron production. 
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FIG. 2. Distribution of produced deuterons with respect to 
the total range R(cm Pb). Dotted line represents production 
by charged particles, dot-dash — by neutral particles, solid — 
total production. 


0.785 and 1.38 Bev/c in lead by cosmic ray nu- 
cleons with E 2 200 Mev, based on our data, 
yields the value o = 38 + 4.3 millibarns. This is 
lower than that obtained in reference 5, where the 
primary particles possessed an energy of ~90 Mev. - 
The results obtained are in agreement with the con- 
ception of the direct or indirect “pickup” production 
of fast deuterons,°* according to which the proba- 
bility of deuteron production decreases with in- 
creasing energy of the incident nucleons. 

A full presentation of the work will be given in 
Bulletin (Izvestria) of the Academy of Sciences, 
Armenian S.S.R. 

The author wishes to express his deep gratitude 
to Prof. A. I. Alikhanian for his constant interest 
in the work and to Prof. N. M. Kocharian for dis- 
cussion of results. 
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OF IRON AT LOW TEMPERATURES 
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‘Tae electrical resistivity of a ferromagnet can 
be written in the form R= Ry) + R, + R, + Rs, 
where Ry is the residual resistance, R,; the 
phonon part, R, the ferromagnon part of the 
resistivity,’ and R3 the resistivity caused by the 
scattering of the conduction electrons at the do- 
main boundaries. The Rg, part of the resistivity 
will show up when the other components are small, 
i.e., for pure specimens and at low temperatures 
when the mean free path approaches or becomes 
larger than the domain dimensions. It was pos- 
sible to show up R3 by measuring the electrical 
resistivity of a metal by enlarging the domain 
structure in a magnetic field. 

A measurement was carried out of the electri- 
cal resistivity of iron in its dependence on the 
magnitude of the longitudinal and transverse mag- 
netic fields at temperatures from room tempera- 


ture down to liquid helium temperatures. At 
these temperatures the magnetization curves 
were obtained. 

For our investigation we took a sample of very 
pure iron grown in the form of a needle by distil- 
lation in vacuo. The sample had transverse di- 
mensions of 0.1 mm, and a length of 38 mm. The 
grain size was approximately equal to the sample 
diameter. 

In the demagnetized state in such a thin speci- 
men the domains are oriented mainly perpendicu- 
larly to the longitudinal axis; their width is 
~1073 cm.”?*? The mean free path at room tem- 
perature in iron A ~ 107 to 107° cm; the domain 
boundaries will therefore not influence the elec- 
trical resistivity. If the temperature is lowered, 
the mean free path will increase and approach the 
domain dimensions, and scattering by domain 
boundaries begins to be important for the magni- 
tude of the electrical resistivity. 

The results of the measurements are given in 
Figs. 1 and 2 in the form of graphs of the depend- 
ence of the. change in relative electrical resistivity 
AR/R (along the ordinate axis) on the external 
magnetic field (along the abscissa axis), where 
AR = Ry — R; R is the value of the electrical 
resistivity without a field, and Ry the resistivity 
in the magnetic field. The earth field was com- 
pensated within an accuracy of 0.5%. 

In a longitudinal magnetic field of ~ 10 Oe 


0,01 
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FIG, 1 


(Fig. 1) at a temperature of 300°K (curve 5) when 
the mean free path is appreciably less than the do- 
main size, an increase in the electrical resistivity 
(of ~ 0.02%), which is characteristic for ferro- 
magnets*~® is observed, but already at 77°K 

(curve 4) a decrease in the electrical resistivity 
of ~ 0.2% takes place, reaching a value of ~ 23% 


at 20.4°K (curve 3) and of ~ 30% at helium tem- — 
peratures (curve 1 refers to measurements at 
1.3°K, curve 2 at 4.2°K). Curves 4 and 5 are 
drawn to a larger scale along the ordinate (scale 
on the right). In this graph we have drawn to an 
arbitrary scale the magnetization curves. Curve 7 
refers to measurements at 300°K, curve 6 to meas- 
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urements at a temperature of 20.4°K (triangles ) 
and of 4.2°K (black points). The basic effect of a 
decrease in the electrical resistivity is observed 
in the region of the technical magnetization of the 
specimen. This can be explained by two circum- 
stances: mainly by an extension of the domain 
structure in the magnetization process, i.e., by 
a decrease in the number of boundaries and, apart 
from that, by a rotation of the magnetic moment 
of the region in the direction of the external mag- 
netic field.® 

From the magnitude of the decrease in elec- 
trical resistivity of ~30% at helium temperature 
in a longitudinal magnetic field, and from the theo- 
retical work on the determination of the influence 
of the specimen size on the electrical resistivity ,' 
we can determine the magnitude of the mean free 
path, A~ 10-8 cm. This value coincides with the 
estimate of the domain width for the given sample 
in the demagnetized state. 
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In a transverse magnetic field (Fig. 2) two ef- 
fects take place: an extension of the domain struc- 
ture (decrease of the electrical resistivity in 
weak fields) and the ordinary galvanomagnetic 
effect which dominates in high fields.’ The curves 
1, 2, 3, and 4 refer to measurements at tempera- 
tures of 4.2, 20.4, 77, and 300°K, respectively. 
The scale on the right refers to curves 4 and 5 
tere ia. 

An influence of the measuring current on the 


magnitude of the electrical resistivity was detected. 


An increase by 20% in the resistivity was observed 
when the measuring current increased from 0.1 to 
1000 ma. Unfortunately the literature contains no 
data at all considering domain structure in the 
field of a current. Apparently, the measuring 
current leads to a decreased domain structure, 
Since it produces in the sample an inhomogeneity 


in the magnitude and direction of the magnetic 
field. 

We must still remark that to determine the 
residual resistivity of a ferromagnet as a crite- 
rion for the purity it is necessary to take into ac- 
count the dependence of the electrical resistivity 
on the measuring current and the magnetic field. 
For the specimen under investigation the relative 
residual resistivity was 4 x 10~° if the influence 
of the domain structure was not taken into account 
and 3 x 107? if it was taken into account. 

In conclusion the authors express their grati- 
tude to B. G. Lazarev, S. V. Vonsovskii, and M. I. 
Kaganov for discussing the results and showing 
an interest in this work. 
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Aes @-mesonic atom, produced as a result of 
capture of a polarized «w~ meson on the external 
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orbit, will radiate circularly -polarized gamma 
quanta. As a consequence of the spin-orbit inter- 
action, which leads to depolarization of the p7 
meson on the orbit, the angular distribution and 
the angular correlation of these quanta depend on 
the degree of polarization of the u~ meson. 

Comparison of theory with experiment can 
yield information on the magnitude of the degree 
of polarization (|P|) and the direction of de- 
polarization (sign of P) of u™ mesons produced 
in decay of negative pions. 

In the case of lead, according to Wheeler,! the 
energies of the gamma quanta radiated during the 
cascade transition 2s-2p-1s are respectively 
equal to 1.33 and 4.42 Mev.* 

To obtain the correlation functions it is possi- 
ble to employ the formula obtained in our preced- 
ing work,? neglecting the interaction at the first 
level. It is also necessary to take it into account 
that for the case of circularly-polarized quanta 
the formula changes somewhat. A factory} 
(—7,)"1 (72)’2 appears under the summation sign, 
where v; and vy, are the orders of the spherical 
functions, which (together with the order of the 
degree of orientation k) can assume also odd 
values. Inserting the values of the spin of the wu 
meson (Ss = %) and considering a nucleus of spin 
I=0, we obtain for the cascade 0(1) 1(1)0 


VW=1— eu cos §-++ §oP cos 6, + oe (Scost 1) (1) 


— 5 1P [cos 8; (3cos? 6, — 1) + 3cos 4, (cos 4 — cos 9; cos4,)] 


= t_P [cos 8, (3cos? 6, — 1) + 3cos 8, (cos §—cos 6, cos 42)]. 


Here 6; is the angle between the direction of the 
i-th quantum ({i=1, 2) and that of the incident 
negative muon, and @ is the angle between the 
two quanta. A value P >0 corresponds to a pre- 
dominant spin alignment with the direction of the 
incident negative muon. 

If the direction of the first quantum is assumed 
the same as that of the incident negative muons, 
then 


-— 4 P (3cos*d — 1) + 4x (3eos? 6 — 1). (2) 
When 6 = 24°39’ we have W,,=0.077(1+0.9P), 
along with the ratio 

Re PW.) —.0,9P. (3) 


Here W,,(W__) denotes the value of W for 7 
= 7,=1(1T;=7T,=—1). When @—0 the multi- 
plier of P in Eq. (3) tends to unity, but at the 
same time W—-0. 


Integrating (1) over dQ, we get the angular 
distribution for the transition 2p — 1s 


W =1-+ */,t.P cos 4, 


AEN 
[W (0°) — W (180°)]/W (90°) = 8/572. (4) 


We take this opportunity to express our deep 
gratitude to V. V. Vladimirskii for the interest 
displayed, and to K. A. Ter-Martirosian for val- 
uable discussions. 


*According to data by Fitch and Rainwater, 2 gamma quanta 
of energy 6.02 Mev are emitted in the transition 2p > ls. 

tt =+ 1(t = — 1) for right-hand (left-hand) circularly 
polarized zamma quantum. 
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BREMSSTRAHLUNG AND PAIR PRODUC- 
TION FROM PROTONS WITH ALLOWANCE 
FOR FORM FACTOR 
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A\ccoxpine to the present view, a nucleon con- 
sists of a “core” surrounded by a cloud of virtual 
mesons. The distribution of nucleonic charge and 
magnetic moment has been studied in detail by 
Hofstadter in the scattering of high-energy elec- 
trons from protons and neutrons. In this connec- 
tion it is of interest to investigate the influence 
of the form factor on the related reactions e.g., 
bremsstrahlung and pair production on nucleons. 
We have calculated these processes on protons 
in the lowest order of perturbation theory (third 
order in e). Graphs a and b were computed 
for bremsstrahlung and graphs c and d for pair 
production. An additional contribution is due to 
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The formulae obtained are rather lengthy and 
will not be given here. In the special case where 
M— oo (recoil equals zero; energy conservation 
is expressed by ¢ =k’ + €’ where e¢, k’ and ¢’ 
are the energies of the incident electron, the cre- 
ated photon, and the scattered electron respectively ) 
the formulae go over into the Bethe-Heitler ex- 
pressions’ for bremsstrahlung and pair production. 

p In their measurement of bremsstrahlung from 
500 and 550 Mev electrons on hydrogen, Bernstein 
and Panofsky® found that the Bethe-Heitler cross 
sections are true to a high degree of accuracy, at 
least for small photon emission angles 6) (not 
exceeding 7to10°). 

One thus can surmise that if deviations from 
the Bethe-Heitler formulae are observed at all, 

’ it will be at large angles 4) or at very large 
electron energies (> 500 Mev). It therefore 
follows that if there is a difference between our 
expressions and the Bethe-Heitler formula, this 
will indicate not only the influence of the recoil 
and of the form factor on the cross section of the 
particular process, but a possible contribution to 
this cross section from the meson jacket. 

We have compared the expressions for the dif- 
ferential cross section for the case where the in- 
coming electron has an energy of 500 Mev. The 
eyal (|p — p’ P) + (u/ 2M) Fo (|p — p’ |?) (928 (Pp — P’)s), form factors F;(|p—p’|?) and F,)(|p—p’|) 
were taken from Hofstadters experiments‘ on the 
scattering of electrons of energy ~ 500 Mev on 
protons (exponential model, F,= F,). As an 
example we list a few members concerning the 
special case where the momenta of the photon 


P 


the meson “jacket” (graph e). However, its evalu- 
ation is much more complicated than that of the 
graphs a, b, c, and d. In this note we shall 
therefore give only some indications of its con- 
tribution. In the graphs a double line denotes a 
proton, a single line an electron and a wavy line 

a photon. The proton vertex is described not by 
€VYq, but by the factor! 


Gap = 1/2 (Yas — YeyYa)> 
where yp is the anomalous proton magnetic mo- 
ment, M the proton mass, and F, and F, form 
factors that depend on the proton recoil. The com- 
putations were performed by the Feynman method. 


6) = 30°. Photon energy = 235 Mev 


Pilleeei al Sees) fone nection tae Differential 
6 touhebethes with allowances F-F cross section 
Tieltlesitonnula for recoil and ——————_ | without allowance 
(do py) form factor do py for form factor 
B-H (do pp) 

30° 31332 27434 0.875 29880 
60° 3137 2686 0.855 2780 
90° U8) 480 0.650 600 
120° 127.5 06.4 0,442 92.9 
150° 27.85 14533 0.405 223 


Note. The differential cross section is given in arbitrary units. O% and @ 
are the angles between the photon momentum and the momenta of the incident 
and scattered electron respectively. 


and of the electron before and after scattering large angles (0) ¥ 30°) the difference reaches 
are complanar. appreciable values (~15%). This obviously 

At different values of the angles @ and 6), points to a small but perceptible contribution of 
as well as in the noncomplanar case, we obtain the meson “jacket” to the bremsstrahlung cross 
results which differ from the Bethe-Heitler for- section. At present we are engaged in a calcula- 
mulae by approximately the same amount as the tion of this contribution, upon the completion of 
tabulated values. From the comparison of the which we shall be able to answer this question. 


cross sections it is clear that even for not too In conclusion the authors express their deep 
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gratitude to A. A. Logunov and A. N. Tavkhelidze 
for their valuable discussion of the results ob- 
tained. 
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Tre structure of elementary particles can be de- 
termined by studying the elastic scattering of some 
type of beam by these particles. In the application 
to nuclei and nucleons, the only example of such a 
beam up to present is the well known work of the 
group of Hofstadter with electron scattering, which 
makes it possible to determine the form factors of 
the electric charge and of the magnetic moment.! 
However, analysis of the elastic scattering of other 
types of particles also makes it possible to obtain 
valuable information about the structure of nucleons 
and of the nucleus.* By way of example, we con- 
sider the scattering of mesons by nucleons.?+4 

For simplicity, we disregard the spin-depend- 
ence of the interaction and neglect the process of 
charge exchange. We assume also that the real 
part of the phase shift, Re 77 = 0, which is in 
good agreement with experiment for energies E, 
> 1 Bev.” A rigorous solution of the problem 
will be published later. 

In Fig. 1 the solid lines show the quantity 
Im yy = — i In F — x V (doa (8) / dQ) Px (cos 6) sin 9 d6 


0 


for the case of scattering of 1.3-Bev a mesons. 
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In order to calculate these functions, curves of 
least and greatest curvature were constructed be- 
tween the limits of the experimental values of the 
differential cross section for elastic scattering 
(oq * Ogj) from reference 3. The curves in Fig.1 
were drawn through the centers of the rectangles 
of the corresponding histograms. The dashed 
line in Fig. 1 gives the values of Im ny calculated 
from the mean experimental data from reference 4 
for the scattering of 5-Bev m mesons. 

At high energies, where the wavelength x be- 
comes substantially smaller than the dimensions 
of the scattering system, and the relative change 
in the absorption coefficient K over a wavelength 
x is small, the quasi-classical approximation can 
be employed with a high accuracy. Taking Im 77 
from Fig. 1, we obtain from well-known formulas® 
the values: 6;, = (25.5 + 1.5)mb, og = 7.4 + 0.1)mb 
for E=1.3 Bev and ojy © 23 mb, og ~ 5 mb for 
E =5 Bev. The good agreement of these quantities, 
as well as that of the angular distribution we calcu- 
lated for the elastically scattered particles, with 
the data of references 3 and 4 is one of the justifi- 
cations of the following applications of the quasi- 
classical approximation. 

In Fig. 2 we give the values K=K(r) (where 
r is the distance from the center of the nucleon) 


13 
K(r),10 cm 


———— 
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FIG. 2 
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for E=1.3 Bev (solid curves) and E=5 Bev 
(dotted curve). These values were obtained from 
a numerical solution of the integral equation 


VEE 
2Imy = \ K(V2 +8) ds, 
9) 
where L=ly9x and Im 77 is taken from Fig. 1. 

Values of K(r) in the region of small r are 
not unambiguously determined and depend on the 
way in which the cross section for diffraction 
scattering is approximated in the region of large 
angles. As a consequence of the large experimen- 
tal errors in reference 4, the rise in the values 
of K(r) upon going from E=1.3 Bev to E= 
5 Bev in the region r~ 0 is also not completely 
reliable. 

The mean square ‘pion’ radius of the nucleon 
calculated from the curves of K(r) in Fig. 2 is 
equal to (0.82 + 0.06) x 107!8 cm, and its value 
at E=5 Bev is, within the limits of experimental 
error, the same. 

The example considered is a particular case of 
the solution of the so-called inverse problem of 


scattering: given the scattered wave, determine } 
completely the interaction potential. 

It is our pleasant duty to thank K. Danilov for 
help in the numerical calculations. 


*The work of reference 2 is devoted to a detailed considera- 


tion of this problem. 
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